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PREFACE 


The present work is intended as a sequel to our Elementary Algebra for Schools. 
The first few chapters are devoted to a fuller discussion of Ratio, Proportion, Variation, 
and the Progressions, which in the former work treated in an elementary manner; 
and we have here introduced theorems and examples which are unsuitable for a first 
course of reading. 











From this point the work covers ground for the most part new to the student, 
and enters upon subjects of special importance: these we have endeavoured to treat 
minutely and thoroughly, discussing both bookwork and examples with that fulness 
which we have always found necessary in our experience as teachers. 


It has been our aim to discuss all the essential parts as completely as possible 
within the limits of a single volume, but in a few of the later chapters it has been 
impossible to find room for more than an introductory sketch; in all such cases our 
object has been to map out a suitable first course of reading, referring the student 
to special treatises for fuller information. 


In the chapter on Permutations and Combinations we are much indebted to the 
Rev. W. A. Whitworth for permission to make use of some of the proofs given in 
his Choice and Chance. For many years we have used these proofs in our own 
teaching, and we are convinced that this part of Algebra is made far more intelligible 
to the beginner by a system of common sense reasoning from first principles than 
by the proofs usually found in algebraical text-books. 


The discussion of Convergency and Divergency of Series always presents great 
difficulty to the student on his first reading. The inherent difficulties of the subject 
are no doubt considerable, and these are increased by the place it has ordinarily 
occupied and by the some what inadequate treatment it has hitherto received. Accordingly 
we have placed this section somewhat later than is usual; much through has been 
bestowed on its general arrangement, and on the selection of suitable examples to 
illustrate the text; and we have endeavoured to make it more interesting and intelligible 
by previously introducing a short chapter on Limiting Values and Vanishing Fractions. 


In the chapter on Summation of Series we have laid much stress on the “Method 
of Differences" and its wide and important applications. The basis of this method 
is a wellknown formula in the calculus of Finite Differences, which in the absence 
of a purely algebraical proof can hardly be considered admissible in a treatise on 
algebra. The proof of the Finite Difference formula which we have given Arts. 395, 
396, we believe to be new and original, and the development of the Difference 
Method from this formula has enabled us to introduce many interesting types of 
series which have hitherto been relegated to a much later stage in the student's 
reading. 

We have received able and material assistance in the chapter on Probability 
from the Rev. T. C. Simmons of Christ's College, Brecon, and our warmest thanks 
are due to him, both for his aid in criticising and improving the text, and for placing 
at our disposal several interesting and original problems. 


It is hardly possible to read any modern treatise on Analytical Conics or Solid 
Geometry without some knowledge of Determinants and their applications. We have 


therefore given a brief elementary discussion of Determinants in Chapter 33., in the 
hope that it may provide the student with a useful introductory course, and prepare 
him for a more complete study of the subject. 


The last chapter contains all the most useful propositions in the Theory of 
Equations suitable for a first reading. The Theory of Equation follows so naturally 
on the study of Algebra that no apology is needed for here introducing propositions 
which usually and find place in a separate treatise. In fact, a considerable part of 
Chapter 35., may be read with advantage at a much earlier stage, and may conveniently 
be studied before some of the harder sections of previous chapters. 


It will be found that each chapter is as nearly as possible complete in itself, so 
that the order of their succession can be varied at the discretion of the teacher; but 
it is recommended that all sections marked with an asterisk should be reserved for 
a second reading. 


In enumerating the sources from which we have derived assistance in the preparation 
of this work, there is one book to which it is difficult to say how far we are indebted. 
Todhunter's Algebra for Schools and Colleges has been the recognised English 
text-book for so long that it is hardly possible that any one writing a fext-book on 
Algebra at the present day should not be largely influenced by it. At the same time, 
though for many years Todhunter's A/gebra has been in constant use among our 
pupils, we have rarely adopted the order and arrangement to make frequent use of 
alternative proofs; and we have always largely supplemented the text by manuscript 
notes. These notes, which now appear scattered throughout the present work, have 
been collected at different times during the last twenty years, so that it is impossible 
to make definite acknowledgement in every case where assistance has been obtained 
from other writers. But speaking generally, our acknowledgements are chiefly due 
to the treatises of Schlomilch, Serret, and Laurent; and among English writers, besides 
Todhunter's A/gebra, we have occasionally consulted the works of De Morgan, Colenso, 
Gross, and Chrystal. 


To the Rev. J. Wolstenholme, D.Sc., Professor of Mathematics at the Royal Indian 
Engineering College, our thanks are due for his kindness in allowing us to select 
questions from his unique collection of problems; and the consequent gain to our 
later chapters we gratefully acknowledge. 

It remains for us to express our thanks to our colleagues and friends who have 
so largely assisted us in reading and correcting the proof sheets; in particular we 
are indebted to the Rev. H. C. Watson of Clifton College for his kindness in revising 
the whole work, and for many valuable suggestions in every part of it. 

May, 1887 H.S. HALL 


S.R. KNIGHT 


Some minor changes were made in this well-known text-book by Mr. L. Crosland 
a few years ago. Further corrections have now been incorporated and on p. 375, 
Mr. J. D. Hodson has provided a new proof for an example on probability which 
will help the student. 
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Ratio 





1. Definition : Ratio is the relation which one quantity bears to 
another of the same kind, the comparison being made by considering 
what multiple, part, or parts, one quantity is of the other. 

The ratio of A to B is usually written A : B. The quantities A and B 
are called the terms of the ratio. The first term is called the antecedent, 
the second term the consequent. 


2. To find what multiple or part A is of B, we divide A by B, hence 


the ratio A : B may be measured by the fraction z’ and we shall 


usually find it convenient to adopt this notation. 
In order to compare two quantities they must be expressed in 
terms of the same unit. Thus the ratio of Rs. 2 to 15 nP. is measured 


2x100 40 
— or—. 
3 
Note :- A ratio expresses the number of times that one quantity 
contains another, and therefore every ratio is an abstract quantity. 


by the fraction 


3. Since by the laws of fractions, 

a ma 

b mb’ 
it follows that the ratio a : b is equal to the ratio ma : mb; that is, the 
value of a ratio remains unaltered if the antecedent and the consequent are 
multiplied or divided by the same quantity. 


4. Two or more ratios may be compared by reducing their equivalent 
fractions to a common denominator. Thus suppose a : b and x : y are 
aoe Y and = 2 ;hence the ratio a : b is greater 
b by y 
than, equal to, or less than the ratio x : y according as ay is greater 
than, equal to, or less than bx. 





two ratios. Now 


5. The ratio of two fractions can be expressed as a ratio of two 


a 
integers. Thus the ratio — 


a 
-Eis measured by the fraction 2 or “; 
b d c’ 
d 


and is therefore equivalent to the ratio ad : bc. 
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6. If either, or both, of the terms of a ratio be a surd quantity, then 
no two integers can be found which will exactly measure their ratio. 


Thus the ratio 42:1 cannot be exactly expressed by any two integers. 


7. Definition : If the ratio of any two quantities can be expressed 
exactly by the ratio of two integers, the quantities are said to be 
commensurable; otherwise, they are said to be incommensurable. 

Although we cannot find two integers which will exactly measure 
the ratio of two incommensurable quantities, we can always find 
two integers whose ratio differs from that required by as small a 
quantity as we please. 


V5 _ 2.236067... 


Thus =0.559016... 


adice BO SOI e 559017 
4 1000000 1000000 

so that the difference between the ratios 559016 : 1000000 and 5:4 

is less than 0.000001. By carrying the decimals further, a closer 


approximation may be arrived at. 





8. Definition : Ratios are compounded by multiplying together the 
fractions which denote them; or by multiplying together the 
antecedents for a new antecedent, and the consequents for a new 
consequent. 
Example : Find the ratio compounded of the three ratios 
2a:3b,6ab:5c7,c:a 
2a 6ab c 4a 
x x = 

3b 5c? a 5e 
9. Definition : When the ratio a : b is compounded with itself the 
resulting ratio is à? : b?, and is called the duplicate ratio of a: b. 
Similarly à? : b? is called the triplicate ratio of a: b. Also a!” : b"? is 
called the subduplicate ratio of a: b. 
Examples : (1) The duplicate ratio of 2a:3b is 42? :9b’. 

(2) The subduplicate ratio of 49 : 25 is 7 : 5. 

(3) The triplicate ratio of 2x:1is 8x? :1. 





The required ratio = 


10. Definition : A ratio is said to be a ratio of greater inequality, or of 
less inequality, or of equality, according as the antecedent is greater 
than, less than, or equal to the consequent. 


11. A ratio of greater inequality is diminished, and a ratio of less inequality 
is increased, by adding the same quantity to both its terms. 
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atx 
Let be the ratio, and let bix be the new ratio formed by 





adding x to both its terms. 
a a+x ax-bx x(a-b) 
NOW b b+x b(bex) b(b+x)’ 
and a — b is positive or negative according as a is greater or less 
than b. 














. a atx. 
Hence if a » b, P ban 
. a atx. 
and if a « b, bbx 





which proves the proposition. 
Similarly it can be proved that a ratio of greater inequality is increased, 
and a ratio of less inequality is diminished, by taking the same quantity from 
both its terms. 


12. When two or more ratios are equal many useful propositions 
may be proved by introducing a single symbol to denote each of the 
equal ratios. 

The proof of the following important theorem will illustrate the 
method of procedure. 


ü 


LAE) 
If pu 





1 
pa" + qc" t re^ +... |" 
pb" qd" +rf" +... 

where p,q,r,n are any quantities whatever. 


each of these ratios | 


ae fook 
Let DA f ases id 
then a = bk, c = dk e = fk... 


whence pa" =pb"k" ,qc" =qd"k" ,re" =rf"k" ...; 
pa" + qc" + re" +... pb" k" + gd" k" + rf" k" +... 
pb" +qd" +rf" +... pb" +qd" +rf" +... 
1 


pa" + qc" tre" +... n E ü C 
pb" * qd" trf" +... b d 
By giving different values to p, q, r, n many particular cases of this 
general proposition may be deduced; or they may be proved 
independently by using the same method. For instance, 


=k"; 
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i a c e 
i Tarun 
b d f 
. AFECTE Fia 

each of these ratios = ; 


b+d+ ft...” 

a result of such frequent utility that the following verbal equivalent 
should be noticed : When a series of fractions are equal, each of them is equal 
to the sum of all the numerators divided by the sum of all the denominators. 





a c e 
Example 1. : If bod f! show that 


ab + 2c°e — 3ae°f — ace 
b-2df-3bf?  bdf' 





LCS 
Let b d f * 
then a=bk ,c=dk,e = fk; 


ab + 2c*e — 3ae?f _ btk? + 2d? fi? - 3bf°k° 
b+ 2d? —3bf? — Ww + 2d? f - abf. 





ü C € ace 





















































sK = x x n, 
b d f bdf 
Example 2. : If rf. -ii prove that 
a b c 
+a yrth £4 (xeyezyc(atbeoy 
xa y+b ' Z4C xty+ztatbtc 
Let LE LUN so that x -ak,y = bk, z = ck; 
a b c 
2 2 212 2 2 
hen € _ak +a (k mele, 
x+a ak +a k+1 
xta yr tb? zc _ (ke +a (ee -T0b. (KD 
xta y+b Z+C k+1 k+1 k+1 
(K +1)(a+b+c) | P(atbt+cy+(atbtcy 
B k+1 k(a+b+c)+a+b+c 
_ (ka+kb+kc} +(a+b+c} _ (x+y+z} +(a+b+c? 
(ka+kb+kc)+a+b+c x+y+z+a+b+c 


13. If an equation is homogeneous with respect to certain quantities, 
we may for these quantities substitute in the equation any others 
proportional to them. For instance, the equation 

Ix3y + mxy?z + ny?z? = 0 
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is homogeneous in x, y, z. Let a, B, y be three quantities proportional 
to x,y,z respectively. 


Put pote ess. so that x=ak,y=Bk,z=yk; 
a pv 
then lo? Bk + mo^yk* + np^y^k* =0, 


that is, lo?p + mop^y + ng^y? =0; 
an equation of the same form as the original one, but with a, D, y in 
the places of x, y, z respectively. 


14. The following theorem is important. 

a, a, a a 
I E go gel 
f b, b, b, b, 
the same sign, then the fraction 


be unequal fractions, of which the denominators are all of 





a, a, a, P KA 


b, +b, +b b 


ATOTO Fee TO, 
lies in magnitude between the greatest and least of them. 




















a 
Suppose that all the denominators are positive. Let p be the 


T 


least fraction, and denote it by k; then 


—=k; na =kb; 


r f 
>k; qm kho 


—>k; «.a,>kb,; and so on; 


by addition, 
A, + Ay + a3 +...+ a, > (bi b, + b3 +...+ b,)k 





al 





a,t+a,t+..+a . a, 
£ > k; that is, > . 
TN dE 
Similarly we may prove tha 




















a 
b 


a 
b 


al 


b 


2 3 ngc 


3 Teee n s 




















1 2 


a 
where m is the greatest of the given fractions. 


In like manner the theorem may be proved when all the 
denominators are negative. 
15. The ready application of the general principle involved in Art. 12 
is of such great value in all branches of mathematics, that the student 
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should be able to use it with some freedom in any particular case 
that may arise, without necessarily introducing an auxiliary symbol. 


i y 
Example 1. : If = = 


z 
b+c-a cta-b a+b-c 





, 











y z x(y*z)y(z*x)z(xrty) 


x 
that 
bici P" b+c 2 (ax + by + cz) 














sum of numerators 





Each of the given fractions = - 
sum of denominators 


xty+z 
gees 88 (1) 
Again, if we multiply both numerator and denominator of the three 
given fractions by y + z, z * x, x + y respectively, each fraction 
x(y +z) _ y(z*x) _ z(x+y) 
(y+z)\(b+c-a) (z+x)(cta—b) (xt+y)(atb—c) 























sum of numerators 





sum of denominators 
_x(y+z)+y(z+x)+z(x+y) 
2ax+2byt+2cz 00 o 77 (2) 








from (1) and (2), 
xtytz x(ytz)ty(ztx)*z(x*y) 



































at+bt+c 2 (ax + by + cz) 
x B y B z 
Example 2. : If l(mb+nc-la) m(nc+la-mb) n (la+ mb- ne)’ 
" l _ m _ n 
Ee eee x(by +cz-ax) y(cz+ax—by) z (ax + by — cz) 
X y EA 
We have L = m = n 
mb+nc-la nc+la-mb la+ mb —nc 
yz 
2d 7 > two similar expressions; 
2la 


nytmz lz+nx _mx+ly 
a b C 


Multiply the first of these fractions above and below by x, the 
second by y and the third by z; then 
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nxy +mxz lyztnxy _ mxz + lyz 





ax by cz 
2lyz 2p 
by tcz-ax- two similar expressions; 


l m n 





x(by+cz-ax) y(cz+ax-by) z (ax + by- cz) 
16. If we have two equations containing three unknown quantities in 
the first degree, such as 
ax + by + cz = 0 st) 
üx-t*byt*oz-20 0; ;/0.;  . (2) 
we cannot solve these completely; but by writing them in the form 


x y 

a, pg (2ta =0, 
x y 

n (E) «n [t] «.-o 


x 
we can, by regarding — and Y as the unknowns, solve in the ordinary 
z z 

















way and obtain 
x be-bc y cua -= CA, 





, , 
z ab,-ajb, z ab,-af, 
or, more symmetrically, 
x B y _ z 





bc, — b,c, cq-cg ab, — a,b, Pd 
It thus appears that when we have two equations of the type 
represented by (1) and (2) we may always by the above formula 
write down the ratios x : y : zin terms of the coefficients of the equations 
by the following rule : 
Write down the coefficients of x, y, z in order, beginning with 
those of y; and repeat these as in the diagram. 
b, Gi a, b, 
p oo e E 
Multiply the coefficients across in the way indicated by the 
arrows, remembering that in forming the products any one obtained 
by descending is positive, and any one obtained by ascending is 
negative. The three results 
bic, — b5c,, C13 — con, ab, — ab, 
are proportional to x, y, z respectively. 
This is called the Rule of Cross Multiplication. 
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Example 1. : Find the ratios of x : y : z from the equations 
7x = 4y + 8z, 3z = 12x + 11y. 
By transposition we have 7x — 4y - 8z - 0, 
12x + 11y - 32 =0 
Write down the coefficients, thus 
-4 -8 7 -4 
11 -3 12 11, 
whence we obtain the products 
(- 4) x (- 3) - 11 x © 8), (- 8) x 12 - (- 3) x 7, 7 x 11- 12 x (- 4), 




















n X y z 
or 100, —75, 125; .. 100 -75 105’ 
. x y z 
that is, 4 3. 5 
Example 2. : Eliminate x, y, z from the equations 
ax + biy + ez = 0, ...(1) 
ax + by + ez = 0, ...(2) 
a3x + by + c3z = 0. se) 
From (2) and (3), by cross multiplication, 
x B y _ Z 





bc, =b, cy — C4, a,b,- a,b, 
denoting each of these ratios by k, by multiplying up, substituting 
in (1), and dividing out by k, we obtain 
Ay (b2c3 — b3c2) + bı (c23 — 302) + cı (mb; — azb2) = 0. 
This relation is called the eliminant of the given equations. 
Example 3. : Solve the equations 





ax + by + cz =0, (1) 
x+y+z=0, ...(2) 
bcx + cay + abz = (b — c) (c — a) (a - b). (3) 


From (1) and (2), by cross multiplication, 
x y. 
b-c c-a a-b 
x = k(b — c), y = k(c — a), z = k(a —). 
Substituting in (3), 
k {bc (b — c) + ca (c — a) + ab (a — b)} = (b — c) (c — a) (a — b), 
k (- (6 - c) (c - a) (a - b)) = (b — c) (c - a) (a - b); 
k = -1; whence x-c-by-a-cz-b-a. 
17. If in Art. 16 we put z = 1, equations (1) and (2) become 
ax + by + c 7 0, 
ax + by + Cy = 0; 





=k, suppose; 
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y 1 





X 
and (3) becomes = P 
bc, m b,c, CA, = Cn a,b, E ab, 


be =b, Cy = Cnty 





or , * 
a,b, E ab, ab, m ab, 


Hence any two simultaneous equations involving two unknowns in 
the first degree may be solved by the rule of cross multiplication. 
Example : Solve 5x -3y - 1 = 0, x + 2y = 12. 








By transposition, 5x-3y-1-70, 
x+2y-12=0; 
M DTE P 
S642 -1+60 1043" 
whence i cm 
13 13 


BENE Examples | 


1. Find the ratio compounded of 
(1) the ratio 2a : 3b, and the duplicate ratio of 9b? : ab 
(2) the subduplicate ratio of 64 : 9, and the ratio 27 : 56 

2 

(3) the duplicate ratio of a 
If x + 7 : 2(x + 14) in the duplicate ratio of 5 : 8, find x. 

3. Find two numbers in the ratio of 7 : 12 so that the greater exceeds 
the less by 275. 

4. What number must be added to each term of the ratio 5 : 37 to 
make it equal to 1:3? 

5. If x:y 73:4, find the ratio of 7x — 4y : 3x + y. 

6. If 15(2z2 - y?) = 7xy, find the ratio of x : y. 








, and the ratio 3ax : 2by. 


ELE inn 2a b^ + 3478? -5e*f — at 
4 f° Prove tha ee OW 


i de 2 ü à +b? +a? 
8. If Wb o. g Proe that Fi equal to btc + dê +b?ed?' 


x y z 
9. If | EET , 
gtr—p rrp-q prq-r 


show that (g-r)x*(r-p)y*(p-q)z^0Q. 


7. If 
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y ytx x , : 
10. If =*—— =, find the ratios of x: y : z. 
x-z Zz y 
tz zx x+ 
11. If = m / ; show that 
pb+gc pc+qa pa+gb 





2(x+y+z)_(b+c)x+(c+a)y+(a+b)z 





a+b+c bc + ca + ab 
12. If $- 7.7, 
a b c 





xta y XP zr (xtytzyo(acbecy 
show that FOR, y? +b? zc (x+yt+zP+(atbt+cy 



































13. If 2y+2z-x 2z+2x-y 2x*2y-z 





, 


a b C 
y E z 

2c*2a-b 2a+2b-c'` 

14. If (a? + b? + c?) (x? + y? + 2?) = (ax + by + cz)? 
show that x:a=y:b=z:c. 





x 
show that 2b42c—a 














15. If I (my + nz — lx) = m (nz + lx — my) = n (lx + my - nz), 








pe Hz-X Z+x-y xty-zZ 
l m n 


16. Show that the eliminant of 
ax + cy + bz =0, cx + by +az= 0, bx + ay + cz - O, 
is à? * D? + è- 3abc = 0. 
17. Eliminate x, y, z from the equations 
x + hy + gz = 0, hx + by + fz = 0, gx + fy * cz - 0. 
18. If x = cy + bz, y = az + cx, z = bx + ay, 











x? B y’ z? 
1-a? 1-b 1-c 


19. Given that a (y + z) = x; b(z + x) = y, c (x + y) =z, 





show that 








prove that bc + ca + ab + 2abc = 1. 
Solve the following equations : 
20. 3x -4y + 7z = 0, 2x - y - 2z = 0, 3x9 - y? + z? = 18. 
21. x + y = z, 3x - 2y + 17z = 0, xX? + 3y? + 22 = 167. 
22. 7yz + 3zx = 4xy, 21yz — 3zx = 4xy, x + 2y + 3z = 19. 
23. 3x? - 2y? + 5z? = 0, 7x? - 347 — 152z? = 0, 5x — 4y + 7z = 6. 
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I m n 
AE euh usd ee 





0, 





l m n 
pu eee 


l m n 

















show that 


Solve the equations : 





(a-bye-4ub) (Q-cya-4bc) (e-a)b- Jac) 


25. ax + by + cz = 0, bcx + cay + abz = 0, xyz + abc (ax + b8y + c?z) = 0. 











26. ax + by + cz = a°x + b?y + cz = 0, 
x+y+z+t(b-c) (c-a) (a-b) =0. 
27. If a (y + z) = x, b (z + x) = y, c (x + y) =z, 








x? y’ z? 
prove that ; 5 bü-e) c(1- ab) 
28. If ax + hy + gz = 0, hx + by + fz = 0, gx + fy + cz - 0, 
prove that 








x? y z? 


i bc- f^ ca—g? db-Ih 





(2) (bc — f?) (ca — g?) (ab — h°) = (fg — ch) (gh — af) (hf — bg). 


Proportion 





18. Definition : When two ratios are equal, the four quantities composing 


a c 
them are said to be proportionals. Thus if y g Pe” a, b, c, d are 


proportionals. This is expressed by saying that a is to b as c is to d, 
and the proportion is written 
ü:b::e:d 

or a:b=c:d. 
The terms a and d are called the extremes, b and c the means. 
19. If four quantities are in proportion, the product of the extremes is equal to 
the product of the means. 

Let a, b, c, d be the proportionals. 


C 
Then by definition = d 


whence ad - bc. 
Hence if any three terms of a proportion are given, the fourth may 


be found. Thus if a, c, d are given, then b a 


c 
Conversely, if there are any four quantities, a, b, c, d, such that 
ad = bc, then a, b, c, d are proportionals; a and d being the extremes, 
b and c the means; or vice-versa. 


20. Definition: Quantities are said to be in continued proportion 
when the first is to the second, as the second is to the third, as the 
third to the fourth; and so on. Thus a, b, c, d,... are in continued 
proportion when 


a bc 
bcd 
If three quantities a, b, c are in continued proportion, then 
a:b=b:c¢ 
ac = b. [Art. 18.] 


In this case b is said to be a mean proportional between a and c; and 
c is said to be a third proportional to a and b. 


21. If three quantities are proportionals the first is to the third in the duplicate 
ratio of the first to the second. 
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ug a b 
Let the three quantities be a, b, c; then pe 
c 
K 8 b a xa a? 
OW = = = 15 
c b cb b Pp 
that is, a:c=a:0b?. 


It will be seen that this proposition is the same as the definition of duplicate 
ratio given in Euclid, Book V. 


22. Ifa:b=c:dande:f=g:h, then will ae : bf = cg : dh. 


ü C e g 
—=—and—=°"; 
For b d f h” 
B E. 
bf dh ' 
Or ae : bf — cg : dh. 
Corollary : Ifa:b=c:d,andb:x=d:y, 
then a:x-c:y. 


This is the theorem known as ex aequali in Geometry. 


23. If four quantities a, b, c, d form a proportion, many other 
proportions may be deduced by the properties of fractions. The results 
of these operations are very useful, and some of them are often quoted 
by the annexed names borrowed from Geometry. 


(1) I£ a: b=c:d,thenb:a=d:c. [Invertendo.] 
For pa githerefore 1+ T= 1+; 
>. b d 
that is —-—; 
a c 
orb:a=d:c. 
(2) Ifa:b=c:d, thena:c-b:d. [Alternando.] 
ad bc 
For ad = bc ; therefore —=—; 
cd cd 
that is, —=7; 
at is, d 
or a:c=b:d. 
(3) If a: b=c:d,thena+b:b=ct+d:d. [Componendo.] 
For 575 therefore £175 41; 
that i a+b ctd. 
atis a 


or a+b:b=c+d:d. 
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(4) £a: b=c:d, thena- b:b- c-d:d. [Dividendo.] 
ü C ü c 
—=— ; therefore --1- — -1; 
For 5 a : 5 
that is, 
Br es 
b d ’ 


or a-b:b=c-d:d. 
(5) Ifa: b=c:d,thena+b:a-b=c+d:c-d 


For by (3) 


and by (4) ——- 





m ü _ » ; $ = = j _ 
by division, ab cgi DEAS b:a-b-ctd:c- d. 
This proposition is usually quoted as Componendo and Dividendo. 
Several other propositions may be proved in a similar way. 


24. The results of the preceding article are the algebraical equivalents 
of some of the propositions in the fifth book of Euclid, and the student 
is advised to make himself familiar with them in their verbal form. For 
example, dividendo may be quoted as follows : 

When there are four proportionals, the excess of the first above the second 
is to the second, as the excess of the third above the fourth is to the fourth. 


25. We shall now compare the algebraical definition of proportion with 
that given in Euclid. 

Euclid's definition is as follows : 

Four quantities are said to be proportionals when if any equimultiples 
whatever be taken of the first and third, and also any equimultiples whatever 
of the second and fourth, the multiple of the third is greater than, equal 
to, or less than the multiple of the fourth, according as the multiple of 
the first is greater than, equal to, or less than the multiple of the second. 

In algebraical symbols the definition may be ne stated: 

p quantities a, b, c, d are in proportion when pes 2 gd according as 


pas 2 qb, p and g being any positive integers whatever. 
I. To deduce the geometrical definition of proportion from the 


algebraical definition. 


a =- by multiplying both sides by P , We obtain 
q 
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BEP. 
qb qd’ 
hence, from the properties of fractions, 
pc 2 qdaccording as pa E qb, 
which proves the proposition. 


II. To deduce the algebraical definition of proportion from the 
geometrical definition. 


A > " > 
Given that pc S gdaccording as pa S gb, to prove 
fE 
T 


a c 
If pi not equal to ge of them must be the greater. Suppose 


q 
p> then it will be possible to find some fraction p which lies 


between them, q and p being positive integers. 


A 
Hence b " ...(1) 
€ 
and d^ p ...(2) 


From (1) pa > qb; 
from (2) pc « qd; 
and these contradict the hypothesis. 


a c 
Therefore b and —are not unequal; that is 


1 ; which proves 


= 
d’ 


oA 


the proposition. 


26. It should be noticed that the geometrical definition of proportion 
deals with concrete magnitudes, such as lines or areas, represented 
geometrically but not referred to any common unit of measurement. So 
that Euclid’s definition is applicable to incommensurable as well as to 
commensurable quantities; whereas the algebraical definition, strictly 
speaking, applies only to commensurable quantities, since it tacitly 
assumes that a is the same determinate multiple, part, or parts, of 
b that c is of d. But the proofs which have been given for commensurable 
quantities will still be true for incommensurables, since the ratio of 
two incommensurables can always be made to differ from the ratio 
of two integers by less than any assignable quantity. This has been shown 
in Art. 7; it may also be proved more generally as in the next article. 
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27. Suppose that a and b are incommensurable; divide b into m equal 
parts each equal to f, so that b = mB, where m is a positive integer. 
Also suppose p is contained in a more than n times and less than 





a n (n - 1 
: : > < ; 
n+1times; then b ^n and mp ’ 
: a. n n+1 
that is, — lies between — and ——; 
b m m 


a n 1 
so that b differs from m by a quantity less than p And since we 


can choose f (our unit of measurement) as small as we please, m can 


1 
be made as great as we please. Hence — can be made as small as 
m 


we please, and two integers n and m can be found whose ratio will 
express that of a and b to any required degree of accuracy. 
28. The propositions proved in Art. 23 are often useful in solving 
problems. In particular, the solution of certain equations is greatly 
facilitated by a skilful use of the operations componendo and dividendo. 
Example 1. : If (2ma + 6mb + 3nc + 9nd) (2ma — 6mb — 3nc + 9nd) 
= (2ma — 6mb + 3nc — 9nd) (2ma + 6mb — 3nc — 9nd), 

prove that a, b, c, d are proportionals. 
2ma + 6mb + 3nc + 9nd _ 2ma + 6mb — 3nc — 9nd. 
We have ^a 6mb3nc-9nd 2ma - 6mb - 3nc + 9nd’ 
componendo and dividendo, 
2(2ma+3nc) _ 2(2ma—3nc) 
2(6mb+9nd) 2(6mb —9nd) 

2ma+3nc _ 6mb+9nd 


2ma-3nc 6mb-9nd 
Again, componendo and dividendo, 

















Alternando, 





4ma  12mb. 
6nc 18nd’ 
a_b 
whence far. 
or a:b=c:d. 


Example 2. : Solve the equation 


Vxt+1+vx-1  4x-1 
Vx+1-vx-1 2 ` 
We have, componendo and dividendo, 














x+1 4x+1. 
x-1 4x - 3’ 








Proportion 


17 





x+1_ 16x7+8x+1 


x-1 tx = 24049" 
Again, componendo and dividendo, 


2x 32x? -16x410 








2 32x-8 
o lóx-8x45. 
léx-4 ' 
whence 16x? — 4x = 16x2- 8x +5; 
5 
nox-—. 
4 


BENE Examples II 


1. Find the fourth proportional to 3, 5, 27. 
2. Find the mean proportional between 
(1) 6 and 24 (2) 360a* and 2502? b?. 





x 
3. Find the third proportional to * 44 and r 
x 
If a: b —- c:d, prove that 
ac + ac? : b?d + bd? = (a + cy : (b dy. 
2 








5. pi qb? : pa- qb? = p? * qd? : pè- qd?. 


6. a-c:b-d- Jdghec?:gp d. 


3 3 
y Va? +0? wed ac A 
a 


If a, b, c, d are in continued proportion, prove that 
8. a:b*d-c:cd« d. 
9. 2a+ 3d : 3a — 4d = 2a°+ 3D? : 3a? — AD?. 
10. (à? + b? + c?) (D? + c? + d?) = (ab + bc + cd}. 
11. If b is a mean proportional between a and c, prove that 
a -b +c? a 
a-b? +e? 
12. Ifa:b=c:d, ande:f=}g : h, prove that 
ae + bf : ae — bf = cg + dh: cg — dh. 
Solve the equations : 
2x! -3x +x+1_ 3x? -x° +5x-13 
2x? -3x -x-1 3x?)-x!-5x413. 
3xt+x7-2x-3  5x4+2x?-7x4+3 
axí-x!-2x43  5xí-2x!47x-3' 











13. 








14. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(m*n)x-(a-b) (mtn)x+ate 
` (m-n)x- (a+b) (m-n)x*a-c 








If a, b, c, d are proportionals, prove that 
Re re ae ao 
a 





If a, b, c, d, e are in continued proportion, prove that 

(ab + be + cd + de)? = (a? D? c? + d?) (P + c? + d? e?). 
If the work done by x — 1 men in x + 1 days is to the work done 
by x + 2 men in x - 1 days in the ratio of 9 : 10, find x. 
Find four proportionals such that the sum of the extremes is 21, 
the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 
Two casks A and B were filled with two kinds of sherry, mixed 
in the cask A in the ratio of 2 : 7, and in the cask B in the ratio 
of 1:5. What quantity must be taken from each to form a mixture 
which shall consist of 10 litres of one kind and 45 litres of the 
other? 
Nine litres are drawn from a vessel full of wine; it is then filled 
with water, then nine litres of the mixture are drawn, and the 
vessel is again filled with water. If the quantity of wine now in 
the vessel be to the quantity of water in it as 16 to 9, how much 
does the vessel hold ? 
If four positive quantities are in continued proportion, show 
that the difference between the first and last is at least three 
times as great as the difference between the other two. 
In England the population increased 15.9 per cent between 1871 
and 1881; if the town population increased 18 percent and the 
country population 4 percent, compare the town and country 
populations in 1871. 
In a certain country the consumption of tea is five times the 
consumption of coffee. If a percent more tea and b percent more 
coffee were consumed, the aggregate amount consumed would 
be 7c percent more; but if b percent more tea and a percent more 
coffee were consumed, the aggregate amount consumed would 
be 3c percent more : compare a and b. 
Brass is an alloy of copper and zinc; bronze is an alloy containing 
80 percent of copper, 4 of zinc, and 16 of tin. A fused mass of 
brass and bronze is found to contain 74 percent of copper, 16 of 
zinc, and 10 of tin find the ratio of copper to zinc in the composition 
of brass. 
A crew can row a certain course up stream in 84 minutes; they 
can row the same course down stream in 9 minutes less than 
they could row it in still water : how long would they take to 
row down with the stream ? 





Variation 





29. Definition : One quantity A is said to vary directly as another 
B, when the two quantities depend upon each other in such a manner 
that if B is changed, A is changed in the same ratio. 

Note : The word directly is often omitted, and A is said to vary 
as B. 

For instance : if a train moving at a uniform rate travels 40 miles 
in 60 minutes, it will travel 20 miles in 30 minutes, 80 miles in 
120 minutes, and so on; the distance in each case being increased or 
diminished in the same ratio as the time. This is expressed by saying 
that when the velocity is uniform the distance is proportional to the time, 
or the distance varies as the time. 


30. The symbol œ is used to denote variation : so that A œ B is read 

“A varies as B”. 

31. If A varies as B, then A is equal to B multiplied by some constant quantity. 
For suppose that a, ay, do, d5,..., b, by, bo, bs, ... are corresponding 

values of A and B. 





Then, by definition, um 2 ; a 4 ; 2 L ;and so on, 
f b, ay b, ay b, 
Lu T each being equal to ud 
b b, b, b 


Henc any value of A 





- is always the same; 
the corresponding value of B 


A 
that is, z” where m is constant. 
A= mB. 
If any pair of corresponding values of A and B are known, the 


constant m can be determined. For instance, if A = 3 when B = 12, 
we have 32m x 12; 
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32. Definition : One quantity A is said to vary inversely as another 
B, when A varies directly as the reciprocal of B. 
m 
Thus if A varies inversely as B, A = B’ where m is constant. 


The following is an illustration of inverse variation : If 6 men do 
a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours; and so on. Thus it appears that when 
the number of men is increased, the time is proportionately decreased; 
and vice-versa. 


Example 1. : The cube root of x varies inversely as the square of y; 
if x = 8 when y = 3, find x when y “15, 
z 3 m : 
By supposition Ysa where m is constant. 


18 
Putting x = 8, y = 3, we have 2 = - m= 18 and Xx -—; 
y 


3 
hence, by putting y = ar we obtain x = 512. 


Example 2. : The square of the time of a planet’s revolution varies 
as the cube of its distance from the Sun; find the time of Venus 
revolution, assuming the distances of the Earth and Venus from the 


Sun to be 2m and 66 millions of miles respectively. 


Let P be the periodic time measured in days, D the distance in 
millions of miles; we have P?«< D?, or P? = kD?, 
where k is some constant. 





1 1 1 
For the Earth, 365 x 365 = k x A x 27 x TES 








h pa AX4x4, 
whence 365 7 
pio AX4X4ps 
365 i 
4 
For Venus, pha EA X 66x 66x 66; 





h P-4x66 fees 
whence = 365 


= 264 x 40.7233, approximately, 
= 264 x 0.85 
= 224.4. 


Hence the time of revolution is nearly 24- days. 
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33. Definition : One quantity is said to vary jointly as a number of 
others, when it varies directly as their product. 

Thus A varies jointly as B and C, when A = mBC. For instance, 
the interest on a sum of money varies jointly as the principal, the 
time, and the rate percent. 


34. Definition : A is said to vary directly as B and inversely as C, 


: B 
when A varies as T 


35. If A varies as B when C is constant, and A varies as C when B is constant, 
then will A vary as BC when both B and C vary. 

The variation of A depends partly on that of B and partly on 
that of C. Suppose these latter variations to take place separately, 
each in its turn producing its own effect on A; also let a, b, c be certain 
simultaneous values of A, B, C. 

1. Let C be constant while B changes to b; then A must undergo 
a partial change and will assume some intermediate value a’, where 

A B 
Y b .. (1) 

2. Let B be constant, that is, let it retain its value b, while C changes 
to c; then A must complete its change and pass from its intermediate 
value a' to its final value, a, where 


ae : 
a C il 
A ^ B C 
From (1) and (2) oy a= x=; 
aa b c 
: a 
that is, A=—-BC, 
be 
or A varies as BC. 


36. The following are illustrations of the theorem proved in the last 
article. 

The amount of work done by a given number of men varies directly 
as the number of days they work, and the amount of work done in 
a given time varies directly as the number of men; therefore when the 
number of days and the number of men are both variable, the amount 
of work will vary as the product of the number of men and the 
number of days. 

Again, in Geometry the area of a triangle varies directly as its 
base when the height is constant, and directly as the height when 
the base is constant; and when both the height and base are 
variable, the area varies as the product of the numbers representing 
the height and the base. 
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Example : The volume of a right circular cone varies as the square 
of the radius of the base when the height is constant, and as the 
height when the base is constant. If the radius of the base is 7 cm 
and the height 15 cm the volume is 770 cubic cm find the height of 
a cone whose volume is 132 cubic cm and which stands on a base 
whose radius is 3 cm. 

Let h and r denote respectively the height and radius of the base 
measured in cm; also let V be the volume in cubic cm. 

Then V = mr*h, where m is constant. 

By supposition, 770 =m x 7 x 15; 


h m= a ; 
whence 27” 
22 
V =h 


by substituting V = 132, r = 3, we get 


{= v duds 
21 


whence h = 14; 
and therefore the height is 14 cm. 


37. The proposition of Art. 35 can easily be extended to the case in 
which the variation of A depends upon that of more than two variables. 
Further, the variations may be either direct or inverse. The principle 
is interesting because of its frequent occurrence in Physical Science. 
For example, in the theory of gases it is found by experiment that 
the pressure (p) of a gas varies as the "absolute temperature" (t) 
when its volume (v) is constant, and that the pressure varies inversely 
as the volume when the temperature is constant; that is 
p x t, when v is constant 


1 ; 
and p * —, when t is constant. 
v 


From these results we should expect that, when both t and v are 
variable, we should have the formula 


t 
p * —, or pv = kt, where k is constant; 
v 


and by actual experiment this is found to be the case. 

Example : The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly 
as the square root of the quantity of coal used per km., and inversely 
as the number of carriages in the train. In a journey of 50 km in half 
an hour with 18 carriages 100 kg of coal is required; how much coal 
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will be consumed in a journey of 42 km in 28 minutes with 
16 carriages? 
Let t = the time expressed in hours, 

d = the distance in kilometres, 

v = the velocity in km per hour, 

q = the number of kg of coal used per km 

c = the number of carriages. 


Ji 


d 
We have pue y and ve -—, 


c 
cd ; 
whence f «—=, or p= Kcd where k is constant. 


W fa 


Substituting the values given, we have (since q = 2) 


1 kx18x50. 
2 42 7 
that is, hec bs. 
42 x18x 50 
Hen t ed 
ence => > 
V2 x18x 50 rq 


Substituting now the values of t, c, d given in the second part of 
the question, we have 
28 16x 42 


60 J2x18x 50 n 
that is, Ja =4V2; 


whence q = 32. 
Hence the quantity of coal is 42 x 32 = 1344 kg. 


BENE Examples Ill 


1. If x varies as y, and x = 8 when y = 15, find x when y = 10. 
2. If P varies inversely as Q, and P = 7 when Q = 3, find P when 
1 


Q=25. 


3. If the square of x varies as the cube of y, and x = 3, when y = 4, 











find the value of y when x UR 


3 10 
4. A varies as B and C jointly; if A = 2 when B ^5 and C = — 


27” 
find C when A = 54 and B = 3. 
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5. If A varies as C, and B varies as C, then A + B and VAB will each 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


vary as C. 


C 
If A varies as BC, then B varies inversely as Pu 


P varies directly as Q and inversely as R; also P -i when Q -2 


and R= find Q when P - 48 and R =/75 . 


If x varies as y, prove that x? * y? varies as x? — y?. 
If y varies as the sum of two quantities, of which one varies 
directly as x and the other inversely as x; and if y = 6 when 


x= 4, andy- 3 when x = 3; find the equation between x and y. 


If y is equal to the sum of two quantities, one of which varies as 
x directly, and the other as x? inversely; and if y = 19 when 
x = 2, or 3; find y in terms of x. 

If A varies directly as the square root of B and inversely as the 
cube of C, and if A = 3 when B = 256, and C = 2, find B when 


1 
A -24 and C 7. 


1 : TY 5 
Given that x + y varies as z tad that x — y varies as z ——, find 


z 
the relation between x and z, provided that z = 2 when x = 3 and 
y=1. 

If A varies as B and C jointly, while B varies as D?, and C varies 
inversely as A, show that A varies as D. 

If y varies as the sum of three quantities of which the first is 
constant, the second varies as x, and the third as x?; and if 
y = 0 when x = 1, y = 1 when x = 2, and y = 4 when x = 3; find 
y when x = 7. 

When a body falls from rest its distance from the starting point 
varies as the square of the time it has been falling: if a body falls 
through 122.6 m in 5 seconds, how far does it fall in 10 seconds? 
Also how far does it fall in the 10^ second? 

Given that the volume of a sphere varies as the cube of its 
radius, and that when the radius is 3.5 cm the volume is 
179.7 cubic cm, find the volume when the radius is 1.75 cm. 
The weight of a circular disc varies as the square of the radius 
when the thickness remains the same; it also varies as the 
thickness when the radius remains the same. Two discs have 
their thickneses in the ratio of 9 : 8; find the ratio of their radii 
if the weight of the first is twice that of the second. 
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18. 


19. 


20. 


21. 


22. 


At a certain regatta the number of races on each day varied 
jointly as the number of days from beginning and end of the 
regatta up to and including the day in question. On three 
successive days there were respectively 6, 5 and 3 races. Which 
days were these, and how long did the regatta last? 

The price of a diamond varies as the square of its weight. Three 
rings of equal weight, each composed of a diamond set in gold, 
have values Rs. a, Rs. b, Rs. c, the diamonds in them weighing 3, 
4,5 carats respectively. Show that the value of a diamond of one 
carat is Rs. 222! the cost of workmanship being the same 
for each ring. 

Two persons are awarded pensions proportion to the square 
root of the number of years they have served. One has served 
9 years longer than the other and receives a pension greater by 
Rs. 500. If the length of service of the first had exceeded that of 


the second by a years their pensions would have been in the 


proportion of 9 : 8. How long had they served and what were 
their respective pensions? 

The attraction of a planet on its satellites varies directly as the 
mass (M) of the planet, and inversely as the square of the distance 
(D); also the square of a satellite's time of revolution varies directly 
as the distance and inversely as the force of attraction. If 
my dy ty and m, d, t, are simultaneous values of M, D, T respectively, 
prove that 


2. 3 
nt = dy 

2 3* 
mt, d, 


Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our Moon as 35 : 31, having given 
that the mass of Jupiter is 343 times that of the Earth, and that 
the Moon's period is 27.32 days. 

The consumption of coal by a locomotive varies as the square 
of the velocity; when the speed is 32 km an hour the consumption 
of coal per hour is 2 tonnes : if the price of coal be Rs. 10 per tonne, 
and the other expenses of the engine be Rs. 11.25 nP. an hour, 
find the least cost of a journey of 100 km. 


CHAPTER 
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38. Definition : Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 
Thus each of the following series forms an Arithmetical 
Progression: 
3, 7, 11; 15;... 
8, 2, - 4, — 10.... 
a,at+d,a+2d,a+ 3d,.. 
The common difference is found by subtracting any term of the 
series from that which follows it. In the first of the above examples the 
common difference is 4; in the second it is — 6; in the third it is d. 


39. If we examine the series a, a + d, a + 2d, a + 3d,... 
we notice that in any term the coefficient of d is always less by one than the 
number of the term in the series. 
Thus the 3'd term is a + 2d; 
6 term is a + 5d; 
20'^ term is a + 19d; 
and, generally, the p'^ term is a * (p — 1)d. 
If n be the number of terms, and if | denote the last, or n'^ term, 
we have l=a+ (n — 1). 





40. To find the sum of a number of terms in Arithmetical Progression. 

Let a denote the first term, d the common difference, and n the 
number of terms. Also let / denote the last term, and s the required 
sum; then 





s-ac*(a-cd)*(a-2d) +......+ (l — 2d) + (l - d) +]; 
and, by writing the series in the reverse order, 
s =| + (l -— d) + (l - 2d) +....+ (a + 2d) + (a + d) + a. 





Adding together these two series, 
2s = (a + D) + (a + I) + (a + D) +... to n terms 
=n (a * I), 





s- 2a) .. (1) 
and l=a+(n-1)d .. (2) 


s= 5o (n - 1] .. (3) 
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41. In the last article we have three useful formulae (1), (2), (3); in 
each of these any one of the letters may denote the unknown quantity 
when the three others are known. For instance, in (1) if we substitute 
given values for s, n, l, we obtain an equation for finding a; and 
similarly in the other formulae. But it is necessary to guard against 
a too mechanical use of these general formulae, and it will often be 
found better to solve simple questions by a mental rather than by 
an actual reference to the requisite formula. 


Here the common difference is 1Ž;hence from (3), 








17 11 1| 17 
the sum 2 | 2 1 z (11+ 20) 
_17x31 -»gal. 
2 2 


Example 2. : The first term of a series is 5, the last 45, and the sum 
400 : find the number of terms, and the common difference. 
If n be the number of terms, then from (1) 


400 = 5 (6+ 45); whence n = 16. 


If d be the common difference 
2 
45 = the 16" term = 5 + 15d; whence CX 


42. If any two terms of an Arithmetical Progression be given, the 
series can be completely determined; for the data furnish two 
simultaneous equations, the solution of which will give the first 
term and the common difference. 

Example : The 54" and 4'^ terms of an A.P. are — 61 and 64; find the 
23'd term. 

If a be the first term, and d the common difference, 
- 61 = the 54" term = a + 53d; 


and 64 = the 4" term = a + 3d; 
1 
whence we obtain d=-—,a=71-—; 
2 2 

1 

and the 23 term = a + 22d T6. 


43. Definition : When three quantities are in Arithmetical Progression 
the middle one is said to be the arithmetic mean of the other two. 


28 Higher Algebra 





Thus a is the arithmetic mean between a - d and a + d. 


44. To find the arithmetic mean between two given quantities. 

Let a and b be the two quantities; A the arithmetic mean. Then 
since a, A, b are in A.P. we must haveb- A= A- a, 
each being equal to the common difference; 


whence A= £m 
2 

45. Between two given quantities it is always possible to insert any 
number of terms such that the whole series thus formed shall be in 
A.P.; and by an extension of the definition in Art. 43, the terms thus 
inserted are called the arithmetic means. 
Example : Insert 20 arithmetic means between 4 and 67. 

Including the extremes, the number of terms will be 22; so that 
we have to find a series of 22 terms in A.P., of which 4 is the first 
and 67 the last. 

Let d be the common difference; 
then 67 = the 22™ term = 4 + 21d; 
whence d = 3, and the series is 4, 7, 10,......, 61, 64, 67; 
and the required means are 7, 10, 13,......, 58, 61, 64. 


46. To insert a given number of arithmetic means between two given quantities. 
Let a and b be the given quantities, n the number of means. 
Including the extremes the number of terms will be n + 2; so that we 
have to find a series of n + 2 terms in A.P., of which a is the first, and 

b is the last. 
Let d be the common difference; 





then b = the (n + 2)^ term = a + (n + 1)d; 
j= 

whence = - 
n+1 


and the required means are 





9159 ee a 
n+1 n+1 ntl 


Example 1. : The sum of three numbers in A.P. is 27, and the sum 
of their squares is 293; find them. 
Let a be the middle number, d the common difference; then the 
three numbers are a — d, a, a + d. 
Hence a-dt+atat+d=27; 
whence a = 9, and the three numbers are 9 - d, 9, 9 + d. 
E: (9 — d)? + 81 + (9 + d = 293; 
whence d=+5; 
and the numbers are 4, 9, 14. 
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Example 2. : Find the sum of the first p terms of the series whose 
n'^ term is 3n — 1. 
By putting n = 1, and n = p respectively, we obtain 
first term = 2, last term = 3p - 1; 





sum - (2 + 3p )- P Gp +1). 


BEN Examples IV.a. 





1. Sum 2,3247, to 20 terms. 


2. Sum 49, 44, 39, ... to 17 terms. 
3. Sum —,—,—-,... to 19 terms. 


4. Sum 3, A i os to n terms. 
3 3 


5. Sum 3.75, 3.5, 3.25, ...to 16 terms. 


6. Sum 7-7, ~ 65) to 24 terms. 


7. Sum 1.3, -3.1, -7.5, ... to 10 terms. 


6 12 
8. Sum 3 343, NEN TP to 50 terms. 


RUNE NN CE ... to 25 terms. 
45' V5 
10. Sum a - 3b, 2a — 5b, 3a — 7b, .... to 40 terms. 


11. Sum 2a - b, 4a — 3b, 6a — 5b, ..... to n terms. 
a+b 3a -b 


12. Sum —-, a, 


2 2 





s... to 21 terms. 


1 3 
13. Insert 19 arithmetic means between 4 9nd E 


14. Insert 17 arithmetic means between 3 and 41> 


15. Insert 18 arithmetic means between —35x and 3x. 

16. Insert x arithmetic means between x? and 1. 

17. Find the sum of the first n odd numbers. 

18. In an A.P. the first term is 2, the last term 29, the sum 155; find 
the difference. 

19. The sum of 15 terms of an A.P. is 600, and the common difference 
is 5; find the first term. 
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20. The third term of an A.P. is 18, and the seventh term is 30; find 
the sum of 17 terms. 

21. The sum of three numbers in A.P. is 27, and their product is 504; 
find them. 

22. The sum of three numbers in A.P. is 12, and the sum of their 
cubes is 408; find them. 

23. Find the sum of 15 terms of the series whose r^ term is 4n + 1. 





24. Find the sum of 35 terms of the series whose p^ term is on 2; 


n 
25. Find the sum of p terms of the series whose n'^ term is PES 
26. Find the sum of n terms of the series 
2. e Fe 
2a S 6a" -5 


, ye 


ü a a 





47. In an Arithmetical Progression when s, a, d are given, to determine 
the values of n we have the quadratic equation 


n 
s- {20+ (dj; 

when both roots are positive and integral there is no difficulty in 

interpreting the result corresponding to each. In some cases a suitable 

interpretation can be given for a negative value of n. 


Example : How many terms of the series —9, —6, -3, ... must be taken 
that the sum may be 66? 


Here 518 +(n-1)3} = 66; 
that is, n? — 7n — 44 = 0, or (n — 11) (n + 4) = 0; 
. n= 11 or- 4. 


If we take 11 terms of the series, we have 
—9, — 6, — 8, 0, 8, 6, 9, 12, 15, 18, 21; 
the sum of which is 66. 

If we begin at the last of these terms and count backwards four 
terms, the sum is also 66; and thus, although the negative solution 
does not directly answer the question proposed, we are enabled to 
give it an intelligible meaning, and we see that it answers a question 
closely connected with that to which the positive solution applies. 


48. We can justify this interpretation in the general case in the 
following way. 
The equation to determine n is 
dn? + (2a - d)n - 2s = 0 ... (1) 
Since in the case under discussion the roots of this equation have 
opposite signs, let us denote them by n, and - n;. The last term of the 
series corresponding to n, is a + (n, — 1)d; 
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if we begin at this term and count backwards, the common difference 
must be denoted by -d, and the sum of n, terms is 


n, = 
2 (2a en, - 10) (n, - 1-4), 
and we shall show that this is equal to s. 








For the expression - a (n, =n, 14] 








1 
- jn, 2njnd —n,(n, 4 14] 


1 IE 1 
-5 {2nn,d-(d-n}—-2a—d-n,)} = 5 (4s-25)=5, 
since —n satisfies dn? + (2a — d)n — 2s = 0, and -nın is the product of 
the roots of this equation. 

49. When the value of n is fractional there is no exact number of 
terms which corresponds to such a solution. 

Example : How many terms of the series 26, 21, 16, ... must be taken 
to amount to 74? 


Here 5 (92 +(n-1)(-5)} =74, 
that is, 5n? — 57n + 148 = 0, 
2 
or (n — 4) (5n —37)=0; . n=A4 or d 


Thus the number of terms is 4. It will be found that the sum of 7 
terms is greater, while the sum of 8 terms is less than 74. 


50. We add some Miscellaneous Examples. 
Example 1. : The sums of n terms of two arithmetic series are in the 
ratio of 7n + 1 : 4n + 27; find the ratio of their 11'^ terms. 


Let the first term and common difference of the two series be 
a, dı and a, d, respectively. 








2a, *(n-Td, 7n41 
Weh 1 i= : 
TUNIS 2a,*(n-ld, 4n*27 
: a, + 10d, i 
Now we have to find the value of —————; hence, by putting 
a, + 10d, 





n = 21, we obtain 
2a,+20d, 148 4. 
2a,+20d, 111 3’ 
thus the required ratio 4 : 3. 
Example 2. : If S, S» Sz ... S, are the sums of n terms of arithmetic 


series whose first terms are 1, 2, 3, 4,... and whose common differences 
are 1, 3, 5, 7,...; find the value of 
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Si S, S3 Tea Sy. 

n n(n- 1) 
We have S= ;U (n-1)} = 3 

n n(3n * 1) 

5, = AK (n-1)3} = T 
n n(5n+1) 

S, = 516 (n-1)5} = 2. 9 
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5,- 5 {2p +0 -DP -D}= (0p - 00 1); 


the required sum 





=" {(n+1)+ n1)... Qp-2n«1] 





="{(n+3n+5n4 m 2p-1-n)+p} 





= {n(l+3+54 — 2p-1)+p} 





= (np? +p) - T (np 1) 





Given a = —2, d = 4 and s = 160, find n. 

How many terms of the series 12, 16, 20, ..... must be taken to 
make 208? 

In an A.P. the third term is four times the first term, and the 
sixth term is 17; find the series. 

The 2*4, 31% and last terms of an A.P. are 22: and -6> 
respectively; find the first term and the number of terms. 
The 4t, 42^d, and last terms of an A.P. are 0, -95 and -125 
respectively; find the first term and the number of terms. 

A man arranges to pay off a debt of £3600 by 40 annual instalments 
which form an arithmetic series. When 30 of the instalments are 
paid he dies leaving a third of the debt unpaid; find the value 
of the first instalment. 


] 1 
Between two numbers whose sum is 2— an even number of 


arithmetic means is inserted; the sum of these means exceeds 
their number by unity; how many means are there? 
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8. 


22. 


23. 


24. 


The sum of n terms of series 2, 5, 8,... is 950; find n. 


1 1 1 
Sum the series dxdr-x dd to n terms. 





. If the sum of 7 terms is 49, and the sum of 17 terms is 289, find 


the sum of n terms. 


. If the p^, 4^, r™ terms of an A.P. are a, b, c respectively, show that 


(q-r)a*(r-p)b*(p-q)c-0. 


. The sum of p terms of an A.P. is q, and the sum of q terms is p; 


find the sum of p + g terms. 


. The sum of four integers in A.P. is 24, and their product is 945; 


find them. 


. Divide 20 into four parts which are in A.P., and such that the 


product of the first and fourth is to the product of the second 
and third in the ratio of 2 to 3. 


. The p? term of an A.P. is q, and the q™ term is p; find the m'^ term. 
. How many terms of the series 9, 12, 15, ... must be taken to make 


306? 


. If the sum of n terms of an A.P. is 2n + 312, find the r'^ term. 
. If the sum of m terms of an A.P. is to the sum of n terms as 


m? to 12, show that the m'" term is to the n term as 2m — 1 is to 
2n — 1. 


. Prove that the sum of an odd number of terms in A.P. is equal 


to the middle term multiplied by the number of terms. 


. If s = n(5n — 3) for all values of n, find the p'^ term. 
. The number of terms in an A.P. is even; the sum of the odd terms 


is 24, of the even terms 30, and the last term exceeds the first by 


1 
10 >’ find the number of terms. 


There are two sets of numbers each consisting of 3 terms in A.P. 
and the sum of each set is 15. The common difference of the first 
set is greater by 1 than the common difference of the second set, 
and the product of the first set is to the product of the second 
set as 7 to 8; find the numbers. 

Find the relation between x and y in order that the r® mean 
between x and 2y may be the same as the r' mean between 
2x and y, n means being inserted in each case. 

If the sum of an A.P. is the same for p as for q terms, show that 
its sum for p * q terms is zero. 
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51. Definition : Quantities are said to be in Geometrical Progression 
when they increase or decrease by a constant factor. 
Thus each of the following series forms a Geometrical Progression: 
3, 6, 12, 24,...... 
11 1 


The constant factor is also called the common ratio, and it is found 
by dividing any term by that which immediately precedes it. In the 
first of the above examples the common ratio is 2, in the second it 


is - in the third it is r. 
52. If we examine the series a, ar, ar”, ar?, ar^... 
we notice that in any term the index of r is always less by one than the 
number of the term in the series. 
Thus the 3" term is ar?; 

the 6'' term is ar?; 

the 20* term is ar!?; 
and, generally, the p^ term is ar". 

If n be the number of terms, and if | denote the last, or n'^ term, 

we have 


l = arri 


53. Definition : When three quantities are in Geometrical Progression, 
the middle one is called the geometric mean between the other two. 
To find the geometric mean between two given quantities. 
Let a and b be the two quantites, G the geometric mean. Then 
since a, G, b are in GP, 


UN 

G a’ 
each being equal to the common ratio; 
: G? = ab; 


whence G = Jab. 
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54. To insert a given number of geometric means between two given quantities. 
Let a and b be the given quantities, n the number of means. 
In all there will be n + 2 terms; so that we have to find a series 
of n + 2 terms in G.P., of which a is the first and b the last. 
Let r be the common ratio; 
then b = the (n + 2) term = ar" * *; 
1 
nel b, . = pp 
pos TO B : ...(1) 
Hence the required means are ar, ar?,.... ar", where r has the value 
found in (1). 
Example : Insert 4 geometric means between 160 and 5. 
We have to find 6 terms in G.P. of which 160 is the first, and 5 the 
sixth. Ler r be the common ratio; 
then 5 - the sixth term - 16075; 


iet he mc 
= 35; whence r=; 


and the means are 80, 40, 20, 10. 
55. To find the sum of a number of terms in Geometrical Progression. 

Let a be the first term, r the common ratio, n the number of terms, 
and s the sum required. Then 


s-a-car- ar... + ar-?v gat 
multiplying every term by r, we have 
rs =ar * ar? uus art 2 ar"! + ar". 


Hence by subtraction, 
rs —s=ar"-a; 
(r - 1)s = a(r" — 1); 


a(r" —1) 
s=———. a(l 
r-1 (1) 
Changing the signs in numerator and denominator, 
a(1- r^) 
$——— —^, « (2 
1-r e 


Note : It will be found convenient to remember both forms given 
above for s, using (2) in all cases except when r is positive and greater 
than 1. 

Since ar" -! - [, the formula (1) may be written 





ga rl-a. 
= f 

r-1 
a form which is sometimes useful. 


Example : Sum the series i =, ARES to 7 terms. 
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The common ratio -—3 hence by formula (2) 





the sum = 
3 
1+= 
2 
2 142187 
3 128 2 2315 2 463 
_ -4+» xt 





5 3 128 5 96' 
2 
56. Consider the series 1, Lo 
9792 902 
1 
NEP 1 1 
The sum to n terms = 2" 22|1- ,|=2-—5- 
1-1 2 2 
2 


From this result it appears that however many terms be taken 
the sum of the above series is always less than 2. Also we see that, 


1 
by making 7 sufficiently large, we can make the fraction 2^1 as 


small as we please. Thus by taking a sufficient number of terms the 
sum can be made to differ by as little as we please from 2. 
In the next article a more general case is discussed. 
a1-r) a a" 
l-r  1-r 1-r 
Suppose r is a proper fraction; then the greater the value of n the 


n 


ar 
smaller is the value of 7", and consequently of Iy and therefore by 





57. From Art. 55 we have s= 


making n sufficiently large, we can make the sum of n terms of the 


a 
series differ from 1 by as small a quantity as we please. 
This result is usually stated thus the sum of an infinite number of 


a 
terms of a decreasing Geometrical Progression is Iy or more briefly, the 
-r 


a 
sum to infinity is de 


Example 1. : Find three numbers in G.P. whose sum is 19, and whose 
product is 216. 
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a a 
Denote the numbers by —, a, ar; then - XaX ar 2 216; hence a = 6, 
r r 


6 
and the numbers are -, 6 6r. 
r 


Ps 6+ 6r=19; 
6 — 13r + 62-20; 


whence r -2 or =. Thus the numbers are 4, 6, 9. 


Example 2. : The sum of an infinite number of terms in G.P. is 15, 
and the sum of their squares is 45; find the series. 


Let a denote the first term, r the common ratio; then the sum of 
2 


a 
the terms is ——;and the sum of their squares is po 











1-r 

H — =15 1 
ence ior Tr sd E ) 

2 

a 
= 45. 2 
1-r? (2) 
Dividing (2) by (1) n ...(3) 

ltr 

and from (1) and (3) "aL 


2 
whence r 73 and therefore a = 5. 








Thus the series is 50 A 
3 9 

BEEN Examples V.a. 
1. Sum il E to 7 terms. 

239 
2. Sum 2 ot a to6t 

um -2, 2 ?g' o 6 terms. 

3. Sum 341 3,...to 8 terms. 

4 2 
4. Sum 2, 4, 8,... to 10 terms. 
5. Sum 16.2, 5.4, 1.8, ... to 7 terms. 
6. Sum 1, 5, 25,... to p terms. 


7. Sum 374,72, to 2n terms. 
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Sum 1, NET 3,...to 12 terms. 


Sum e ee B to 7 terms. 
42 2 


11 


.Sum--, poet 7 terms. 


3 2 


: 1 4 
. Insert 3 geometric means between 27 and g 

: 5 1 
. Insert 5 geometric means between 2 and "s 


7 
. Insert 6 geometric means between 14 and E 


Find the sum of the following series to infinity: 
8 ,5 


É p bg 15. .45, .015, .0005,... 
. 1.665, -1.11, .74,... 17. 34, 32, 33... 
S CM NS 19. 7, {42 ,6,... 


27. 


28. 


. The sum of the first 6 terms of a G.P. is 9 times the sum of the 


first 3 terms; find the common ratio. 


. The fifth term of a G.P. is 81, and the second term is 24; find the 


series. 


. The sum of a G.P. whose common ratio is 3 is 728, and the last 


term is 486; find the first term. 


. In a G.P. the first term is 7, the last term 448, and the sum 889; 


find the common ratio. 


. The sum of three numbers in G.P. is 38, and their product is 


1728; find them. 


. The continued product of three numbers in G.P. is 216, and the 


sum of the products of them in pairs is 156; find the numbers. 


. If 5, denote the sum of the series 1 + r? + r”? +... ad inf., and Sp the 


sum of the series 1 — r? + r” — ... ad inf., prove that 
Spt 8,7 255. 
If the p, q'", r'™ terms of a G.P. be a, b, c, respectively, prove that 
ai-" b"-P œ-1= 1. 
The sum of an infinite number of terms of a G.P. is 4 and the sum 
of their cubes is 192; find the series. 
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58. Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 


Example : Find the value of 0.423. 
0.423 = 0.4232323... 














4,23, 23 |, 4,285,235, . 
10 1000 100000 " 10 10 10 "" 
oe 4 2B 1 1 
i 0.423 = H 14 + Ew 
Wa 10 2i 10? 10! 
29 199 1l 
(30 107, 1. 
10? 


4 23 100 4 23 419 


-10 10 99 10 990 990 
which agrees with the values found by the usual arithmetical rule. 





#7 


59. The general rule for reducing any recurring decimal to a vulgar 
fraction may be proved by the method employed in the last example; 
but it is easier to proceed as follows. 

To find the value of a recurring decimal. 

Let P denote the figures which do not recur, and suppose them 
p in number; let Q denote the recurring period consisting of q figures; 
let D denote the value of the recurring decimal; then 


D = 0.PQQQ ...; 
ES 10" x D = P.QQQ ...; 
and 10"**x D = PQ.QQQ ...; 


therefore, by subtraction, (10^ ** — 107) D = PQ - P; 
that is, 10” (107- 1) D = PQ - P; 

_ PQ-P 

(10 - 110^ 

Now 107 — 1 is a number consisting of q nines; therefore the 
denominator consists of q nines followed by p ciphers. Hence we 
have the following rule for reducing a recurring decimal to a vulgar 
fraction: 

For the numerator subtract the integral number consisting of the non-recurring 
figures from the integral number consisting of the non-recurring and recurring 
figures; for the denominator take a number consisting of as many nines as there 
are recurring figures followed by as many ciphers as there are non-recurring 


figures. 
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60. To find the sum of n terms of the series 
a, (a + d) r, (a+ 2d) r°, (a + 3d) 73... 
in which each term is the product of corresponding terms in an arithmetic and 
geometric series. 
Denote the sum by S; then 
S=a+(a+d)r+(at2d)r’ +..4(atn—1d yr"); 
rS =ar+ (a+ d)r+...+(a+n—2d "1 +(a+n-1d y" 
By subtraction, 
S(1—r)-a- (dr + dr? +. + dr"-!) = (at+n-1d)r" 
" dr(1- 7") 
1-r 
a d-r) (a+n-1d)r" 
1-r (l-rř 1-r 
Corollary :- Write S in the form 
a, dr dr" _(a+n=1d)r" . 
1-r (-ry (1-7) 1-r ’ 
then ifr <1, we can make 7" as small as we please by taking n sufficiently 
great. In this case, assuming that all the terms which involve r" can be made 


a dr 
so small that they may be neglected, we obtain 4,  q yp for the sum 





=a —(atn-1d)r"; 





, 





to infinity. We shall refer to this point again in Chapter. 21. 
In summing to infinity series of this class it is usually best to 
proceed as in the following example. 
Example 1. : If x « 1, find the sum of the series 
1+ 2x + 3x? + 4x? +... to infinity. 


























Let S=1+ 2x + 3x24 Ax? +...; 
y xS =x + 2x2 + 338 4...; 
1 
SQ -x)=1ltxutaxrt Otis ; 
1-x 
1 
$2——, 
(1- x) 
Example 2. : Sum the series ji. m to n terms. 
5 5 3 
4 7 10 3n-2 
Let adc uc gu 
1 1.4 7 3n-5 3n-2 
Bend Ted "E n 7 
5 5 5 5 5 5 
4 3.3 3 3 3n-2 
S=14 Pe te Pathe 
5 5 5 5 5" 5" 
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3 1.1 1 3n-2 
SLE DELE. 
5 5 5 5" 5" 
1 
qud 5g 3n-2 
5 i 5" 
5 
js 3 1 2 3n-2 
5" 5" 
_? 12n+7, 
4 4.5" ’ 
_35_ 1247 
16 16-5"' 
EN Examples V.b. 
1. Sum 1 + 2a + 3a? + 4a? +... to n terms. 
2. Sum 14 3 H 4 H D H a H... to infinity. 
4 16 64 256 
3. Sum 1 + 3x + 5x? + 7x? + 9x* +.. to infinity, x being < 1. 
4. Sum1 2,8 F...to n terms. 
yy ee 
5. Sum1 2 H 7 H. to infinity. 
2 4 8 





6. Sum 1 + 3x + 6x? + 10x? +... to infinity, x being < 1. 

7. Prove that the (n + 1)" term of a G.P., of which the first term is 
a and the third term b, is equal to the (2n + 1)'^ term of a G.P. of 
which the first term is a and the fifth term b. 

8. The sum of 2n terms of a G.P. whose first term is a and common 
ratio r is equal to the sum of n of a G.P. whose first term is b and 
common ratio r°. Prove that b is equal to the sum of the first two 
terms of the first series. 





9. Find the sum of the infinite series 
1+(1+b)rt+(1+b+b)r2+(1+b++d9) ra, 
r and b being proper fractions. 





10. The sum of three numbers in G.P. is 70; if the two extremes be 
multiplied each by 4, and the mean by 5, the products are in 
A.P., find the numbers. 
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11. 


12. 
13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


The first two terms of an infinite G.P. are together equal to 5, and 
every term is 3 times the sum of all the terms that follow it; find 
the series. 


Sum the following series: 














x +a, x? * 2a, x? * 3a ... to n terms. 
x(x + y) + x?(? + y?) + A + 9) + Ls to n terms. 
a = Oa A : H... to 2p terms. 
3 6 12 
3.2 3 2.3 dmt er 
Ha to infinity. 


2 

3 Ca Be ae 
45 4 5 4 5 
7 

If a 


Q 
N 

(69) 
w 











2*5 và us ve F... to infinity. 
, b, c, d be in G.P., prove that 

(b — c + (c - a + (d - b}? = (a - dy. 
If the arithmetic mean between a and b is twice as great as the 
geometric mean, show that a:be2443:2-4/5, 
Find the sum of n terms of the series, the r'^ term of which is 

(2r + 1)27. 

Find the sum of 2n terms of a series of which every even term 
is a times the term before it, and every odd term c times the term 
before it, the first term being unity. 
If S, denote the sum of n terms of a G.P. whose first term is a, and 
common ratio r, find the sum of S4, S4, Ss, ... ,S5, 1. 
If 5,, Sy, S5,..., S, are the sums of infinite geometric series, whose 
first terms are 1, 2, 3,..., p, and whose common ratios are 


111 1 


"EI respectively, 





prove that Sı + S, + S3 +...+ S,= RG F3). 


If r < 1 and positive and m is a positive integer, show that 
(2m + 1) r"(1- r) «1- r?n* 1, 

Hence show that nr" is indefinitely small when n is indefinitely 
great. 


CHAPTER Harmonical Progression. 
6 Theorems Connected with 
the Progressions 





61. Definition : Three quantities a, b, c, are said to be in Harmonical 


! a a-b 

Progression when —- i 
ë b-e 

Any number of quantities are said to be in Harmonical Progression 

when every three consecutive terms are in Harmonical Progression. 





62. The reciprocals of quantities in Harmonical Progression are in Arithmetical 
Progression. 
By definition, if a, b, c are in Harmonical Progression, 
a a-b. 
c b-c’ 
- a(b-c)7 c(a- b), 
dividing every term by abc, 
1111 
c b b a 
which proves the proposition. 


"d 


63. Harmonical properties are chiefly interesting because of their 
importance in Geometry and in the Theory of Sound; in Algebra the 
proposition just proved is the only one of any importance. There is 
no general formula for the sum of any number of quantities in 
Harmonical Progression. Questions in H.P. are generally solved by 
inverting the terms, and making use of the properties of the 
corresponding A.P. 


64. To find the harmonic mean between two given quantities. 


uim 
Cim 


Let a, b be the two quantities, H their harmonic mean; then up 
are in A.P., 

1 1 1 1 2-1,1. H-2 

H a b H' H a b" ath 


Example : Insert 40 harmonic means between 7 and E 








1 
Here 6 is the 42™ term of an A.P. whose first term is 7 let d be 


the common difference; then " 
6- 14d; whence d=—- 
7 7 
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Thus the arithmetic means are emi and therefore the 


harmonic means are gtg! a 


2 3°" “41 
65. If A, G, H be the arithmetic, geometric, and harmonic means 
between a and b, we have proved 








a+b 
Hcr. (1) 
Caah m^ 
2ab 
LIO n (3) 
+b 2ab 
Therefore AH =. = abe G^ 
2 atb 


that is, G is the geometric mean between A and H. 


From these results we see that 


"mw CE EI 
2 


, 
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which is positive if a and b are positive therefore the arithmetic mean 
of any two positive quantities is greater than their geometric mean. 

Also from the equation G? = AH, we see that G is intermediate 
in value between A and H; and it has been proved that A » G, therefore 
G> H; that is, the arithmetic, geometric, and harmonic means between any two 
positive quantities are in descending order of magnitude. 


66. Miscellaneous questions in the Progressions afford scope for skill 
and ingenuity, the solution being often neatly effected by some special 
artifice. The student will find the following hints useful. 

1. If the same quantity be added to, or subtracted from, all the 
terms of an A.P., the resulting terms will form an A.P., with 
the same common difference as before. [Art. 38.] 

2. If all the terms of an A.P.,be multiplied or divided by the 
same quantity, the resulting terms will form an A.P., but 
with a new common difference. [Art. 38.] 

3. Ifall the terms of a G.P. be multiplied or divided by the same 
quantity, the resulting terms will form a G.P. with the same 
common ratio as before. [Art. 51.] 

4. Ifa, b, c, d, ... are in G.P., they are also in continued proportion, 
since, by definition, 
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Conversely, a series of quantities in continued proportion may 
be represented by x, xr, xr’, ... 
Example 1. : If 22, b?, c? are in A.P., show that b +c, c +a, a + b are in HP. 
By adding ab + ac + bc to each term, we see that 
a? * ab + ac + bc, b? + ba + bc + ac, c? * ca * cb + ab are in A.P., 
that is (a+ b) (a + c), (b + c) (b + a), (c + a) (c + b) are in A.P, 
dividing each term by (a + b) (b + c) (c + a), 


1 1 1 . 
— — ,— —,———- are in A.P, 
b+c cta a+b 

that is, b+c,c+a a+b arein H.P. 
Example 2. : If | the last term, d the common difference, and s the sum 
of n terms of an A.P. be connected by the equation 8ds = (d + 21}, 
prove that d = 2a. 

Since the given relation is true for any number of terms, 
put n = 1; then 

a-l-s. 

Hence by substitution, 8ad = (d + 2aY, or (d - 2a? = 0; -. d = 2a. 
Example 3. : If the p^, q'®, r*, s^ terms of an A.P. are in G.P., show that 

-q,q-—r,r—sare in G.P. 

With the usual notation we have 
at+(p-1)d a-c*(q-Dd a+(r-1)d 
P E B [Art.66.(4)] 

(q-Dd at+(r-1d a-c(s-T)d 
each of these ratios 
{a+ (p -1)d} - {a + (q4 -1)d} ia*(g—-1di—-ia-(r - 0d] 
{a+ (q-1)d}-{a+(r-1)d} {a+(r-1)d}-{a+(s-1)d} 

"A 

q-r r-s 

Hence p - q, q —r,r—s are in GP. 


















































67. The numters 1, 2, 3,... are often referred to as the natural numbers; 
the n'" term of the series is n, and the sum of the first n terms is 


50D. 


68. To find the sum of the squares of the first n natural numbers. 
Let the sum be denoted by S; then 
S= 124 2? + 3 * 0, Tug 
We have n?- (n- 1? = 3n? - 3n + 1; 
and by changing n into n — 1, 
(n - 1) - (n - 2) = 3(n - 1} — 3(n - 1) + 1; 
similarly (n — 2} — (n — 3} = 3(n — 2}? - 3(n — 2) + 








=. 
Se 


23- 13= 3-22- 3-2 + 1; 
18- 0° = 3-12- 3-1 +1. 
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Hence, by addition, 
n? = 3 (12+ 22+ 32+...+ n?) -3 (1+2+3+...+n)+n 








-ag 5+) 
2 
dicus] AED =n(n+1) gd 
2 2 
g t+ Dnt) 
—— o 


69. To find the sum of the cubes of the first n natural numbers. 
Let the sum be denoted by S; then 
S = 194 234 34.4 n. 
We have nt- (n — 1)* = 4n? - 6n? + 4n - 1; 
(n — 1)}t- (n — 2)*= 4 (n — 1)8- 6 (n — 1} + 4 (n - 1) - 1; 
(n — 2)}t- (n — 3)*= 4 (n — 2)3- 6 (n — 2) + 4 (n — 2) - 1; 
34- 24 = 4.33 — 6-32? + 4-3 - 1; 
24- 14= 4-23 — 6-22? + 4-2 - 1; 
14- 0*7 4.1?- 6-1? + 4-1 - 1. 
Hence, by addition, 
nt = 45 — 6 (1? + 22+... + n?) + 4 (1 +2 +...+ n)- m; 
AS = n** n + 6 (1? + 2? +...+ n?) - A (1+2 +...+ n) 
- n*-n-*n(n-*1)(2n * 1) - 2n (n+ 1) 
=n (n+1) (W?-n+1+2n+1-2)=n (n +1) (29 n); 


= n^(n41y [E + 2j 
4 2 
Thus the sum of the cubes of the first n natural numbers is equal to the 
square of the sum of these numbers. 
The formulae of this and the two preceding articles may be applied 
to find the sum of the squares, and the sum of the cubes of the terms 
of the series 
































a, a + d, a + 2d,..... 
70. In referring to the results we have just proved it will be convenient 
to introduce a notation which the student will frequently meet with 
in Higher Mathematics. We shall denote the series. 
14+2+3+.4+n by Xn; 
12 + 27+ 32 +...4 n? by En? 
18 + 224 35 +...+ n’ by En? 
where X placed before a term signifies the sum of all terms of which 
that term is the general type. 
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Example 1. : Sum the series 
12 + 23 + 3-4 +... to n terms. 
The n' term = n(n + 1) = n? + n; and by writing down each term 
in a similar form we shall have two columns, one consisting of the 
first n natural numbers, and the other of their squares. 


Sn- n(nt*1)2n-1), n(n-*1) 
2 





the sum = =n? 4 


6 
7 mee an 1| _n(n+1)(n+2) 
2 3 3 
Example 2. : Sum to n terms the series whose n'" term is 
27-14 85?— 65? 
Let the sum be denoted by S; then 
S = £2" 1+ 85n? — 6xXn? 
27-1 " 8n*(n+1)° _ 6n(n+1)(2n+1) 
2-1 4 6 
=2"—1 +n (n+ 1) {2n (n + 1) - Qn + 1) 
=2"-14n (n+ 1) (2n2- 1). 


BN Examples VI.a. 


1. Find the fourth term in each of the following series: 





























1.1 1 1.1 
1) 2,2—,3-,... 2) 2,2—,3,.. 3) 2,2: ,9 jan 
(1) 2, 2/23 (2) 2 (3) 2 
2. Insert two harmonic means between 5 and 11. 
2. 2 
3. Insert four harmonic means between 7 and 13 


4. If 12 and 9? are the geometric and harmonic means, respectively 


between two numbers, find them. 

5. Ifthe harmonic mean between two quantities is to their geometric 
means as 12 to 13, prove that the quantities are in the ratio of 
4 to 9. 

6. Ifa, b,c bein H.P., show thata:a-—b=a+c:a-c. 

7. If the m term of a H.P. be equal to n, and the n™ term be equal 





to m, prove that the (m + n)" term is equal to dor 
m+n 


8. If the p'^, q'", r™ terms of a H.P. be a, b, c respectively, prove that 
(q — r) bc + (r - p) ca + (p - q) ab = 0. 
9. If b is the harmonic mean between a and c, prove that 
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Find the sum of n terms of the series whose n'^ term is 


3 3 
10. 31?- n. 11. n us 12. n(n * 2). 


13. n?(2n + 3) 14. 3" — 2", 15. 3(4" + 2n?) - 4n? 
16. If the (m + 1), (n + 1), and (r + 1) terms of an A.P. are in G.P., 
and m, n, r are in H.P., show that the ratio of the common difference 


to the first term in the A.P. is Lt 


n 

17. If I, m, n are three numbers in G.P., prove that the first term of 
an A.P. whose It^, m™, and n™ terms are in H.P. is to the common 
difference as m + 1 to 1. 

18. If the sum of n terms of a series be a + bn + cn?, find the n'^ term 
and the nature of the series. 

19. Find the sum of n terms of the series whose n term is 

An(n* + 1) - (61? + 1). 

20. If between any two quantities there be inserted two arithmetic 
means Aj, Aj; two geometric means G,,G,; and two harmonic 
means Hi, Hy; show that G4G; : H1H5 = A; + A5: H, + H}. 

21. If p be the first of n arithmetic means between two numbers, and 
q the first of n harmonic means between the same two numbers, 


+1 
prove that the value of q cannot lie between p and [e p 
"m 


22. Find the sum of the cubes of the terms of an A.P., and show that 
it is exactly divisible by the sum of the terms. 


PILES OF SHOT AND SHELLS 


71. To find the number of shot arranged in a complete pyramid on a square base. 
Suppose that each side of the base contains n shot; then the number 
of shot in the lowest layer is n?; in the next it is (n — 1)5; in the next 
(n — 2)5; and so on, up to a single shot at the top. 
| n(n* 1)(2n 4 1) 
6 
72. To find the number of shot arranged in a complete pyramid the base of 
which is an equilateral triangle. 
Suppose that each side of the base contains n shot; then the number 
of shot in the lowest layer is 
nt+(n-1)+(n-2)+..... +1; 
n(n+1) ü 
2 





S-n*(n-12?-(n-29 *..*1 [Art.68.] 





1 
that is, r aa +1). 
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In this result write n — 1, n — 2, ... for n, and we thus obtain the 
number of shot in the 2^4, 3", ... layers. 
$= S (ren) emet [Art.70.] 
73. To find the number of shot arranged in a complete pyramid the base of 
which is a rectangle. 

Let m and n be the number of shot in the long and short side 
respectively of the base. 

The top layer consists of a single row of m — (n — 1), or m — n +1 shot; 

in the next layer the number is 2 (m — n + 2); 

in the next layer the number is 3 (m — n + 3); 

and so on; 

in the lowest layer the number is n (m — n + n). 

S-(m-n*1)*2(m-n*2)*3(m-n--3) t... n(m-mn * n) 




















-(m—-n)(14243 +4..4 n) + (12+ 27+ 374+... +n?) 
_(m=n)n(n+1) | n(n+1)2n+1) 
E 2 | 6 
sAn D rm n) TTE 1} | n(n* D(3m -n 4 1) 
6 6 


74. To find the number of shot arranged in an incomplete pyramid the base of 
which is a rectangle. 

Let a and b denote the number of shot in the two sides of the top 
layer, n the number of layers. 

In the top layer the number of shot is ab; 

in the next layer the number is (a * 1) (b * 1); 

in the next layer the number is (a + 2) (b + 2); and so on; 














in the lowest layer the number is (an —1) (b+n-1) 
or ab + (a +b) (n — 1) + (n-1)*. 
S = abn + (a + b) X(n- 1) +E (n - 1? 
(n-Dn(a+b) | (n-nQ-n-1* 1) 
6 


= [ent 3(a+b)(n 1)+(n-1)(2n-1)}. 


75. In numerical examples it is generally easier to use the following 
method. 
Example : Find the number of shot in an incomplete square pile of 
16 courses, having 12 shot in each side of the top. 

If we place on the given pile a square pile having 11 shot in each 
side of the base, we obtain a complete square pile of 27 courses 


and number of shot in the complete pile = — = 6930; [Art.71.] 


=abn+ 
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also number of shot in the added pile - EXE X2. 506; 


number of shot in the incomplete pile — 6424. 


BEN Examples VI.b. 


Find the number of shot in 





1. A square pile, having 15 shot in each side of the base. 

2. A triangular pile, having 18 shot in each side of the base. 

3. A rectangular pile, the length and the breadth of the base 
containing 50 and 28 shot respectively. 

4. An incomplete triangular pile, a side of the base having 25 shot, 
and a side of the top 14. 

5. An incomplete square pile of 27 courses, having 40 shot in each 
side of the base. 

6. The number of shot in a complete rectangular pile is 24395; if 
there are 34 shot in the breadth of the base, how many are there 
in its length? 

7. The number of shot in the top layer of a square pile is 169, and 
in the lowest layer is 1089; how many shot does the pile contain? 

8. Find the number of shot in a complete rectangular pile of 15 
courses, having 20 shot in the longer side of its base. 

9. Find the number of shot in an incomplete rectangular pile, the 
number of shot in the sides of its upper course being 11 and 18, 
and the number in the shorter side of its lowest course being 30. 

10. What is the number of shot required to complete a rectangular 
pile having 15 and 6 shot in the longer and shorter side, 
respectively, of its upper course? 

11. The number of shot in a triangular pile is greater by 150 than 
half the number of shot in a square pile, the number of layers 
in each being the same; find the number of shot in the lowest 
layer of the triangular pile. 

12. Find the number of shot in an incomplete square pile of 16 courses 
when the number of shot in the upper course is 1005 less than 
in the lowest course. 

13. Show that the number of shot in a square pile is one-fourth the 
number of shot in a triangular pile of double the number of 
courses. 
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14. If the number of shot in a triangular pile is to the number of shot 
in a square pile of double the number of courses as 13 to 175; find 
the number of shot in each pile. 

15. The value of a triangular pile of 16 Ib. shot is £51; if the value 
of iron be 10s, 6d. per cwt., find the number of shot in the lowest 
layer. 

16. If from a complete square pile of n courses a triangular pile of 
the same number of courses be formed; show that the remaining 
shot will be just sufficient to form another triangular pile, and 
find the number of shot in its side. 
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76. The ordinary numbers with which we are acquainted in 
Arithmetic are expressed by means of multiples of powers of 10; for 
instance 25 = 2 x 10 + 5; 

4705 = 4 109+ 7 x 10? +0 x 10 +5 

This method of representing numbers is called the common or 
denary scale of notation, and ten is said to be the radix of the scale. 
The symbols employed in this system of notation are the nine digits 
and zero. 

In like manner any number other than ten may be taken as the 
radix of a scale of notation; thus if 7 is the radix, a number expressed 
by 2453 represents 2 x 73 + 4x 72 +5 x 7 + 3; and in this scale no digit 
higher than 6 can occur. 

Again in a scale whose radix is denoted by r the above number 
2453 stands for 21? + 41? + 5r + 3. More generally, if in the scale whose 
radix is r we denote the digits, beginning with that in the units' 
place, by aj, 4, ay, ... , d,; then the number so formed will be represented 
by Apt" a, r7 au or"? +... + ay? 
where the coefficients a,, 4,4, ... , ay are integers, all less than r, of 
which any one or more after the first may be zero. 

Hence in this scale the digits are r in number, their values ranging 
from 0 to r — 1. 





t ar t (1g, 


77. [he names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary and Duodenary 
are used to denote the scales corresponding to the values two, three,... 
twelve of the radix. 

In the undenary, duodenary, ... scales we shall require symbols 
to represent the digits which are greater than nine. It is unusual to 
consider any scale higher than that with radix twelve; when necessary 
we shall employ the symbols t, e, T as digits to denote 'ten' 'eleven' 
and 'twelve'. 

It is especially worthy of notice that in every scale 10 is the 
symbol not for 'ten', but for the radix itself. 
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78. The ordinary operations of Arithmetic may be performed in any 
scale; but, bearing in mind that the successive powers of the radix 
are no longer powers of ten, in determining the carrying figures we 
must not divide by ten, but by the radix of the scale in question. 
Example 1. : In the scale of eight subtract 371532 from 530225, and 
multiply the difference by 27. 





530225 136473 

371532 27 

136473 1226235 
275166 
4200115 


Explanation : After the first figure of the subtraction, since we cannot 
take 3 from 2 we add 8; thus we have to take 3 from ten, which leaves 7; 
then 6 from ten, which leaves 4; then 2 from eight which leaves 6; 
and so on. 

Again, in multiplying by 7, we have 

3 x 7 = twenty one = 2 x 8+ 5; 

we therefore, put down 5 and carry 2. 

Next 7 x 7 + 2 = fifty one = 6 x 8 + 3; 
put down 3 and carry 6; and so on, until the multiplication is 
completed. 

In the addition, 





3+6=nine=1x 8+1; 
we therefore put down 1 and carry 1. 
Similarly 2+6+1=nine=1x8+1; 
and 6+1+1=eight=1x8+0; 
and so on. 














Example 2. : Divide 15e/20 by 9 in the scale of twelve. 
9)15et20 


1ee96...6 
Explanation : Since 15 = 1 x T + 5 = seventeen = 1 x 9 + 8, 
we put down 1 and carry 8. 
Also 8 x T + e = one hundred and seven = e x 9 + 8; 
we therefore put down e and carry 8; and so on. 
Example 3. : Find the square root of 442641 in the scale of seven. 
442641(546 
34 
1026 


602 
12441 


12441 


134 


1416 
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BEN Examples VII.a. 


Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers 303478, 150732, 264305. 
Subtract 1732765 from 3673124 in the scale of eight. 

From 3te756 take 2e46t2 in the duodenary scale. 

Divide the difference between 1131315 and 235143 by 4 in the 
scale of six. 

Multiply 6431 by 35 in the scale of seven. 

Find the product of the nonary numbers 4685, 3483. 

Divide 102432 by 36 in the scale of seven. 

In the ternary scale subtract 121012 from 11022201, and divide 
the result by 1201. 

10. Find the square root of 300114 in the quinary scale. 

11. Find the square of tttt in the scale of eleven. 

12. Find the G.C.M of 2541 and 3102 in the scale of seven. 

13. Divide 14332216 by 6541 in the septenary scale. 

14. Subtract 20404020 from 103050301 and find the square root of 
the result in the octenary scale. 











ar WN e 
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15. Find the square root of eet001 in the scale of twelve. 

16. The following numbers are in the scale of six, find by the ordinary 
rules, without transforming to the denary scale; 
(1) the G.C.M of 31141 and 3102; 
(2) the L.C.M of 23, 24, 30, 32, 40, 41, 43, 50. 


79. To express a given integral number in any proposed scale. 
Let N be the given number, and r the radix of the proposed scale. 
Let do, a1, ay... a, be the required digits by which N is to be expressed, 
beginning with that in the units’ place; then 
N=a,1r"+a,_,7"~!+..4 aor? + a, 1 + dy 
We have now to find the values of dg, a, Ay... Ay. 
Divide N by r, then the remainder is a, and the quotient is 
a, 4+ a, 417? tit aur + d. 
If this quotient is divided by r, the remainder is a4; 
If the next quotient ................. d5; 
and so on, until there is no further quotient. 
Thus all the required digits a, a, A»... a, are determined by 
successive divisions by the radix of the proposed scale. 
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Example 1. : Express the denary number 5213 in the scale of seven. 


7)5213 
7)74A.......5 
7)106.......2 

7J15......1 
Jin 





Thus 521322 x 74+ 1 x 5 21x 2*2x7-*5; 
and the number required is 21125. 
Example 2. : Transform 21125 from scale seven to scale eleven. 





e)21125 
e)1244...... 
e) 61.......0 
pe 


the required number is 3¢0t. 

Explanation : In the first line of work 
21 =2 x 7 + 1 = fifteen = 1x e+ 4; 

therefore on dividing by e we put down 1 and carry 4. 

Next 4x7 +1 = twenty nine = 2 x e+ 7; 
therefore we put down 2 and carry 7; and so on. 
Example 3. : Reduce 7215 from scale twelve to scale ten by working 
a scale ten, and verify the result by working in the scale twelve. 


7215 t)7215 
12 £)87A.....1 
|. 86 t)t4.....0 
In scale of ten 12 +)10 PEE 4+ In scale of twelve 
1083 EC 
12 
12401 








Thus the result is 12401 in each case. 

Explanation : 7215 in scale twelve means 7 x 123+ 2 x 12?+ 1 x 12 +5 
in scale ten. The calculation is most readily effected by writing this 
expression in the form [{(7 x 12 + 2)} x 12 + 1] x 12 + 5; thus we 
multiply 7 by 12 and add 2 to the product; then we multiply 86 by 12 
and add 1 to the product; then 1033 by 12 and add 5 to the product. 
80. Hitherto we have only discussed whole numbers; but fractions 
may also be expressed in any scale of notations; thus 
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2 . 5 

.25 in scale ten denotes 10 102’ 
: . 2 5 

.25 in scale six denotes a g 
. 2. 5 

.25 in scale r denotes x ym 


Fractions thus expressed in a form analogous to that of ordinary 
decimal fractions are called radix-fractions, and the point is called 
the radix-point. The general type of such fractions in scale r is 

hub b, 
pw etm 
where by, bo, b3,... are integers, all less than r, of which any one or more 


may be zero. 


81. To express a given radix fraction in any proposed scale. 
Let F be the given fraction, and r the radix of the proposed scale. 
Let bi, by, b5.... be the required digits beginning from the left; 
b, b, b 


then Paty 2444, 
Y r r 


We have now to find the values of by, by, bs... 
Multiply both sides of the equation by r; then 
Bap. y 
ror 
Hence, b, is equal to the integral part of rF; and, if we denote the 
fractional part by F,, we have 
= b, b, 
F= 3 + " s 
Multiply again by r; then, as before, b, is the integral part of rF,; 
and similarly by successive multiplications by r, each of the digits 
may be found, and the fraction expressed in the proposed scale. 
If in the successive multiplications by r any one of the products 
is an integer the process terminates at this stage, and the given 
fraction can be expressed by a finite number of digits. But if none 
of the products is an integer the process will never terminate, and 
in this case the digits recur, forming a radix fraction analogous to 
a recurring decimal. 


13 
Example 1. : Express 16 2°? radix fraction in scale six. 


B 62 18x3 _ 4,7, 
16 8 8 
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57 
Fed 8 54 Us 
8 4 4 
LN LLLI um 
4 2 2 
lig-8 
2 


the required fractione 14-9 1 43 =.4513. 
6 6 6 6 
Example 2. : Transform 16064.24 from scale eight to scale five. We 
must treat the integral and the fractional parts separately, 


5)16064 0.24 
5) 2644.......0 5 
5) 440........4 | .144 
5)71......3 
DENN, | 2.64 
E 
~ 4.04 
5 
0.24 


After this the digits in the fractional part recur; hence the required 
number is 212340.1240. 


82. In any scale of notation of which the radix is r, the sum of the digits of 


any whole number divided by r — 1 will leave the same remainder as the whole 
number divided by r — 1. 


Let N denote the number, dg, 41, ay, .... a, the digits beginning with 
that in the units place, and S the sum of the digits; then 
N 2 ag qr + ayr? sub ay q1IH + aur 
S = ag + A + A3 +...+ A, +A 
N -S= (r -— 1) + a (7-1) +... + an1 (r" 71-1) + a, (7"- 1) 
Now every term on the right hand side is divisible by r — 1; 
N-S _ . 
vd = an integer; 











n 





: N S 
that is, ——-I* 


where I is some integer; which proves the proposition. 


Hence a number in scale r will be divisible by r - 1 when the sum 
of its digits is divisible by r — 1. 
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83. By taking r - 10 we learn from the above proposition that a number 
divided by 9 will leave the same remainder as the sum of its digits 
divided by 9. The rule known as "casting out the nines" for testing 
the accuracy of multiplication is founded on this property. 

The rule may be thus explained: 

Let two numbers be represented by 9a + b and 9c + d, and their 
product by P; then 

P = 81ac + 9bc + 9ad + bd. 





bd 
Hence E has the same remainder as 9” and therefore the sum of 


the digits of P, when divided by 9, gives the same remainder as the 
sum of the digits of bd, when divided by 9. If on trial this should not 
be the case, the multiplication must have been incorrectly performed. 
In practice b and d are readily found from the sums of the digits of 
the two numbers to be multiplied together. 
Example : Can the product of 31256 and 8427 be 263395312 ? 
The sums of the digits of the multiplicand, multiplier, and product 
are 17, 21, and 34 respectively; again, the sums of the digits of these 
three numbers are 8, 3 and 7, whence bd = 8 x 3 = 24, which has 6 
for the sum of the digits; thus we have two different remainders, 
6 and 7, and the multiplication is incorrect. 


84. If N denote any number in the scale of r, and D denote the difference, 
supposed positive, between the sums of the digits in the odd and the even places; 
then N - or N+ D is a multiple of r + 1. 

Let do, a, Az... a, denote the digits beginning with that in the 
units' place; then 
N = ag ar + ax? + aar? sse au qr arm 
i N = aot a- a+ az — ... = a (r + 1) + a, (r? — 1) + az (P + 1) 9; 
and the last term on the right will be a, (7" + 1) or a, (7" — 1) according 
as n is odd or even. Thus every term on the right is divisible by 
rtl 

















hence c ^ D As Te) =an integer. 
Now dg— 4) + 45— 43 +...= + D; 
NFD, ; 
Ip 75 an integer; 


which proves the proposition. 

Corollary :- If the sum of the digits in the even places is equal to the 
sum of the digits in the odd places, D = 0, and N is divisible by 
PH 
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Example 1. : Prove that 4.41 is a square number in any scale of 
notation whose radix is greater than 4. 
Let r be the radix; then 
2 
Amiens H E241 ; 
ror r 
thus the given number is the square of 2.1. 





Example 2. : In what scale is the denary number 2.4375 represented 
by 2.13? 


1 7 
Let r be the scale; then dcc. 2.4375 = 2—; 
r r 16 
whence 71? — 16r — 48 = 0; 
that is, (7r + 12) (r- 4) = 0. 


Hence the radix is 4. 

Sometimes it is best to use the following method. 
Example 3. : In what scale will the nonary number 25607 be expressed 
by 101215 ? 

The required scale must be less than 9, since the new number 
appears the greater; also it must be greater than 5; therefore the required 
scale must be 6, 7 or 8; and by trial we find that it is 7. 


BEN Examples VII.b. 


Express 4954 in the scale of seven. 





Express 624 in the scale of five. 

Express 206 in the binary scale. 

Express 1458 in the scale of three. 

Express 5381 in powers of nine. 

Transform 212231 from scale four to scale five. 
Express the duodenary number 398e in powers of 10. 
Transform 6112 from scale twelve to scale eleven. 


OMAN DTD Ui FP WON ER 


Transform 213014 from the senary to the nonary scale. 
10. Transform 23861 from scale nine to scale eight. 

11. Transform 400803 from the nonary to the quinary scale. 
12. Express the septenary number 20665152 in powers of 12. 
13. Transform ttteee from scale twelve to the common scale. 


3 TAM 
14. Express 10958 radix fraction in the septenary scale. 
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15. Transform 17.15625 from scale ten to scale twelve. 


16. 
17. 


18. 


19. 
20. 


21. 
22. 


23. 
24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Transform 200.211 from the ternary to the nonary scale. 
Transform 71.03 from the duodenary to the octenary scale. 
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Express the septenary fraction, as a denary vulgar fraction 


in its lowest terms. 
Find the denary value of the septenary numbers .4 and . 45. 


In what scale is the denary number 182 denoted by 222 ? 


25 
In what scale is the denary fraction 7^. denoted by 0.0302 ? 


Find the radix of the scale in which 554 represents the square 
of 24. 

In what scale is 511197 denoted by 1746335 ? 

Find the radix of the scale in which the numbers denoted by 479, 
698, 907 are in arithmetical progression. 

In what scale are the radix-fractions .16, .20, .28 in geometric 
progression? 

The number 212542 is in the scale of six; in what scale will it be 
denoted by 17486? 

Show that 148.84 is a perfect square in every scale in which the 
radix is greater than eight. 

Show that 1234321 is a perfect square in any scale whose radix 
is greater than 4; and that the square root is always expressed 
by the same four digits. 

Prove that 1.331 is a perfect cube in any scale whose radix is 
greater than three. 

Find which of the weights 1, 2, 4, 8, 16,... Ibs. must be used to 
weigh one ton. 

Find which of the weights 1, 3, 9, 27, 81,... Ibs. must be used to 
weigh ten thousand lbs., not more than one of each kind being 
used but in either scale that is necessary. 

Show that 1367631 is a perfect cube in every scale in which the 
radix is greater than seven. 

Prove that in the ordinary scale a number will be divisible by 
8 if the number formed by its last three digits is divisible by 
eight. 

Prove that the square of rrrr in the scale of s is rrrq0001, where 
q, r, s, are any three consecutive integers. 
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35. 


36. 


37. 


38. 


39. 


40. 


If any number N be taken in the scale r, and a new number N' 
be formed by altering the order of its digits in any way, show 
that the difference between N and N’ is divisible by r —- 1. 

If a number has an even number of digits, show that it is divisible 
by r + 1 if the digits equidistant from each end are the same. 
If in the ordinary scale 5, be the sum of the digits of a number 
N, and 35, be the sum of the digits of the number 3N, prove that 
the difference between S, and S, is a multiple of 3. 

Show that in the ordinary scale any number formed by writing 
down three digits and then repeating them in the same order is 
a multiple of 7, 11 and 13. 

In a scale whose radix is odd, show that the sum of the digits 
of any number will be odd if the number be odd, and even if the 
number be even. 

If n be odd, and a number in the denary scale be formed by writing 
down 7 digits and then repeating them in the same order, show 
that it will be divisible by the number formed by the 7 digits, 
and also 9090 ... 9091 containing n — 1 digits. 


CHAPTER 


8 Surds and Imaginary 
Quantities 





85. In the Elementary Algebra, Art. 272, itis proved that the denominator 
a 
of any expression of the form pode can be rationalised by 


multiplying the numerator and the denominator by Vb - Ac, the surd 


conjugate to the denominator. 


ü 
Similarly, in the case of a fraction of the form Toresa where 


the denominator involves three quadratic surds, we may by two 
operations render that denominator rational. 
For, first multiply both numerator and denominator by Jb + Ve = Jd : 


the denominator (Vb + vey = (vay? or b+c-d+2vbe, Then multiply 
both numerator and denominator by (b + c— d) -2J bc; the denominator 
becomes (b + c — d)? — 4bc, which is a rational quantity. 


12 
Example : Simplify as 5-240 


12(3+ V5 242) 
(34 J5y - (242) 
_ 2(84 5 « 242) 
64 645 
| 2(84 5 + 242) 5 -1) 
(54-1) (5 - 1) 
242454 2410 - 242 


2 
=1+ V5 + J/10 - 42. 
86. To find the factor which will rationalise any given binomial surd. 
Case I. Suppose the given surd is Va — Vb. 
Let Ya E x, Ab - y, and let n be the L.C.M of p and q; then x" and 
y" are both rational. 


Now x" — y" is divisible by x — y for all values of n, and 
x" y"= (x = y) (x51 4 xy ee xn Sy tt y" - 1). 





The expression = 














Surds and Imaginary Quantities 63 





Thus the rationalising factor is 
x"-1 n x"-?y n x" Sy? MET yt-t 

and the rational product is x" — y". 
Case II. Suppose the given surd is //a + Yb, 

Let x, y, n have the same meanings as before; then 
(1) If n is even, x" — y" is divisible by x + y, and 

x"— y" = (x +4 y) a=] — x" Ay Tad xy"-?- y'-l) 

Thus the rationalising factor is 

x"-1- x'-^y Tad xy"-2- ye 
and the rational product is x"— y". 
(2) If n is odd, x" + y" is divisible by x + y, and 





x" y" = (x + y) (xt t= x"-2y + — -xy'-24gyn-d)) 
Thus the rationalising factor is 
a ar aaa cus -xyr-pyt-t 


and the rational product is x" + y". 
Example 1. : Find the factor which will rationalise /3 + 3/5, 
Let x 237 y 25/5; then x* and yć are both rational, and 
xs- yf = (x + y) GP - xy + xy - xy? + xy* - y’); 
thus, substituting for x and y, the required factor is 
35/2 _ 34D.51/3 + 33/2,52/3 _ 32/2.53/3 + 31/2.54/3 _ 555, 


Or 35/2 = 9.51/3 4s 33/2.52/3 — 15 + 312.545 .. 59/3. 

and the rational product is 3%? — 595 = 33 — 5?= 2. 

Example 2. : Express (512+ 91/5) + (512 — 91/5) as an equivalent fraction 
with a rational denominator. 

To rationalise the denominator, which is equal to 5!? — 3'/4, 
put 5/2 = x, 3^ = y; then since xt- y*- (x — y) (x9 + x?y + xy? + y?) 
the required factor is 592 + 522.314 + 51/2.32/4 + 33/4, 
and the rational denominator is 5“? — 344 = 52— 3 = 22. 

the expression 

(p? c 34) (p^? +572 gA a 52 324. g?4) 
22 
542.15. pi2.3U4 49.522. 324 4 9. 5/2. 33/4 4 tl 
22 
144.592.3445. 32 4 512.334 
11 
87. We have shown in the Elementary Algebra, Art. 277, how to find 
the square root of a binomial quadratic surd. We may sometimes 
extract the square root of an expression containing more than two 


quadratic surds, such as ax Nb 4 Ac Ad. 


Assume Va b c d =x +y +z; 
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at b+Vc+Vdaxty+zt+2/xy + 2vxz + 2 yz 


If then 24xy = Vb, 2x xz B vc, 2 yz - Vd, 
and if, at the same time, the values of x, y, z thus found satisfy 
x+y +z =a, we shall have obtained the required root. 


Example : Find the square root of 21-4V5+8V3-4V15. 
Assume 21-45 - 8/3 - 4V15 = Vx + y - vz; 
21- 445 8/3 - AJ15 2 x e yz 24 y -24 xz -24yz. 
Put 24xy = 843, Wxz = 4V15, 24 yz = 4N5; 

by multiplication, xyz = 240; that is xyz = 4V15; 


whence it follows that Vx =2V3,,/y =2,vz = v5. 
And since these values satisfy the equation x + y + z = 21, the 
required root is auda calh. 


88. If Ma Nb -x4 Ay, then will 3ja—4b -x-y. 


For, by cubing, we obtain 


a+ Vb=x° 3x Jy +3xy t+ y dv. 
Equating rational and irrational parts, we have 


Ear ML 
b -x?-3x 2 fy + 3xy - y y; 
that is, a- — x-y. 


Similarly, by the help of the Binomial Theorem, Chapter 13, it 
may be proved that if 


m xy, then 4a- Jp =x -Av. 


where n is any positive integer. 




















89. By the following method the cube root of an expression of the 


form act Vb may sometimes be found. 
Suppose a+ Vb =x+ Jy; 


then 3la — Jb x - Jy; 
ja? -b-x'-y ... (1) 


Again, as in the last article, 
a = x? + 3xy w (2) 
The values of x and y have to be determined from (1) and (2). 
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In (1) suppose that 3/7? -b =c; 
then by substituting for y in (2) 
we obtain a = x? + 3x (x?- c); 
that is, 4x? — 3cx = a. 
If from this equation the value of x can be determined by trial, 
the value of y is obtained from y - x? - c. 


Note:- We do not here assume Vx + y for the cube root, as in the 
extraction of the square root; for with this assumption, on cubing 
we should have 

a Nb =xvx+ 8x y + 3yVx + yy 


and since every term on the right hand side is irrational we cannot 
equate rational and irrational parts. 





Example : Find the cube root of 72 - 32 V5. 
Assume 372 - 3245 -x- y; 


then 172+ 3245 =x+ Jy; 
By multiplication, 9/5184 - 1024 x 5 = x? - y; 


that is, 4=x -y . (1) 
Again 72-8245 = x° - 3x fy +3xy- y i; 

whence 72 = x? + 8xy ... (2) 
From (1) and (2), 72 = x? + 3x (x? — 4); 

that is, x? — 3x = 18. 


By trial, we find that x = 3; hence y = 5, and the cube root is 3- J5. 


90. When the binomial whose cube root we are seeking consists of 
two quadratic surds, we proceed as follows. 


Example : Find the cube root of 9.54 1142. 


#9 43 «1142 = " V3 E + 2] 











=V3 33+ ene 
3 v3 
By proceeding as in the last article, we find that 
MET OE DS 
3 v3 3 





the required cube root- e & - 43 «4. 
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91. We add a few harder examples in surds. 


Example 1. : Express with rational denominator 


Xo - 1341 m 


4 
The expression = (338 313 41 


B 4(3'? +1) 
(3? ES 13°" en aua + 1) 
| 43'° +1) 
34] 
Example 2. : Find the square root of 


0 T)- 2x? - 7x 4. 
The expression = 7 {3x 3-24 Qx + 1)(x - 4)} 
= w(x -1)* (x- 4)* 2 2x +1) (x - 4); 


hence, by inspection, the square root is 


Um F14 vx-4), 


Example 3. : Given J5= 2.23607, find the value of 
45-45 
92 97-35. 
Multiplying numerator and denominator by V2, 
J6-255 _— 5-1 
2+¥14-6V5 243-45 


1 
=~ =*" 204472. 
V5 


BENE Examples VIII.a. 
Express as equivalent fractions with rational denominator : 


1 V2 
1; Í432 3 2: 42 44/3 — 45 


2Ja+1 


1 
3. da Nb 4 Jab 4. Ja-1- N22 * Ja *1 





= 33 +1. 














the expression = 





alén 
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V10 + J5 - J3 (3 + 45) (5 + 2) 
?* BIOGAS Be 6 es eS 
Find a factor which will rationalise : 
7. 4d 8. $543 9. a6 + pi 
10. 15-1 11. 2447 12. 3/5 -4/3 
Express with rational denominator : 
13. a 14. os 15. Sone 
Va «1 qo +8 33 + V2 
16 Hc» 17 Hi 18 AMT 
OTT feta 3-0 





Find the square root of : 

19. 16 - 2420 - 2428 + 2435 20. 24 + A415 - 4/21 - 2435 
21. 6 € V12 - 424 - 48 22. 5-410 - V15 + V6 

23. a+ 3b + 4+ Ada — 443b - 24/3ab 

24. 21+ 348 - 643 - 647 - V24 - 456 + 2421 

Find the cube root of : 

25. 10+ 643 26. 384 1745 27. 99 - 70/2 
28. 38/14 -100/2 29. 5443 + 4145 30. 13543 - 87/6 


Find the square root of : 


31. ae x 4 J2ax + x? 32. 2a - J3d? - 2ab - b? 


33. 1 +a? + (1 * a+ a)? 34. 1 + (1 - d)? 



































2+ 


V3-V2  _ 48442 


n! , find the value of 3x? — 5xy + 3y?. 
Bio” E COR dii 


1 1 
35. If a= 6 Ja’ find the value of 72? + 11ab — 7b?. 





36. If x= 











Find the value of : 


426 - 15453 M 63-245 
` 542 - 438 + 545 ' 433-1943 


39. (28 - 1043)? - (7 -AJ3)?? — 40. (26 + 1543)? — (26  154/3)? 
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41. Given 45 = 223607, find the value of 
1042 Jio 4418 
AB Rae xEuaacqs 


42. Divide x? «14 3x 2 by x-1+ 9/2. 
43. Find the cube root of 9ab? + (b? + 24a°) jb? — 3a?. 





2 
x^ —1 1 
44. Evaluate —————, when 2x= Va +—. 
x -/x*-1 Va 
IMAGINARY QUANTITIES 
92. Although from the rule of signs it is evident that a negative 
quantity cannot have a real square root, yet imaginary quantities 
represented by symbols of the form ,/—a,,/-lare of frequent 
occurrence in mathematical investigations, and their use leads to 
valuable results. We therefore proceed to explain in what sense such 
roots are to be regarded. 
When the quantity under the radical sign is negative, we can no 
longer consider the symbol V as indicating a possible arithmetical 


operation; but just as Ja may be defined as a symbol which obeys 
the relation Ja x a=a,so we shall define 4j-a to be such that 
4-4 X 4-4 — —8, and we shall accept the meaning to which this 


assumption leads us. 


It will be found that this definition will enable us to bring 
imaginary quantities under the dominion of ordinary algebraical 
rules, and that through their use results may be obtained which can 
be relied on with as much certainty as others which depend solely 
on the use of real quantities. 


93. By definition, y-1 x J-1= -- 
^ Va A71 xXa- a. a (- 1); 
that is, (Va 4[- 1)? 
Thus the product va A1 may be regarded as equivalent to the 


imaginary quantity ,/—a. 
94. It will generally be found convenient to indicate the imaginary 





character of an expression by the presence of the symbol 4-5 thus 
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4-4 = 44x (71) = 24- 1. 
4-74 = [7è x (-1) =av7 4-1. 
95. We shall always consider that, in the absence of any statement 
to the contrary, of the signs which may be prefixed before a radical 
the positive sign is to be taken. But in the use of imaginary quantities 
there is one point of importance which deserves notice. 
Since (- a) x (- b) = ab, 
by taking the square root, we have 


4-4 x 4-* =+ Jab. 


Thus in forming the product of ,/-aand „j-b it would appear 














that either of the signs + or — might be placed before Jap, This is not 
the case, for 


J-a x 7b = Ja -4-1x Nb - 4-1 = Nab (4-1Y. = - Jab. 


96. It is usual to apply the term 'imaginary' to all expressions which 





are not wholly real. Thus a+ b4j- 1 may be taken as the general type 


of all imaginary expressions. Here a and b are real quantities, but not 
necessarily rational. 

97. In dealing with imaginary quantities we apply the laws of 
combination which have been proved in the case of other surd 
quantities. 


Example 1. : a*b-1t(ce d J-1)2atc(o £d) J- 1. 
Example 2. : The product of a b J-1 and c + d -1. 
- (a bA- 1) (c d - 1) 
- ac — bd + (bc + ad) 4-1. 
98. If a b - 1 0, then a = 0, and b = 0. 
For, if a* b -1- 0, 











then b,/-1=-4; 
-p-g 
a+b? =0. 
Now @ and b? are both positive, therefore their sum cannot be 
zero unless each of them is separately zero; that is, a = 0, and b = 0. 


99. If a4 b4-12c Fd4|—1, then a= c, and b = d. 
For, by transposition, a-c + (b - d) 4J- 1 = 0; 
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therefore, by the last article, a - c = 0, and b - d = 0, 
that is à 7 c, and b -» d. 

Thus in order that two imaginary expressions may be equal it is necessary 
and sufficient that the real parts should be equal and the imaginary parts should 
be equal. 


100. Definition : When two imaginary expressions differ only in 
the sign of the imaginary part they are said to be conjugate. 


Thus a- b4/-1is conjugate to a+b./-1. 
Similarly 42 4 3/-1is conjugate to J2 - 3 J- 1. 


101. The sum and the product of two conjugate imaginary expressions are 
both real. 


For a*bl-1*a- b4- 17 2a. 
Again (a+b J-1)(a- b 4-1) =a? - (-b?) 


=a + b. 
102. Definition : The positive value of the square root of a* + b? is 
called the modulus of each of the conjugate expressions 


a+b./-1 and a-b 4j- 1. 


103. The modulus of the product of two imaginary expressions is equal to the 
product of their moduli. 


Let the two expressions be denoted by a+ bJ-1 and c+d,/—1. 


Then their product = ac — bd + (ad + bc) 4j- 1, which is an imaginary 
expression whose modulus 


= (ac - bd)? + (ad + bey? 

= arc? + Wd? + ad? + Pc? 

= NUS +b’)(c? +d?) = Je +b? x Je +a; 
which proves the proposition. 











104. If the denominator of a fraction is of the form a+b,/—1,it may 
be rationalised by multiplying the numerator and the denominator 


by the conjugate expression a - bd- 1. 
For instance 
c+d 4-1. (ced d-1)(a-b-1) 
a+b -1  (a*b4-1)(a- b V1) 
_ ac + bd + (ad bc) J-1 _ ac+bd | ad -be rl 


a+b a+b? a+b’ 
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Thus by reference to Art. 97, we see that the sum, difference, product, 
and quotient of two imaginary expressions is in each case as imaginary expression 
of the same form. 


105. To find the square root of a+ b 4-1 


Assume Ja * b4[-1 9 x + y J-1, 


where x and y are real quantities. 
By squaring, a b 4-1 x? y^ + 2xy 4/3; 
therefore, by equating real and imaginary parts, 
x-y?-a (1) 
2xy =b (2) 


(x? + yy = (x? - yP + xy) = a? + b’, 


xX +y =a +b? a3) 


From (1) and (3), we obtain 


2 Va +b? +a 2 Va? +b? -a 
x = You i 
2 2 
1/2 12 
2 +b + epe 


2 2 

Thus the required root is obtained. 
Since x and y are real quantities, x? * y? is positive, and therefore 
in (3) the positive sign must be prefixed before the quantity a° +b’. 


Also from (2) we see that the product xy must have the same 
sign as b; hence x and y must have like signs if b is positive, and 
unlike signs if b is negative. 











Example 1. : Find the square root of —7 -244 4. 


Assume 4-7 244-1 — Xd y V-1; 
then -7-24 4-12 x —y? + 2xy J- 1; 





Ed x3i-ybl2-7 0 n (1) 
and 2xy = — 24 
0? + yP = (x? — y?) + (2xy)? 
= 49 + 576 = 625 
x?+y? = 25 (2) 


From (1) and (2), x? = 9 and y? = 16; 
x=+43,y=+4 
Since the product xy is negative, we must take 
x=3,y=-4,orx=-3,y=4 
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Thus the roots are 3-44-1 and -3+ 44-1; 
that is, J-7 - 244-1 = € (3 - 4421). 
Example 2. : To find the value of al 64a". 
f= 64a* = ft 8a? J-1 = 20V2 de. 
It remains to find the value of [54-1 > 
Assume Je o1 2x el; 
then 4-12 x y + 2xy y-1; 


x? -y? = 0 and 2xy = 1; 








eee 
B7 gy 


whence PEE or x= 
[Riesen 
Similarly £a 4-0 
SEEN (tV; 

and finally 4-64a* = + 2a (1+ V-1). 


106. The symbol 4-1is often represented by the letter i; but until 
the student had a little practice in the use of imaginary quantities 














he will find it easier to retain the symbol 41. It is useful to notice 
the successive powers of \-lor i; thus 

q-1 = 4-1, i-i; 

Q1» =-1, P=-1; 

Q1» =-J-1, PB--id 

(1) 21, i* = 1; 


and since each power is obtained by multiplying the one before it 
by ,/-1, or i, we see that the results must now recur. 


107. We shall now investigate the properties of certain imaginary 
quantities which are of very frequent occurrence. 


Suppose x= 31; then x? = 1, or x? - 1 = 0; 
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that is, (x — 1)(x2 +x +1) =0 
: either x —1=0, or x? + x + 1 = 0; 


-1+ -3 
MES 


It may be shown by actual involution that each of these values 
when cubed is equal to unity. Thus unity has three cube roots, 


x3 4-9. 
ee 
two of which are imaginary expressions. 


Let us denote these by a and f; then since they are the roots of 
the equation 


whence x=1, o x= 











d 


xX+x+1=0, 
their product is equal to unity; 


that is, ap =1; 
E: op = a; 
that is, B = oê, since o? = 1. 


Similarly we may show that a = f?. 


108. Since each of the imaginary roots is the square of the other, it is usual 
to denote the three cube roots of unity by 1, œ, o’. 

Also w satisfies the equation x? + x + 1 = 0; 

1+0 +o? = 0; 

that is, the sum of the three cube roots of unity is zero. 

Again, o0? = 05-21; 
therefore, (1) the product of the two imaginary roots is unity; 

(2) every integral power of o? is unity. 

109. It is useful to notice that the successive positive integral powers 
of @ are 1, œ and o»; for, if n be a multiple of 3, it must be of the form 
3m; and œ” = o?" = 1. 

If n be not a multiple of 3, it must be of the form 3m + 1 or 
3m + 2. 

If n =3m +1, wo” = Qn * 12 o.w = o. 

If n = 3m + 2, o” = gn *2 = Y. = Q’. 








110. We now see that every quantity has three cube roots, two of 
which are imaginary. For the cube roots of a? are those of à? x 1, and 
therefore are a, aw, ao?. Similarly the cube roots of 9 are 
io, o9, o 23/9, where 3/9 is the cube root found by the ordinary 
arithmetical rule. In future, unless otherwise stated, the symbol 
&[a will always be taken to denote the arithmetical cube root of a. 
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(2+ 3V-1y 
Example 1. : Reduce 7— —7—-— to the form A+B,/-1. 
P 24N-1 
. 4-9+12v-1 
The expression = ————— 
24 N-1 





| (5+ 12-12 - V1) 
Q«4-0e-4-1 
| -10+12+29,/-1 


4+1 











which is of the required form. 
Example 2. : Resolve x? + 3? into three factors of the first degree. 
Since, X + y? = (x + y) (x? -— xy + y?) 
y? = (x + y) (x + oy) (x + oy); 
for o + œ? = -1, and œ = 1; 
Example 3. : Show that 
(a + wb + oc) (a + œb + oc) = @ + b? + è - be-ca- ab 
In the product of a + wb + oc and a + ob + we, 
the coefficients of b? and c? are o», or 1; 
the coefficient of bc = œ? + œt = œ? + œ -— 1; 
the coefficients of ca and ab = w? + œ = — 1; 
(a + œb + oc) (a + ob + oc) = a? + b? + c? - bc — ca — ab. 
Example 4. : Show that 
(1*0-o0-(1-0o-o)?-0 
Since 1 +@ + 0? = 0, we have 
(1 + œ- 9??? - (1— o + o??? = (- 20??? - (- 29? 
--8065-80--848-90. 
































BEN Examples VIII.b. 
1. Multiply 24-3 34-2 by 44-3 - 54[- 2. 


2. Multiply 34-7 - 54-2 by 34-7 * 54- 2. 














8. Multiply e^! + ev! by gi. 


144-3 1-4-3 
byx- ; 


2 2 








4. Multiply x- 
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Express with rational denominator : 
1 84-24 24-5 
EE 9s 3224-6 
3+2V-1 | 3-24-1 a*x4-1 a x 4-1 
l= anA 2454 ^ 95 wom atai 
G^ (uc (a+ J-1y - (a - J-1y 
eet — weed — ae EI =@=,57 
11. Find the value of (- J- , when 7 is a positive integer. 


12. Find the square of J9 + 40 \-1 + Jo B 404- 1. 


Find the square root of 


13. -5«124-1 14.-11-604-1 . 15.-47«484-3 
16. -8 /-1 17. à-1«2a4-1 18. 4ab-2(a? - b?) J-1 


Express in the form A + iB 









































3+5i V3 -i 42 14i 
19. 5 5i 20. 3 ciu 21. (^i 
4 iy (a+iby  (a-iby. 
cdi um SRM MP 


If 1, œ, o? are the three cube roots of unity, prove 
24. (1 + œt = o. 
25. (1 —@ + œ?) (1 + 0 - 0?) = 4. 
26. (1 - 0) (1 - o) (1 - 95) (1 - œ) = 9. 
27. (2 + 50 + 206 = (2 + 20 + 592)6 = 729. 
28. (1 - œ + 0?) (1 - o? + 4) (1 - o* + o?) .......... to 2n factors = 2?", 
29. Prove that 
X + y? + z? - 3xyz = (x + y + z) (x + yo + zo?) (x + yo? + zo). 














30. If x =a +b, y 7 ao + bo, z = ao + ba, 
show that 
(1) xyz = a3 + b’. (2) x? + y? + z? = 6ab. 





(3) x3 + y3 + 23 = 3 (D). 

31. If ax + cy + bz = X, cx + by + az = Y, bx + ay + cz = Z, 
show that (a? + b? + c? — be — ca — ab) (x? + y? + z? — yz — zx — xy) 
=X? + Y + Z -YZ - XZ - XY. 

















CHAPTER 


9 The Theory of Quadratic 
Equations 





111. After suitable reduction every quadratic equation may be 
written in the form 
ax? + bx + c - 0, .(1) 


and the solution of the equation is 


2 
x= ENORMES f E 
2a 
We shall now prove some important propositions connected 
with the roots and coefficients of the equations of which (1) is the 
type. 
112. A quadratic equation cannot have more than two roots. 
For, if possible, let the equation ax? + bx + c = 0 have three different 
roots a, p, y. Then since each of these values must satisfy the equation, 
we have 





ao? + ba * c - 0, (1) 
ap? + bB +c - 0, (2) 
ayp-bj-c6-0. 00 0 0 0 0pn 0 (3) 


From (1) and (2), by subtraction, 
a (a? - B?) + b (a— B) = 0; 
divide out by a- B which, by hypothesis, is not zero; then 
a (a. B) - b» 0. 
Similarly from (2) and (3) 
a (B+y)+b=0; 
by subtraction a (a — y) = 0; 
which is impossible, since, by hypothesis, a is not zero, and a is not 
equal to y. Hence there cannot be three different roots. 
113. In Art. 111 let the two roots in (2) be denoted by a and f, so 


that 
-bx 4-4 =b= b =4 
" ac B= ac 
2a 2a 
then we have the following results : 
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(1) If b? — 4ac (the quantity under the radical) is positive, & and 
B are real and unequal. 
(2) If b? — 4ac is zero, a and B are real and equal, each reducing 


: 2 b 
in this case to - —. 


(3) If b? — 4ac is negative, & and f are imaginary and unequal. 

(4) If b? — 4ac is a perfect square, a and are rational and unequal. 

By applying these tests the nature of the roots of any quadratic 
may be determined without solving the equation. 
Example 1. : Show that the equation 2x? — 6x + 7 = 0 cannot be satisfied 
by any real values of x. 

Here a = 2, b = — 6, c = 7; so that 

b? — 4ac = (- 6? - 427 = - 20. 

Therefore the roots are imaginary. 
Example 2. : If the equation x? + 2 (k + 2) x + 9k = 0 has equal roots, find k. 
The condition for equal roots gives 





(k + 2)? = 9k, 
ke - 5k +4=0, 
(k-4)(k-1)=0; + k=4,0r1. 


Example 3. : Show that the roots of the equation 
x? — 2px + p- q?+2qr-7r?=0 
are rational. 
The roots will be rational provided (- 2p — 4 (p?- q? + 2qr - r?) 
is a perfect square. But this expression reduces to 4 (q? — 2qr + 7°), or 
4(q — r. Hence the roots are rational. 


= 2 M ee 
114. Since a= m b = 
a a 


we have by addition 


b + 4D? — 4ac -b - Jb? — 4ac 























Q+ B = 2a 
2b b 
E 2a nd a ...(1) 
and by multiplication we have 
8 (- b+ Jb? — 4ac )(- b — Jb? — 4ac) 
aßB= 
Ad 
_ (- by - (P^ - 4ac) 
7 4a? 
.4ac c (2) 


Aj a 
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By writing the equation in the form 
ge yt 0, 
a a 

these results may also be expressed as follows. 

In a quadratic equation where the coefficient of the first term is unity, 

(i) the sum of the roots is equal to the coefficient of x with its 
sign changed 

(ii) the product of the roots is equal to the third term. 

Note:- In any equation the term which does not contain the 
unknown quantity is frequently called the absolute term. 





115. Since n = Q + B, and : = o, 
ü a 


: b C f 
the equation x*+—x+—=0 may be written 
a a 


xX- (a+p)x+aß=0 (1) 
Hence any quadratic may also be expressed in the form 
x? — (sum of roots) x + product of roots = 0 (2) 
Again, from (1) we have 
(x — a) (x - B) =0 (3) 
We may now easily form an equation with given roots. 
Example 1. : Form the equation whose roots are 3 and - 2. 
The equation is (x - 3) (x + 22 - 0, 
Or x-x-62-290. 
When the roots are irrational it is easier to use the following 
method. 
Example 2. : Form the equation whose roots are 2 + 4/3 and 2 - V3. 
We have sum of roots =4, 
1; 
the equation is x? - 4x + 1 = 0, 


product of roots 


by using formula (2) of the present article. 


116. By a method analogous to that used in Example 1 of the last 
article we can form an equation with three or more given roots. 


7 
Example 1. : Form the equation whose roots are 2, -3 and 5 


The required equation must be satisfied by each of the following 
suppositions : 
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x-2=0,x +3=0,x-2=0; 
therefore the equation must be 
(x —2) (x4 »(: zj-o 


that is, (x-2) (x + 3) (5x - 7) = 0, 
or 5x? — 2x? — 37x + 42 = 0. 





Example 2. : Form the equation whose roots are 0, * a, 


cmo 


The equation has to be satisfied by 





c 
un M 


therefore it is 





x(xa)(x o: c)=0; 


that is, x (x? — a?) (bx — c) = 0, 
or bx* — cx? - a?bx?  a?cx = 0. 
117. The results of Art. 114 are most important, and they are generally 
sufficient to solve problems connected with the roots of quadratics. 
In such questions the roots should never be considered singly, but use 
should be made of the relations obtained by writing down the sum 
of the roots, and their product, in terms of the coefficients of the 
equation. 
Example 1. : If & and f are the roots of x? — px + q = 0, find the value of 
(1) o? + B? (2) oF + B®, 

We have a+P=p, oB=q. 

^ o? + R? = (a + B}? - 208 = p? - 29. 

Again, =a + f? = (a + B) (o? + B? - af) 

= p {(a+ B? - 308} = p(p? - 39). 

Example 2. : If a, p are the roots of the equation Ix? + mx + n = 0, find 





N 








the equation whose roots are L 
a B a? +B 
a 


aß 


We have sum of roots = 





product of roots = Bag: 
a 


D| 
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by Art. 115 the required equation is 


e| E eei-o 





o 
Or ax? - (o0? + B?) x + aß = 0. 


m? — 2nl 


As in the last example o? «f? = ,and aß = = 


Ln P eg, 


Or nlx? — (m? — 2nl) x + nl = 0. 





the equation is F 


3454-1 
Example 3. : When x= —- x find the value of 222 + 2x2 — 7x + 72; 


3-54-1 
2 


be substituted for x. 


345-1. 
2 , 


and show that it will be unaltered if 


Form the quadratic equation whose roots are 


17 
the sum of the roots = 3; the product of the roots DX 


hence the equation is 2x? - 6x + 17 = 0; 
. 2x? — 6x + 17 is a quadratic expression which vanishes for either 


345-1 
= 


Now 2x3 + 2x? — 7x + 72 = x (2x? — 6x + 17) + 4 (2x? - 6x +17) +4 
=xx0+4x0+4=4; 
which is the numerical value of the expression in each of the supposed 
cases. 
118. To find the condition that the roots of the equation ax? + bx + c =0 
should be (1) equal in magnitude and opposite in sign, (2) reciprocals. 


of the values 





The roots will be equal in magnitude and opposite in sign if their 
sum is zero; hence the required condition is 


— : =0,orb=0. 
a 
Again, the roots will be reciprocals when their product is unity; 


c 
hence we must have —-1,orc- a. 
a 
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The first of these results is of frequent occurrence in Analytical 
Geometry, and the second is a particular case of a more general 
condition applicable to equations of any degree. 

Example : Find the condition that the roots of ax? + bx + c = 0 may 
be (1) both positive, (2) opposite in sign, but the greater of them 
negative. 





b 
We have a+ß= ,op =<. 
A A 


(1) If the roots are both positive, o is positive, and therefore 
c and a have like signs. 


b 
Also, since « + B is positive, — is negative; therefore b and a have 
a 


unlike signs. 

Hence the required condition is that the signs of a and c should 
be like, and opposite to the sign of b. 

(2) If the roots are of opposite signs, o is negative, and therefore 
c and a have unlike signs. 

Also since a + B has the sign of the greater root it is negative, and 


b 
therefore "i is positive; therefore b and a have like signs. 


Hence the required condition is that the signs of a and b should 
be like and opposite to the sign of c. 


BEN Examples IX.a. 


Form the equations whose roots are 














43 y 8 5 LPS 
5'7 '" n' m ` ptq  p-q 
4. 7£245 5. £243-5 6. -pt24a 
-3z5i 8. -a+ib 9. ti(a- b) 
2 1 a 2 
s TAr a .-,0,-— m 
10 2s 14.5 i 12. 2+ 45,4 


13. Prove that the roots of the following equations are real : 
(1) x? — 2ax + @ - b? - c = 0, 
(2) (a-b+c)x? +4 (a-b)x+(a-b-c)=0. 
14. If the equation x? — 15 — m (2x — 8) = 0 has equal roots, find the 
values of m. 
15. For what values of m will the equation 
x?- 2x (1 + 3m) + 7 (3 + 2m) - 0 
have equal roots? 
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16. For what value of m will the equation 


x!-bx m-1 








ax-c mt+1 
have roots equal in magnitude but opposite in sign ? 
17. Prove that the roots of the following equations are rational: 
(1) (a* c- b) xi + 2cex + (b+c-a)=0, 
(2) abc? x? + 3a?cx + D?cx — 6a? — ab + 2b? = 0. 


If a, D are the roots of the equation ax? + bx + c = 0, find the values 





of 
2 
18. 19. o^? + 0784 A 
"o? p . o? p o7 p^. x B " 


Find the value of : 
21. x? + x? — x +22 when x= 1 + 2i. 
22. x3 — 3x2 — 8x + 15 when x =3 +i. 


23. x? — ax? + 2a*x + 4a? when 21-3. 

24. If a and P are the roots of x? + px + q = 0, form the equation whose 
roots are (a — B)? and (a + B)?. 

25. Prove that the roots of (x — a) (x - b) = h? are always real. 

26. If x1, x; are the roots of ax? + bx + c = 0, find the value of 
(1) (ax, + b)? + (ax, + b)?, 
(2) (ax, + b)? + (ax + b) *. 

27. Find the condition that one root of ax? + bx + c = 0 shall be n times 
the other. 

28. If a, B are the roots of ax? + bx + c = 0, form the equation whose 
roots are a? + f? and a? + p. 

















29. Form the equation whose roots are the squares of the sum and 
of the difference of the roots of 
2x? € 2 (m * n) x * m? * n? - 0. 


30. Discuss the signs of the roots of the equation 





px? * qx * r - 0. 
119. The following example illustrates a useful application of the 
results proved in Art. 113. 
Example : If x is a real quantity, prove that the expression 
x? -2x-11 
20-3) can have all numerical values except such as lie between 


2 and 6. 
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Let the given expression be represented by y, so that 
x!-2x-11 _ 
2(x -3) 
then multiplying up and transposing, we have 
x? + 2x (1-y) + 6y - 11 = 0. 

This is a quadratic equation, and in order that x may have real 
values 4 (1 — yY - 4 (6y — 11) must be positive; or dividing by 4 and 
simplifying, y? - 8y + 12 must be positive; that is, (y — 6) (y — 2) must 
be positive. Hence the factors of this product must be both positive, 
or both negative. In the former case y is greater than 6; in the latter 
y is less than 2. Therefore y cannot lie between 2 and 6, but may have 
any other value. 


, 


In this example it will be noticed that the quadratic expression 
y? - 8y + 12 is positive so long as y does not lie between the roots of 
the corresponding quadratic equation y? — 8y + 12 = 0. 

This is a particular case of the general proposition investigated 
in the next article. 
120. For all real values of x the expression ax? * bx * c has the same sign 
as a, except when the roots of the equation ax? + bx + c=0 are real and unequal, 
and x has a value lying between them. 

Case I.Suppose that the roots of the equation 

ax? + bx + c=0 

are real; denote them by «a and f, and let a be the greater. 





Then at xeeca [ee E) 


a a 
=a =(a + B) x + af} 
=a (x — o) (x - p). 


Now if x is greater than a, the factors x — a, x — D are both positive; 
and if x is less than p, the factors x — a, x - B are both negative; 
therefore in each case the expression (x — o) (x — D) is positive, and 
ax? * bx * c has the same sign as a. But if x has a value lying between 
a and f, the expression (x — a) (x - D) is negative, and the sign of 
ax? + bx + c is opposite to that of a. 

Case II. If & and p are equal, then 














ax? + bx + c =a (x - ay, 
and (x — a)? is positive for all real values of x; hence ax? + bx + c has 
the same sign as a. 
Case III. Suppose that the equation ax? + bx + c = 0 has imaginary 
roots; then 
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b c 
mè ri penal a4 Pat 
a a 





4ac — b? 
But [? — 4ac is negative since the roots are imaginary; hence E 
a 


is positive, and the expression 


| b J 4ac - b? 
x+—] +—— 
2a 4a 


is positive for all real values x; therefore ax? + bx + c has the same sign 
as a. This establishes the proposition. 


121. From the preceding article it follows that the expression 
ax? + bx + c will always have the same sign whatever real value x 
may have, provided that b? — 4ac is negative or zero; and if this 
condition is satisfied the expression is positive or negative according 
as a is positive or negative. 

Conversely, in order that the expression ax? * bx * c may be always 
positive, b? — 4ac must be negative or zero, and a must be positive; 
and in order that ax? + bx + c may be always negative b? — 4ac must 
be negative or zero, and a must be negative. 

Example : Find the limits between which a must lie in order that 








ax? -7x45 
5x'-7x*a 
may be capable of all values, x being any real quantity. 
ac-yxt5 
Put Bx Ita” 
then (a — 5y) x? - 7x (1 - y) + (5 - ay) = 0. 


In order that the values of x found from this quadratic may be 
real, the expression 

49 (1 — y - 4 (a — 5y) (5 — ay) must be positive, 
that is, (49 — 20a) y? + 2 (2a? + 1) y + (49 — 20a) must be positive; 

hence (2a? + 1)? — (49 — 20a)? must be negative or zero, and 
49 — 20a must be positive. 

Now (2a? + 1)? - (49 - 20a)? is negative or zero, according as 
2(d? — 10a + 25) x 2(a? + 10a — 24) is negative or zero; 
that is, according as 4 (a — 5)? (a + 12) (a — 2) is negative or zero. 
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This expression is negative as long as a lies between 2 and - 12, 
and for such values 49 — 20a is positive; the expression is zero when 
a — 5, — 12, or 2, but 49 - 20a is negative when a = 5. Hence the limiting 
values are 2 and - 12, and a may have any intermediate value. 


BN Examples IX.b. 


1. Determine the limits between which n must lie in order that the 
equation 








2ax (ax + nc) + (n? - 2) 2-0 


may have real roots. 


1 
2. If x be real, prove that ES em must lie between 1 and — 1l 
X —X*1. 1 
3. Show that 5 — —— lies between 3 and ; for all real values of x. 
x +X+ d 3 
+ — 
4. If x be real, prove that p can have no value between 
5 and 9. ird 


5. Find the equation whose roots are dude cm m 
a- 


6. If a, B are roots of the equation x? - px + q = 0, find the value of 
(1) a? (o?B-! - B) + P? (^ac! - a), 
(2) (a - p)^* * (B - p)*. 

7. If the roots of Ix? + nx + n = 0 be in the ratio of p : q. Prove that 


PE 


8. If x be real, the expression 





admits of all values 


except such as lie between 2n and 2m. 
9. If the roots of the equation ax? + 2bx + c = 0 be @ and f, and those 
of the equation Ax? + 2Bx + C = 0 be a + 6 and p + 8, prove that 


b -ac B°- AC 


a? A? 





2 
-4 
10. Show that the expression Hc 
pt 3x- 4x 


when x is real, provided that p has any value between 1 and 7. 


will be capable of all values 


+2 
11. Find the greatest value of po for real values of x. 
2x + 3x + 6 
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12. Show that if x is real, the expression 
(x? — bc) (2x - b - oy! 
has no real values between b and c. 


13. If the roots of ax? + 2bx + c = 0 be possible and different, then the 
roots of 


(a + c) (ax? + 2bx + c) = 2 (ac — b?) (x? + 1) 
will be impossible, and vice-versa. 
(ax — b) (dx — c) 


(bx — a) (cx — d) 
values when x is real, if a? — b? and c? - d? have the same sign. 


14. Show that the expression will be capable of all 


*122.We shall conclude this chapter with some miscellaneous 
theorems and examples. It will be convenient here to introduce a 
phraseology and notation which the student will frequently meet 
with in his mathematical reading. 

Definition : Any expression which involves x, and whose value 
is dependent on that of x, is called a function of x. Functions of x are 
usually denoted by symbols of the form f (x), F (x), © (x). 

Thus the equation y 7 f (x) may be considered as equivalent to 
a statement that any change made in the value of x will produce a 
consequent change in y, and vice-versa. The quantities x and y are 
called variables, and are further distinguished as the independent 
variable and the dependent variable. 

An independent variable is a quantity which may have any value 
we choose to assign to it, and the corresponding dependent variable 
has its value determined as soon as the value of the independent 
variable is known. 

*123. An expression of the form 

Pox" + py x"'-l1 + py x'-? Lus + Pa1X * Py 
where n is a positive integer, and the coefficients po, pi, p», ..... p, do not 
involve x, is called a rational and integral algebraical function of x. 


In the present chapter we shall confine our attention to functions 
of this kind. 


*124. A function is said to be linear when it contains no higher power 
of the variable than the first; thus ax + b is a linear function of x. A 
function is said to be quadratic when it contains no higher power 
of the variable than the second; thus ax? + bx + c is a quadratic function 
of x. Functions of the third, fourth, ...... degrees are those in which the 
highest power of the variable is respectively the third, fourth,..... . 
Thus in the last article the expression is a function of x of the 5^ 
degree. 
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*125. The symbol f (x, y) is used to denote a function of two variables 
x and y; thus ax + by + c, and ax? + bxy + cy? + dx + ey + f are respectively 
linear and quadratic functions of x, y. 

The equations f (x) = 0, f (x, y) = 0 are said to be linear, quadratic,.... 
according as the functions f (x), f (x, y) are linear; quadratic... 





*126. We have proved in Art. 120 that the expression ax? + bx + c admits 
of being put in the form a (x — o) (x — D), where «a and p are the roots 
of the equation ax? + bx + c = 0. 

Thus a quadratic expression ax? + bx + c is capable of being resolved 
into two rational factors of the first degree, whenever the equation 
ax? + bx + c = 0 has rational roots; that is, when b? — 4ac is a perfect 
square. 

*127. To find the condition that a quadratic function of x, y, may be resolved 
into two linear factors. 

Denote the function by f (x, y) where 

f (x, y) = ax? + 2hxy + by? + 29x + 2fy + c. 
Write this in descending powers of x, and equate it to zero; thus 
ax? + 2x (hy + g) + by? + 2fy + c - 0. 
Solving this quadratic in x we have 


uo c Ow + 8)+ y + gy - a (by? + 2fy + c) 
a 


or ax+hy+g=+ Jy" (h? - ab) + 2y (hg — af) + (g^ — ac). 

Now in order that f (x, y) may be the product of two linear factors 
of the form px + gy + r, the quantity under the radical must be a 
perfect square; hence 

(hg — af)? = (h? — ab) (g? - ac). 
Transposing and dividing by a, we obtain 
abc + 2fgh — af? — bg? — ch? = 0; 

which is the condition required. 




















This proposition is of great importance in Analytical Geometry. 
*128. To find the condition that the equations ax? + bx + c = 0, 
a'x? + b’x + c' = 0 may have a common root. 
Suppose these equations are both satisfied by x = o; then 
ao + ba *c-20, doa? + b/'a-c =0; 
by cross multiplication 


a? a | 1 





bc —-b'c ci -ca ab -ab 
To eliminate o, square the second of these equal ratios and equate 
it to the product of the other two; thus 
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o o 1 


(ca -c'ap (be-be) (ab - ab)’ 
(ca’ — da} = (be — b'c) (ab! — a'b), 
which is the condition required. 
It is easy to prove that this is the condition that the two quadratic 
functions ax? + bxy + cy? and a’x? + b’xy + c’y? may have a common 
linear factor. 


BN Examples IX.c. 


1. For what values of m will the expression 











y? + 2xy + 2x + my - 3 
be capable of resolution into two rational factors? 
2. Find the values of m which will make 2x? + mxy + 3y? - 5y - 2 
equivalent to the product of two linear factors. 
3. Show that the expression 
A (x? - y?) - xy (B = C) 
always admits of two real linear factors. 
4. If the equations x? + px + q = 0, x? + p'x *q'-0 
have a common root, show that it must be equal to 
pq m. ör E f 
q-q pP =P 
5. Find the condition that the expressions 
Ix? + mxy + ny?, l'x? + m'xy + n'y 








2 


may have a common linear factor. 
6. If the expression 
3x? + 2Pxy + 24? + 2ax - Ay + 1 
can be resolved into linear factors, prove that P must be one of 
the roots of the equation P? + 4aP + 2a? + 6 = 0. 
7. Find the condition that the expressions 


ax? + 2hxy + by?, a^x? + 2h'xy + by? 








may be respectively divisible by factors of the form 
y — mx, my + x. 

8. Show that in the equation x? - 3xy + 2y? - 2x - 3y - 35 = 0, 
for every real value of x there is a real value of y, and for every 
real value of y there is a real value of x. 

9. If x and y are two real quantities connected by the equation 

9x? + 2xy + y? — 92x — 20y + 244 = 0, 
then will x lie between 3 and 6, and y between 1 and 10. 

10. If (ax? + bx + c) y + a'x? * bx +c’ =0, find the condition that x may 

be a rational function of y. 





CHAPTER 


10 


Miscellaneous Equations 





129. In this chapter we propose to consider some miscellaneous 
equations; it will be seen that many of these can be solved by the 
ordinary rules for quadratic equations, but others require some special 
artifice for their solution. 

3 3 


Example 1. : Solve 8x? — 8x ? — 63, 


3 
Multiply by x2" and transpose; thus 
3 3 
8x" — 63x72" —8 = 0; 
(x3/2n = 8) (8x3/2" Eu 1) = 0; 


3 


$ 


2n 3 
x-2(2)5 , or (x) 
EA 
x=27", or 2? 


b 6 
Example 2. : Solve NREN p 
a x a b 
ü x y 


2aby? — 6a?y — b?y + 3ab = 0; 
(2ay — b) (by — 3a) = 0; 


oor =i quss 
8 





ELS ee 
d 2a ' b” 
Bal. uw 
a Ad’ pt 
p? 9g? 
that is, uec ur s 
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Example 3. : Solve (x — 5) (x - 7) (x + 6) (x + 4) = 504. 
We have (x? — x — 20) (x? - x — 42) = 504; 
which, being arranged as a quadratic in x? — x, gives 
(x? — xy - 62 (x?- x) + 336 = 0; 
(x? — x — 6) (x? — x — 56) = 0; 
& x-x-6-20,orx-x- 56 = 0; 
whence x= 3, -2, 8, -7. 
130. Any equation which can be thrown into the form 





tbx+c+p ax +bx+c=q 
may be solved as follows. 


Putting y 7 Jax? * bx * c, we obtain y? + py - q = 0. 


Let a and p be the roots of this equation, so that 





Jax? + bx c = a, Jax? + bx + c - B; 
from these equations we shall obtain four values of x. 

When no sign is prefixed to a radical it is usually understood 
that it is to be taken as positive; hence, if œ and f are both positive, 
all the four values of x satisfy the original equation. If however «a or 
P is negative, the roots found from the resulting quadratic will satisfy 


the equation 
ax? * bx c c- p fax? * bx c2 q, 


but not the original equation. 


Example : Solve x? - 5x 42 4x? - 5x + 3-12. 


Add 3 to each side ; then 


x!-5x43424x? - 5x +3 215. 


Putting Jx? - 5x £3 =y, we obtain y? + 2y — 15 = 0; whence 
y-23or-5. 


Thus jx?-5x*3-2-483,0rJx?- 5x 4 32- 5. 


Squaring, and solving the resulting quadratics, we obtain from 


5t X113 
2 


of values satisfies the given equation, but the second pair satisfies 


the equation 
x!'-5x-24x!-5x-3-212. 


131. Before clearing an equation of radicals it is advisable to examine 
whether any common factor can be removed by division. 


the first x = 6 or - 1; and from the second x= . The first pair 
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Example : Solve qe -7ax + 108? — Je tax - 680) =x — 24a 
We have 





JG = 2a)(x - 5a) - (x - 2a)(x + 3a) = x - 2a. 
The factor 4x - 24 can now be removed from every term; 
yx - 5a - Jx + 3a = 4x - 2a; 
x-5a+x+3a 24 f(x - 5a) (x + 3a) = x 2a; 
x=2 J? = 2ax - 150; 


3x? — 8ax — 60a? = 0; 
(x — 6a) (3x + 10a) = 0; 
10a 








x = 6a, or — 


Also by equating to zero the factor jx — 2a, we obtain x = 2a. 


On trial it will be found that x = 6a does not satisfy the equation; 


thus the roots are E: and 2a. 


The student may compare a similar question discussed in the 
Elementary Algebra, Art. 281. 


132. The following artifice is sometimes useful. 





Example : Solve Je —- Ax + 34 + Be -4x-11- 9 (1) 
We have identically 
(3x? — 4x + 34) - (3x? — 4x — 11) = 45 (2) 


Divide each member of (2) by the corresponding member of (1); 
thus 





48x! - Ax 84 - 8x? - 4x - 13 - 5 (8) 
Now (2) is an identical equation true for all values of x, whereas 
(1) is an equation which is true only for certain values of x; hence 
also equation (3) is only true for these values of x. 
From (1) and (3) by addition 


43x? - Ax + 84 2 7; 
5 


whence x =3,or -—, 
133. The solution of an equation of the form 
ax* + bx? + cx? + bx +a =0, 
in which the coefficients of terms equidistant from the beginning 
and end are equal, can be made to depend on the solution of a quadratic. 
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Equations of this type are known as reciprocal equations, and are so 
named because they are not altered when x is changed into its 


1 
reciprocal m" 
For a more complete discussion of reciprocal equations the student 
is referred to Arts. 568—570. 
Example : Solve 12x* — 56x? + 89x? — 56x + 12 = 0. 
Dividing by x? and rearranging, 


pfas 5) s(x 1)+s9=0. 
x x 


Put x+—=z; then Cyan ee) 
x x 





12 (z2 — 2) - 56z + 89 = 0; 


. 5 13 
whence we obtain Z-—,0r—. 
2 6 
1 5 13 
Ko = —, Or —. 
x 2 6 
. . ] 132 
By solving these equations we find that x- 2, 2/2'3 


134. The following equation though not reciprocal may be solved in 
a similar manner. 
Example : Solve 6x* - 25x? + 123? + 25x + 6 = 0. 








We have 6| x74 E | 12-0; 
x x 











Ly 1 
whence 6| x 23[ x )+24=0 
x x 
1 
2 :-1)-3-0, or3[x-1}-8=0, 
x 
. 1 1 
whence we obtain ud 2c c 


135. When one root of a quadratic equation is obvious by inspection, 
the other root may often be readily obtained by making use of the 
properties of the roots of quadratic equations proved in Art. 114. 
Example : Solve (1 — a°) (x + a) - 2a (1 - x2) = 0. 
This is a quadratic, one of whose roots is clearly a. 
Also, since the equation may be written 
2ax* + (1 — a?) x - a (1 + à?) - 0, 
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2 





lt+a 
the product of the roots is — ; and therefore the other roots 





-"- 1+8? 2 
1S 24 
BEN Examples X.a. 








[When any of the roots satisfy a modified form of the equation, the student 
should examine the particular arrangement of the signs of the radicals to which 
each solution applies.] 


Solve the following equations : 

















1. x-2-2x-1-8. 2. 9« x-^- 10x-?, 
zd 3 1 zi 
3. 24x * 2x 225, 4. 6x*'27x*-2x 4, 
2 1 a a 
5. x" +6=5x". 6. 3x? —x" -2=0,. 
x 1-x 1 
7. ser E n2. 8. BE. 
x 3 3 1-x x 6 
d 6 
9. Cie Br 2-13. 10. 14 8x5 « 9? =0. 
11. 3% + 9 = 10.3*. 12. 5 (5* + 5) = 26. 
13.223:3341 = 32.2%, 14. 2+3 — 57 = 65 (2* — 1). 
- 1 3 ax _9 
15. V += =R. 16. m eg 
Jx Vax 5 10 


17. (x — 7) (x — 8) (x + 5) (x + 1) = 1680. 
18. (x + 9) (x 2 3) (x - 7) (x + 5) = 385. 
19. x (2x + 1) (x - 2) (2x - 3) = 63. 

20. Qx - 7) (x2 - 9) (2x + 5) = 91. 


21. x? € 2 jx? + 6x = 24- 6x. 
22. 3x? - Ax + Jàx? — Ax - 6 218. 


23. 3x? -7 4 3 3x — 16x + 21 = 16x. 
24. 8 £9 J(3x - 1) (x - 2) = 3x" - 7x. 
25. 3-2 zi -seea EH, 
eru rcm (s Z3 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


37. 
38. 


39. 


41. 


42. 


44. 


46. 


48. 


49. 


50. 


51. 
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44x? - 7x - 15 - x? - 3x = J2? - 9. 
Jax? - 9x + 4 «3 fax -1- ox? + 21x - 11. 
423 + 5x - 7 € J8 (x? - 7x + 6) - [733 - 6x - 1-0. 
a? + 2ax 3x? a? + ax 6x? = J20? + 3ax - 9x7. 
42x? 5x - 2 - 2x? + 5x - 9 - 1. 
43x? - 2x & 9 + /3x? - 2x - 4 = 13, 
42x? - 7x 41 - 2x? - 9x 4 =1. 
{3x2 -7x - 30 - 2x? - 7x - 5 =x - 5. 
xt«-x9-4x?)exc1-0. 86. xen e 1o e ea, 
xt + 1-3 (x3 + x) = 2x7, 


10 (x4 + 1) - 63x (x? - 1) + 52x? = 0. 


x*4122-x VJa+1 at2x+.Ja°—4x? 5x 
x—jl2a-x 4a-1 Toe idee q-4A a 






































1 
= 8x x? - 3x 4 2. 

x-Jx-1 x+x?-1 

x-1 3, 
xr4+x4 : 43. Er: + P 

-x 2 x!-1 x 
ohm .22 -8:1. 45. a% (a2 + 1) = (a* + a*) a. 
84x—5. 43x-7 45 18 (7x - 3) _ 250 J2x +1 
3x —7 x-5 ` ` 2x41 347x-3 


(a + x)?/34+4 (a - x!/3 = 5 (a? - x?) /*. 
ig eo E 
“= 1 gg, 
4x! -1 t fx? -1 


xt — 2x3 + x = 380. 52. 27x3 + 21x + 8 = 0. 








A 
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136. We shall now discuss some simultaneous equations of two 


unknown quantities. 


Example 1. : Solve x+2+y+3+ (x * 2) (y+ 3) = 39. 
(x + 2)? + (y + 3)? + (x + 2) (y + 3) = 741. 
Put x + 2 = u, and y + 3 = v; then 
uc v4 duv - 39, 
u? + v2 + uv = 741, 
hence, from (1) and (2), we obtain by division, 








ut+ov—vVuv =19. 





From (1) and (3), u +v = 29; 
and Vue = 10, 
or uv = 100; 
whence u= 25, or 4; v= 4, or 25; 
thus x=23,o0r2; y= 1, or 22. 
Example 2. : Solve xt + y* = 82, 
C= YF 2. 


Put x = u + v, and y = u - v; 
then from (2) we obtain v = 1. 
Substituting in (1), (u + 1)4 + (u — 1)* = 82; 
2 (ut + 6u? + 1) = 82; 
ut + 6u? — 40 = 0; 





whence u? = 4, or - 10; 
and u=+2,or+./-10. 
Thus, x=3,-1,1+./-10; 


y =1,-3,-1+J-10. 


2x+y X-y _» 8 





Example 3. : Solve T 
3x-y x+y 15 
7x * by — 29. 
From (1), 15 (2x? + 3xy + y? - 3x?  Axy — y?) = 38 (3x? + 2xy 
129x? - 29xy — 38y? = 0; 
(3x — 2y) (43x + 19y) = 0. 





Hence 3x = 2y, 
or 43x = - 19y. 
From (3), EM 2 eru = 1, by equation (2) 
2 3 29 


x= 2,Y = 3. 


...(2) 


a8) 


zd 
...(2) 


(2) 
- yy 


(3) 
(A) 
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y .7x*t5y 29 











Again, from (4), 19 = — 43 -82 = EL by equation Q) 
551 1247 
ran ;,y= ; 
82 82 
Hence x = 2, y=3; or gac i ya, 
82 82 


Example 4. : Solve 4x + 3x*y +4? = 8, 
2x3 — 2x?y + xy? = 1. 
Put y = mx, and substitute in both equations. Thus 








x? (4 + 3m + m?) = 8 (1) 
x?(2-2m-*m?)-1 (2) 
4+ 3m + n? 

Tm UR E 

2-2m+m 





m? — 8m? + 19m — 12 = 0; 
that is, (m — 1) (m - 3) (m - 4) = 0; 
f m = 1, or 3, or 4. 
(i) Take m = 1, and substitute in either (1) or (2). 
From (2, x = 1; .. x = 1; 
and y=mx=x=1. 
(ii) Take m = 3; and substitute in (2); 


thus 5-1. x= ile; 
5 

1 

and YE en c 


(iii) Take m = 4; we obtain 








10x? =1; ~. yad 

V10 

and — Ea 
d V10° 


Hence the complete solution is 


atat; y=1,3 ft a1 
5 Y10 5 10 


Note:- The above method of solution may always be used when the 

equations are of the same degree and homogeneous. 

Example 5.: Solve 31x*y? - 7y* - 112xy + 64 = 0 wall) 
x-7xy + 4y + 8=0 (2) 





Miscellaneous Equations 97 





From (2) we have - 8 = x? - 7xy + 4y? ; and substituting (1), 
31x^j? - 7y* + 14xy (x? — 7xy + 4?) + (x? — 7xy + 4) = 0; 
31x^j? - 7y* + (x? — 7xy + Ay?) (14xy + x? - 7xy + 4?) = 0; 
31x^p? - 7y* + (x? + Ay. - (7xy = 0; 











that is, x*-10x^p + 9y* = 0 (3) 
= (x? — y?) (x? - 9y*) = 0 
hence x=+y, or x= 4+ 3y. 
Taking these cases in succession and substituting in (2), we obtain 
x=y=+2; 
2 
x=-y=t,/-—; 
3 
x=+3,y=+1; 
4 4 
x=+3 ,Y=F,{- 
EAA 


Note:- It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogeneous 
by a suitable combination with the other is a valuable artifice. It is 
especially useful in Analytical Geometry. 


2 2 1 
Example 6. : Solve (x+y)? *2(x-yP =3 (x* - yy (1) 
3x - 2y = 13 zu) 
T X i 
Divide each term of (1) by (xà - 4°} , or (x + y (x ^ y); 


1 T 
3 = 3 
x-y x+y 





xtypP? 
This equation is a quadratic in (er ,from which we easily 
my 


find, 








1 
+y)3 + 
f 3 = 2 or 1; whence xTy =8or 1; 
x-y x-y 

7x = 9y, or y = 0. 
Combining these equations with (2), we obtain 





x-9,y-Zjorx- y - 0. 
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BEN Examples X.b. 


Solve the following equations : 

3x - 2y = 7, xy = 20. 

5x — y = 3, y? - 6x? = 25. 

4x — 3y = 1, 12xy + 13y? = 25. 

44 x^? + y^ = 931, x? - xy + y? = 19. 


xX + xy ty’ =84, x - xy +y=6. 
x+ xy ty = 65, x! + xy * y? = 2275. 


x+ y =7 tary, x? +y? =133- xy. 

ax2-5y?-7, 3xy- 4y? = 2. 

5y? — 7x? = 17, 5xy — 6x? = 

. 9x? + 165 = 16xy, 7xy + 31? = 132. 

+ xy + y? = 15, 31xy - 3x? - 5y? = 45. 

x? + y? — 3 = 3xy, 2x7-6+y*=0. 

4+ y*=706,x+y=8 14. xf +y* = 272, x-y - 2. 











x 


© oo N GO GI RUNE 


m 
e 





Mm 
Ne 
Q 
NR 
N 





m 
QJ 
R 


= 
ol 


4 4 
. xX — 4? = 992, x - y = 2. iar ipe cm 


x y 9 3 x 
17. 2 








TAM -5 
5 6 


y x 2 xty — tg: x y 
1 1 1 1 3 3 


19. x+y=1072, x? +y? 216. 20. xy? + yx? 220, x? +y? - 65. 
1 1 il -1 
21. x? * y? - 5, a ?4y ies 


22. jx ty tux -y 2 4,x? - y? - 9. 
23. y e 4x? - 122, | x e1- x12 y. 


a. EE anyone 
y x 3 


vx - Jy vx + Ay _17 
eps Vx +y | Vx- Jy 4 
26. x? + 4y? - 15x = 10 (3y - 8), xy = 6. 
27. x^? + 400 = 41xy, y? = 5xy - 4x?. 
28. Ax? + 5y = 6 + 20xy - 25y? + 2x, 7x - 11y = 17. 
29. 9x? + 33x - 12 = 12xy - 4y? + 22y, x? - xy = 18. 




















px? ^ 708. 
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30. (x2 - y?) (x - y) = 16exy, — (x* - y*) (x? - y?) = 640xy?. 

31. 2x? — xy + y? = 2y, 2x? + Axy = 5y. 

ry x-y? 43x 

(x+y (a-y 8 

33. y (y - 3xy — x2) + 24 = 0, x (y - Axy + 2x2) + 8 = 0. 

34. 3x3 - 8x? + y? + 21-0, xX? (y - x) = 1. 

35. y? (4x? — 108) = x (x3 — 95), 2x2  9xy + y? = 108. 

36. 6x* + x^? + 16 = 2x (12x + 9), x? + xy - y? = 4. 

37. x (a + x) = y (b+ y), ax + by = (x + yy. 

38. xy + ab = 2ax, x^y? + à = 2b’y’. 
x-a y-b_ 1 1 1 


39. p p 





32. ,5x - 7y - 4. 








0. 





x-b y-a a-b - 
40. bx? = 10a’bx + 3a°y, ay? = 10ab7y + 3b°x. 
2 
41. 2a[ 2-4 goa? + Fat 
ES 2a 


d 


137. Equations involving three or more unknown quantities can 
only be solved in special cases. We shall here consider some of the 
most useful methods of solution. 


Example 1. : Solve xt+y+z=13 (1) 
x? + y+ 22 = 65 (2) 
xy = 10 (3) 


From (2) and (3), (x + y} + z? = 85. 
Put u for x + y; then this equation becomes 
u? + 2? = 85. 





Also from (1), ut+z=13; 
whence we obtain u=7 or 6;z=60r7. 
= have IIET ae 
us we have zy 540 an xy- 10 
Hence the solutions are 
x=5, or 2, x-23t«w-1, 
452, or 5, and y =3F =e 
ze 6. z=7. 
Example 2. : Solve (x + y) (x + z) = 30, 





(y + 2) (y + x) = 15, 
(z + x) (z + y) = 18. 
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Write u, v, w for y + z, z + x, x + y respectively; thus 
vw = 30, wu = 15, uv = 18 aL) 
Multiplying these equations together, we have 
u? v? w? = 30 x 15 x 18 = 15? x 65; 
uvw = + 90. 
Combining this result with each of the equations in (1), we have 























u = 3, v= 6, w= 5; or u = — 3, v = — 6, w = — 5; 

nytz-8, ytz--839, 

ztx-26, and z+x=-6, 

xty=5 xty=-5 

whence x =4,y=1,z2=2; orx=-4,y=-1,z=-2. 

Example 3. : Solve y? + yz + 2 = 49 (1) 
z? + zx + x? = 19 (2) 
xX xy + y? = 39 (3) 





Subtracting (2) from (1) 
y? — x? + z (y — x) = 30; 

















that is, (y - x) (x + y +z) = 30 (4) 
Similarly from (1) and (3) 
(z-x)(x*y-*z)-10 (5) 
Hence from (4) and (5), by division 
Ye 3; 
ZER 
whence y = 3z - 2x. 


Substituting in equation (3), we obtain 
x? - 3xz + 37? = 13. 
From (2), xX? + xz + z? = 19. 
Solving these homogeneous equations as in Example 4, Art. 136, 
we obtain x = + 2, z = + 3; and therefore y = + 5; 
x-t qe z-t F and therefore Y= H 


Example 4. : Solve x* - yz = a’, y? - zx = b’, 2 — xy = c. 


Multiply the equations by y, z, x respectively and add; then 














C + ay + b’z =0 (1) 
Multiply the equations by z, x, y respectively and add; then 
Ux + cy + az = 0 (2) 


From (1) and (2) by cross multiplication, 


a: - y - s =k suppose 
a-b? bt-cea ct - ab? 
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Substitute in any one of the given equations; then 
k? (a6 + b + c6 — 3a*b?c*) = 1; 
x _ y _ Z - 1 
a-b? b-a gw Je +b° + có - 3a? pc? 


BENE Examples X.c. 


Solve the following equations: 














9x *y—8z-0, 4x-8y *7z - 0, yz zx + xy - 47. 
3x+y-2z=0, 4x-y-3z=0, xX +y? + 23 = 467. 
x-y-z-2, à-«y-2-22, xy - 5. 
x*2y-z-11, x? - Ay? + 2? = 37, xz = 24. 


+ 4? - 2 = 21, 3xz + 3yz - 2xy = 18, x + y- z- 5. 














xX? + xy + xz = 18, y? + yz + yx + 12 = 0, z? + zx + zy = 30. 
x? + 2xy + 3xz = 50, 2y? + 3yz + yx = 10, 3z? + zx + 2zy = 10, 
W- 2) (2 + x) = 22, 6*3 (x- y) = 33, (œ - y) (9-2 = 6. 
xyz u = 12, xyzu? = 8, xyz?u? = 1, 3xy2z*u? = 4. 

10. x*y?z = 12, x3yz? = 54, x7y3z? = 72. 
ll.xy*x*y-23,xz^x*z = 4l; yz + y+ z= 27. 

12. 2xy - Ax + y = 17, 3yz + y — 6z = 52, 6xz + 3z + 2x = 29. 
13.xz*y =7z, yz t X -8z, x cy * z - 12. 








COON AD 0i i Q l3 E 
= 
N 

















14. x? + y? + z3 = a, P+y+ eae xyz. 


2 


15. x? +y? +z? =yz + zx + xy =0°, 3x- y +z ^a Na. 














16. xX? + y? + z? = 21a’, yz + zx — xy = 682, 3x + y — 2z = 3a. 
INDETERMINATE EQUATIONS 


138. Suppose the following problem were proposed for solution : 

A person spends Rs. 461 in buying horses and cows; if each horse 

costs Rs. 23 and each cow Rs. 16, how many of each does he buy ? 

Let x, y be the number of horses and cows respectively; then 
23x + 16y = 461. 

Here we have one equation involving two unknown quantities, 
and it is clear that by ascribing any value we please to x, we can 
obtain a corresponding value for y; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that x and y must be 
positive integers; and with this restriction, as we shall see later, the 
number of solutions is limited. 
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If the number of unknown quantities is greater than the number 
of independent equations, there will be an unlimited number of 
solutions, and the equations are said to be indeterminate. In the 
present section we shall only discuss the simplest kinds of 
indeterminate equations, confining our attention to positive integral 
values of the unknown quantities; it will be seen that this restriction 
enables us to express the solutions in a very simple form. 

The general theory of indeterminate equations will be found in 
Chapter 26. 

Example 1. : Solve 7x + 12y = 220 in positive integers. 

Divide throughout by 7, the smaller coefficient; thus 























x M 314 3; 
7 7 
5y -3 
xty = =31 (1) 
Since x and y are to be integers, we must have 
5y -3 
2 7 integer; 
15y-9 ., 
and therefore = integer; 
=2 
that is 2y=1+ -— - integer; 
Qe 
and therefore x. integer - p suppose. 
ER y-2-7p, 
Or y-7p*2 22 (2) 


Substituting this value of y in (1), 
x+7p+2+5p+1=31; 
that is x = 28 - 12p (3) 
If in these results we give to p any integral value, we obtain 
corresponding integral values of x and y; but if p » 2, we see 
from (3) that x is negative; and if p is a negative integer, y is negative. 
Thus the only positive integral values of x and y are obtained by putting 
p = 9, 1, 2. 
The complete solution may be exhibited as follows : 
p=0, 1, 2, 
x=28, 16, 4, 
y=2, 9, 16. 
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5 


-3 
Note : When we obtained 22 — = integer, we multiplied by 3 in order 





to make the coefficient of y differ by unity from a multiple of 7. A similar 
artifice should always be employed before introducing a symbol to 
denote the integer. 








Example 2. : Solve in positive integers, 14x — 11y = 29 (1) 
Divide by 11, the smaller coefficient; thus 
a n. 
11 11 
BET aed ae 
1 y = integer; 
h 12x -28 , i , 
ence EE integer; 
i x-6 . 
that is, x-2+ = integer; 





—— =integer = p suppose; 


11 
“x= 11p+6 
and from (1), yatia 


This is called the general solution of the equation, and by giving 
to p any positive integral value or zero, we obtain positive integral 
values of x and y; thus we have 

p-0 1, 2, S3.. 

x=6, 17, 28, 39,.,, 

y=5, 19 33, 47,. 
the number of solutions being infinite. 
Example 3. : In how many ways can Rs. 5 be paid in 25 nP. and 
10 nP. pieces ? 

Let x be the number of 25 nP. pieces and y the number of 10 nP. 
pieces; then 

25x + 10y = 500 


2 
+ =y=20 
x 57 


2 
x-20-—y. 
So, zY 
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Now yey must be integers and solutions are obtained by 


2 
ascribing to y integer values which make g Y integral, viz., 
5, 10, 15, 20, .... 45. The number of ways is therefore 9. 


If however, the sum may be paid either in 25 nP. or 10 nP. pieces 
only, y may also have the values 0 and 50. 
If y = 0, the sum is paid entirely in 25 nP. pieces and if y = 50 the 
sum is paid entirely in 10 nP. pieces. 
Thus if zero values of x and y are admissible, the number of 
ways is 11. 
Example 4. : The expenses of a party numbering 43 were Rs. 2.29 nP; 
if each man paid 10 nP., each woman 5 nP., and each child 2 nP., how 
many were there of each ? 
Let x, y, z denote the number of men, women, and children, 
respectively then we have 
X*ytz-43 s) 
10x + 5y + 2z = 229. 
Eliminating z, we obtain 
8x + 3y = 143 


The general solution of this equation is 


x=3p+1 
y = 45 — 8p; 

Hence by substituting in (1), we obtain 
z= 5p —3. 


Here p cannot be negative or zero, but may have positive integral 
values from 1 to 5. Thus 
p=, 2 3, 4 5 
x=4, 7, 10, 13, 16; 
y=37, 29, 21, 13, 5; 
z=2, 7, 12, 17, 22. 


BN Examples X.d. 


Solve in positive integers : 
1. 3x + 8y = 103 2. 5x + 2y = 53 3. 7x + 12y = 152 
4. 13x + 11y = 414 5. 23x + 25y =915 6. 41x + 47y = 2191 
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20. 


21. 


Find the general solution in positive integers, and the least values 
of x and y which satisfy the equations : 
5x — 7y 73 8. 6x-13y - 1 9. 8x - 21y = 33 


. 17y - 13x = 0 11. 19y - 23x = 7 12. 77y - 30x = 295 
. A farmer spends £ 752 in buying horses and cows; if each horse 


costs £ 37 and each cow £ 23, how many of each does he buy ? 


. In how many ways can £ 5 be paid in shillings and sixpences, 


including zero solutions ? 


. Divide 81 into two parts so that one may be a multiple of 8 and 


the other of 5. 


. What is the simplest way for a person who has only guineas to 


pay 10s. 6d. to another who has only half-crowns ? 


. Find a number which being divided by 39 gives a remainder 16, 


and by 56 a remainder 27. How many such numbers are there? 


. What is the smallest number of florins that must be given to 


discharge a debt of £ 1. 6s. 6d., if the change is to be paid in half 
crowns only ? 


. Divide 136 into two parts one of which when divided by 5 leaves 


remainder 2, and the other divided by 8 leaves remainder 3. 
I buy 40 animals consisting of rams at £ 4, pigs at £ 2, and oxen 
at £ 17 : if I spend £ 301, how many of each do I buy ? 

In my pocket I have 27 coins, which are sovereigns, half-crowns 
or shillings, and the amount I have is £ 5.0s. 6d.; how many coins 
of each sort have I ? 
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139. Each of the arrangements which can be made by taking some or 
all of a number of things is called a permutation. 

Each of the groups or selections which can be made by taking some 
or all of a number of things is called a combination. 

Thus the permutations which can be made by taking the letters 
a, b, c, d two at a time are twelve in number, namely, 

ab, ac, ad, bc, bd, cd, 
ba, ca, da, cb, db, dc; 
each of these presenting a different arrangement of two letters. 

The combinations which can be made by taking the letters a, b, c, d 

two at a time are six in number : namely, 
ab, ac, ad, bc, bd, cd; 
each of these presenting a different selection of two letters. 

From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains ; whereas 
in forming permutations we have also to consider the order of the 
things which make up each arrangement; for instance, if from four 
letters a, b, c, d we make a selection of three, such as abc, this single 
combination admits of being arranged in the following ways : 

abc, acb, bca, bac, cab, cba; 
and so gives rise to six different permutations. 


140. Before discussing the general propositions of this chapter there 
is an important principle which we proceed to explain and illustrate 
by a few numerical examples. 

If one operation can be performed in m ways, and (when it has been performed 
in any one of these ways) a second operation can then be performed in n ways; 
the number of ways of performing the two operations will be m x n. 

If the first operation be performed in any one way, we can associate 
with this any of the n ways of performing the second operation; and 
thus we shall have n-ways of performing the two operations without 
considering more than one way of performing the first; and so 
corresponding to each of the m ways of performing the first operation, 
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we shall have n ways of performing the two; hence altogether the 
number of ways in which the two operations can be performed is 
represented by the product m x n. 

Example 1. : There are 10 steamers playing between Liverpool and 
Dublin; in how many ways can a man go from Liverpool to Dublin 
and return by a different steamer ? 

There are ten ways of making the first passage; and with each 
of these there is a choice of nine ways of returning (since the man is 
not to come back by the same steamer); hence the number of ways 
of making the two journeys is 10 x 9, or 90. 

This principle may easily be extended to the case in which there 
are more than two operations each of which can be performed in a 
given number of ways. 

Example 2. : Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each at 
a different hotel ? 

The first traveller has choice of four hotels, and when he has 
made his selection in any one way, the second traveller has a choice 
of three; therefore the first two can make their choice in 4 x 3 ways; 
and with any one such choice the third traveller can select his hotel 
in 2 ways; hence the required number of ways is 4 x 3 x 2, or 24. 


141. To find the number of permutations of n dissimilar things taken r at a 
time. 

This is the same thing as finding the number of ways in which 
we can fill up r places when we have n different things at our disposal. 

The first place may be filled up in n ways, for any one of the n 
things may be taken; when it has been filled up in any one of these 
ways, the second place can then be filled up in n — 1 ways, and since 
each way of filling up the first place can be associated with each 
way of filling up the second, the number of ways in which the first 
two places can be filled up is given by the product n (n — 1). And 
when the first two places have been filled up in any way, the third 
place can be filled up in n — 2 ways. And reasoning as before, the 
number of ways in which three places can be filled up in 
n (n — 1) (n - 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place filled up, and that at any stage the number of 
factors is the same as the number of places filled up, we shall have 
the number of ways in which r places can be filled up equal to 

n (n — 1) (n - 2) .... to r factors; 
and the r'^ factor is 
n-(r-l)orn-r«*t 1. 
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Therefore the number of permutations of n things taken r at a 
time is 
n(n-1)(n-2)....(n-r-*1). 
Corollary :- The number of permutations of n things taken all at a 
time is 
n (n — 1) (n — 2) .... to n factors, 
Or n (n — 1) (n - 2) ...... 3.2.1. 

It is usual to denote this product by the symbol n !, which is read 
"factorial n." Also n ! is sometimes used for n !. 

142. We shall in future denote the number of permutations of n 
things taken r at a time by the symbol "P,, so that 

"P,2 n (n — 1) (n - 2) ..... (n-r+1); 
also "P,=n! 

In working numerical examples it is useful to notice that the 
suffix in the symbol "P, always denotes the number of factors in the 
formula we are using. 

143. The number of permutations of n things taken r at a time may 
also be found in the following manner. 

Let "P, represent the number of permutations of n things taken 
r at a time. 

Suppose we form all the permutations of n things taken r — 1 at 
a time; the number of these will be "P,  ,. 

With each of these put one of the remaining n — r + 1 things. Each 
time we do this we shall get one permutation of n things r at a time; 
and therefore the whole number of the permutations of n things r 
at a time is "P, , x (n — r + 1); that is, 

"p,z"P, ix (n—r-1). 
By writing r — 1 for r in this formula, we obtain 
"P,_1="P,_2* (n- r * 2) 
similarly, "P._» ="P,_3* (n— r +3), 





"P3 = "P, x (n - 2), 

MPs = "Pox (n = 1), 

"pi - m. 

Multiply together the vertical columns and cancel like factors 
from each side, and we obtain 
"P,=n (n — 1) (n —2) .... (n - r * 1). 

Example 1. : Four persons enter a railway carriage in which there 
are six seats; in how many ways can they take their places? 
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The first person may seat himself in 6 ways; and then the second 
person in 5; the third in 4; and the fourth in 3; and since each of these 
ways may be associated with each of the others, the required answer 
is 6x 5 x 4 x 3, or 360. 

Example 2. : How many different numbers can be formed by using 
six out of the nine digits 1, 2, 3, .... 9 ? 

Here we have 9 different things and we have to find the number 
of permutations of them taken 6 at a time; 

the required result = °P, 

=9x8x7x6x 5x 4= 60480. 
144. To find the number of combinations of n dissimilar things taken r at a 
time. 

Let "C, denote the required number of combinations. 

Then each of these combinations consists of a group of r dissimilar 
things which can be arranged among themselves in |r ways 
[Art. 142.] 

Hence "C, x r ! is equal to the number of arrangements of n things 
taken r at a time; that is, 

"C,xr!="P,=n (n —1) (n -2) .... (n—r-*1y 
n(n-1)(n-2)....(n-r-1) 
r7 r! sa) 
Corollary :- This formula for "C, may also be written in a different 
form; for if we multiply the numerator and the denominator by 
(n — r) ! we obtain 
n(n—-1)(n-2)....(n-r*1)x(n-r) 
r!(n—- r)! 





"C 





The numerator now consists of the product of all the natural 

numbers from n to 1; 
n! 

ann! iex (2) 

It will be convenient to remember both these expressions for 
"C,, using (1) in all cases where a numerical result is required, and 
(2) when it is sufficient to leave it in an algebraical shape. 
Note:- If in formula (2) we put r = n, we have 

| anl 1, 

"nto! ol’ 
but "C, = 1, so that if the formula is to be true for r = n, the symbol 
0 ! must be considered as equivalent to 1. 


n 


n 
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Example : From 12 books in how many ways can a selection of 5 be 
made, (1) when one specified book is always included, (2) when one 
specified book is always excluded? 

(1) Since the specified book is to be included in every selection, 
we have only to choose 4 out of the remaining 11. 

Hence the number of ways = "C, 


| 14x10x 9x8 
1x2x3x4 
(2) Since the specified book is always to be excluded, we have 
to select the 5 books out of the remaining 11. 





= 330. 


Hence the number of ways = "C; 
|. 11x10x 9x 8x7 
1x2x3x4x5 


145. The number of combinations ofn things r at a time is equal to the number 
of combinations of n things n — r at a time. 





- 462. 


In making all the possible combinations of n things, to each group 
of r things we select, there is left a corresponding group of n -r 
things; that is, the number of combinations of n things r at a time 
is the same as the number of combinations of n things n -r at a time; 
"C= "Gio x 
The proposition may also be proved as follows : 


B n! 
"t (n=-r)![n-(n-r)]! 


n 





[Art. 144.] 


n! 
Saeni 
Such combinations are called complementary. 
Note:- Put r = n, then "Cp = "C, = 1. 
The result we have just proved is useful in enabling us to abridge 
arithmetical work. 
Example : Out of 14 men in how many ways can an eleven be chosen? 
The required number = 4c, = "G 
_ 14x13x12 
^ 1x2x8 
- 364. 
If we had made use of the formula C,,, we should have had to 
reduce an expression whose numerator and denominator each 
contained 11 factors. 
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146. To find the number of ways in which m * n things can be divided into 
two groups containing m and n things respectively. 

This is clearly equivalent to finding the number of combinations 
of m * n things m at a time, for every time we select one group of m 
things we have a group of n things behind. 


(m+n)! 
min! 
Note:- If n = m, the groups are equal, and in this case the number 


2m! . I 
mimi2r fe in any one way it 1s 


possible to interchange the two groups without obtaining a new 
distribution. 


Thus the required number = 





of different ways of subdivision is 


147. To find the number of ways in which m * n * p things can be divided 
into three groups containing m, n, p things severally. 
First divide m + n + p things into two groups containing m and 
n * p things respectively; the number of ways in which this can be 
done is 
(m n4 p)! 
m!(n+p)!` 
Then the number of ways in which the group of n + p things can 
be divided into two groups containing n and p things respectively is 
(n+p)! 
nip! ` 





Hence the number of ways in which the subdivision into three 
groups containing m, n, p things can be made is 
(mn+n+p)! (n+p)! (m+n+p)! 
r 
m!(n+p)! n!p! m!n!p! 
3m! : 
oni ;but this formula 
regards as different all the possible orders in which the three groups 
can occur in any one mode of subdivision, and since there are 3! 
such orders corresponding to each mode of subdivision the number 
of different ways in which subdivision into three equal groups can be 





Note:- If we put n = p = m, we obtain 


de i 3m! 
madet mimim!3l 
Example : The number of ways in which 15 recruits can be divided 


15! 


into three equal groups is 51515131 


;and the number of ways in 
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which they can be drafted into three different regiments, five into 


15! 

515151 

148. In the example which follow it is important to notice that the 
formula for permutations should not be used until the suitable selections 
required by the question have been made. 

Example 1 : From 7 Englishmen and 4 Americans a committee of 6 
is to be formed; in how many ways can this be done, (1) when the 
committee contains exactly 2 Americans, (2) at least 2 Americans ? 

(1) We have to choose 2 Americans and 4 Englishmen. 

The number of ways in which the Americans can be chosen is 
^C5; and the number of ways in which the Englishmen can be chosen 
is "C4. Each of the first groups can be associated with each of the 
second; hence 

the required number of ways | = *C; x ?C, 


41 71! 

= x 

212! 413! 
71 


each, is 








= 210. 





21218! 

(2) The committee may contain 2, 3 or 4 Americans. 

We shall exhaust all the suitable combinations by forming all 
the groups containing 2 Americans and 4 Englishmen; then 
3 Americans and 3 Englishmen; and lastly 4 Americans and 
2 Englishmen. 

The sum of the three results will give the answer. Hence the 
required number of ways = C, x 7C, + 4C3 x 7C, + 4Cy x 7C, 

4! 71 A4! 7! 7! 
= x x + 1x 

2!2! 413! 3! 314! 215! 
= 210 + 140 + 21 = 371. 

In this Example we have only to make use of the suitable formulae 
for combinations, for we are not concerned with the possible 
arrangements of the members of the committee among themselves. 
Example 2. : Out of 7 consonants and 4 vowels, how many words 
can be made each containing 3 consonants and 2 vowels ? 








The number of ways of choosing the three consonants is C4 and 
the number of ways of choosing the 2 vowels is *Cj; and since each 
of the first groups can be associated with each of the second, the 
number of combined groups, each containing 3 consonants and 2 
vowels, is 7C3 x *C;. 
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Further, each of these groups contains 5 letters, which may be 
arranged among themselves in 5! ways. Hence 
the required number of words = 7C; x 4C, x 5 ! 

71 4! 
~ 314! 2121 
=5 x 7! = 25200. 
Example 3.: How many words can be formed out of the letters 
articles, so that the vowels occupy the even places ? 

Here we have to put the 3 vowels in 3 specified places, and the 
4 consonants in the 4 remaining places; the first operation can be 
done in 3 ! ways, and the second in 4 !. Hence 
the required number of words = 3 ! x 4! = 144 

In this Example the formula for permutations is immediately 
applicable, because by the statement of the question there is but one 
way of choosing the vowels, and one way of choosing the consonants. 


— Examples Xl.a. 


In how many ways can a consonant and a vowel be chosen out 
of the letters of the word COURAGE ? 

2. There are 8 candidates for a Classical, 7 for a Mathematical, and 
4 for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded ? 

3. Find the value of ®P,, ^p, ^C, 9C. 

4. How many different arrangements can be made by taking 5 of 
the letters of the word EQUATION ? 

5. If four times the number of permutations of n things 3 together 
is equal to five times the number of permutations of n — 1 things 
3 together, find n. 

6. How many permutations can be made out of the letters of the 
word TRIANGLE ? How many of these will begin with t and end 
with e? 

7. How many different selections can be made by taking four of the 
digits 3, 4, 7, 5, 8, 1 ? How many different numbers can be formed 
with four of these digits ? 

8. If "C3: "C, = 44 : 3, find n. 

9. How many changes can be rung with a peal of 5 bells ? 

10. How many changes can be rung with a peal of 7 bells, the tenor 
always being last ? 








x5! 








11. On how many nights may a watch of 4 men be drafted from a 
crew of 24, so that no two watches are identical ? On how many 
of these would any one man be taken ? 
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12. 


13. 


14. 


15. 
16. 
17. 
18. 


19. 


20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


How many arrangements can be made out of the letters of the 
word DRAUGHT, the vowels never being separated ? 

In a town council there are 25 councillors and 10 aldermen; how 
many committees can be formed each consisting of 5 councillors 
and 3 aldermen ? 

Out of the letters A, B, C, p, q, r how many arrangements can be 
made (1) beginning with a capital, (2) beginning and ending with 
a capital? 

Find the number of combinations of 50 things 46 at a time. 

If "Cj = "Cs find "Ciy, ?C,. 

In how many ways can the letters of the word VOWELS be 
arranged, if the letters O, E can only occupy odd places ? 
From 4 officers and 8 privates, in how many ways can 6 be chosen 
(1) to include exactly one officer, (2) to include at least one officer? 
In how many ways can a party of 4 or more be selected from 
10 persons ? 

If 5C, = C, 45, find "C. 

Out of 25 consonants and 5 vowels how many words can be 
formed each consisting of 2 consonants and 3 vowels ? 

In a library there are 20 Latin and 6 Greek books; in how many 
ways can a group of 5 consisting of 3 Latin and 2 Greek books 
be placed on a shelf ? 

In how many ways can 12 things be divided equally among 
4 persons? 

From 3 capitals, 5 consonants, and 4 vowels, how many words 
can be made, each containing 3 consonants and 2 vowels, and 
beginning with a capital ? 

At an election three districts are to be canvassed by 10, 15, and 
20 men respectively. If 45 men volunteer, in how many ways 
can they be allotted to the different districts ? 

In how many ways can 4 Latin and 1 English book be placed on 
a shelf so that the English book is always in the middle, the 
selection being made from 7 Latin and 3 English books? 

A boat is to be manned by eight men, of whom 2 can only row 
on bow side and 1 can only row on stroke side; in how many 
ways can the crew be arranged ? 

There are two works each of 3 volumes, and two works each of 
2 volumes; in how many ways can the 10 books be placed on a 
shelf so that volumes of the same work are not separated ? 
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29. In how many ways can 10 examination papers be arranged so 
that the best and worst papers never come together ? 

30. An eight-oared boat is to be manned by a crew chosen from 11 
men, of whom 3 can steer but cannot row, and the rest can row 
but cannot steer. In how many ways can the crew be arranged, 
if two of the men can only row on bow side ? 

31. Prove that the number of ways in which p positive and n negative 
signs may be placed in a row so that no two negative signs shall 
be together is ? * !C,. 

32. If %P,, 6: 4P,,3 = 30800 : 1, find r. 

33. How many different signals can be made by hoisting 6 differently 
coloured flags one above the other, when any number of them 
may be hoisted at once ? 

34. If 8C,, : 4C,,_4 = 225 : 11, find r. 


149. Hitherto, in the formulae we have proved, the things have 
been regarded as unlike. Before considering cases in which some one 
or more sets of things may be like, it is necessary to point out exactly 
in what sense the words like and unlike are used when we speak of 
things being dissimilar, different, unlike, we imply that the things are 
visibly unlike, so as to be easily distinguishable from each other. On 
the other hand we shall always use the term like things to denote 
such as are alike to the eye and cannot be distinguished from each 
other. For instance, in Example. 2 Art. 148, the consonants and the 
vowels may be said each to consist of a group of things united by 
a common characteristic, and thus in a certain sense to be of the 
same kind; but they cannot be regarded as like things, because there 
is an individuality existing among the things of each group which 
makes them easily distinguishable from each other. Hence, in the 
final stage of the example we considered each group to consist of 
five dissimilar things and therefore capable of 5 ! arrangements among 
themselves. 

[Art.141 Corollary] 

150. Suppose we have to find all the possible ways of arranging 
12 books on a shelf, 5 of them being Latin, 4 English, and the remainder 
in different languages. 

The books in each language may be regarded as belonging to one 
class, united by a common characteristic; but if they were 
distinguishable from each other, the number of permutations would 
be 12 !, since for the purpose of arrangement among themselves 
they are essentially different. 
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If, however, the books in the same language are not distinguishable 
from each other, we should have to find the number of ways in 
which 12 things can be arranged among themselves, when 5 of them 
are exactly alike of one kind, and 4 exactly alike of a second kind : 
a problem which is not directly included in any of the cases we have 
previously considered. 


151. To find the number of ways in which n things may be arranged among 
themselves, taking them all at a time, when p of the things are exactly alike 
of one kind, q of them exactly alike of another kind, r of them exactly alike of 
a third kind, and the rest all different. 

Let there be n letters; suppose p of them to be a, q of them to be 
b, r of them to be c, and the rest to be unlike. 

Let x be the required number of permutations; then if the p letters 
a were replaced by p unlike letters different from any of the rest, 
from any one of the x permutations, without altering the position of 
any of the remaining letters, we could form p ! new permutations. 
Hence if this change were made in each of the x permutations we 
should obtain x x (p !) permutations. 

Similarly, if the q letters b were replaced by q unlike letters, the 
number of permutations would be 

x x (p !) x(g). 

In like manner, by replacing the r letters c by r unlike letters, we 
should finally obtain x x (p !) x (q !) x r ! permutations. 

But the things are now all different, and therefore admit of n ! 
permutations among themselves. Hence 

xx(plhx(qg)xr!2nt 
n! 

that is, x= pigri 
which is the required number of permutations. 

Any case in which the things are not all different may be treated 
similarly. 
Example 1. : How many different permutations can be made out of 
the letters of the word assassination taken all together ? 

We have here 13 letters of which 4 are s, 3 are a, 2 are i and 2 are 


n. Hence the number of permutations 
|. B! 2, 
=I! m 13-11-10-9-8-7-3-5 
= 1001 x 10800 = 10810800. 
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Example 2. : How many numbers can be formed with the digits 1, 
2, 3, 4, 3, 2, 1 so that the odd digits always occupy the odd places? 
The odd digits 1, 3, 3, 1 can be arranged in their four places in 





4! 
The even digits 2, 4, 2 can be arranged in their three places in 
3! 

21 Ways (2) 
Each of the ways in (1) can be associated with each of the ways in (2). 

41 3! 

Hence the required number = x — -6x3- 18. 
212! 2! 


152. To find the number of permutations of n things r at a time, when each 
thing may be repeated once, twice, .... up to r times in any arrangement. 

Here we have to consider the number of ways in which r places 
can be filled up when we have n different things at our disposal, 
each of the n things being used as often as we please in any 
arrangement. 

The first place may be filled up in n ways, and, when it has been 
filled up in any one way, the second place may also be filled up in 
n ways, since we are not precluded from using the same thing again. 
Therefore the number of ways in which the first two places can be 
filled up is n x n or n?. The third place can also be filled up in n ways, 
and therefore the first three places in n? ways. 

Proceeding in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, we 
shall have the number of ways in which the r places can be filled 
up equal to n”. 

Example : In how many ways can 5 prizes be given away to 4 boys, 
when each boy is eligible for all the prizes ? 

Any one of the prizes can be given in 4 ways; and then any one 
of the remaining prizes can also be given in 4 ways, since it may be 
obtained by the boy who has already received a prize. Thus two 
prizes can be given away in 4? ways, three prizes in 4? ways, and 
so on. Hence the 5 prizes can be given away in 45, or 1024 ways. 
153. To find the total number of ways in which it is possible to make a selection 
by taking some or all of n things. 

Each thing may be dealt with in two ways, for it may either be 
taken or left; and since either way of dealing with any one thing 
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may be associated with either way of dealing with each one of the 
others, the number of ways of dealing with the n things is 
2x2x2x2... to n factors. 
But this includes the case in which all the things are left, therefore, 
rejecting this case, the total number of ways is 2" — 1. 
This is often spoken of as "the total number of combinations" of 
n things. 
Example : A man has 6 friends; in how many ways may he invite 
one or more of them to dinner ? 
He has to select some or all of his 6 friends; and therefore the 
number of ways is 25 - 1, or 63. 
This result can be verified in the following manner. 
The guests may be invited singly, in twos, threes, ....; therefore 
the number of selections 
HAC, ELE ÉC Pg SES RE 
=6+15+20+15+6+1=63. 
154. To find for what value of r the number of combinations of n things r at 
a time is greatest. 











|. (n1) n-2) ..(n-r*2)(n-r +1) 








Since "C g 
i 1:2-3...(r- D)r 
n(n-1)(n-2)..(n-r-42) 
d "C ug ; 
an p L23 -d 
-r+ 
"C ='C, q. m 
r 

-- n-r+1 . n+1 . 

The multiplying factor ——— may be written “~~ 1 which 


shows that it decreases as r increases. Hence as r receives the values 


+1 
ee 





1, 2, 3, .... in succession, "C, is continually increased until 


becomes equal to 1 or less than 1. 


n+1 














Now, -1>1 
r 
n+1 
so long as : 22; 
hat i zd 
that i1s, 2 


We have to choose the greatest value of r consistent with this 
inequality. 
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(1) Let n be even, and equal to 2m ; then 
nt1 2m+1 1 
= =m 
2 2 2 
and for all values of r up to m inclusive this is greater than r. 





, 


Hence by putting r-m =” we find that the greatest number of 
combinations is "C, . : 
(2) Let n be odd and equal to 2m + 1; then 
n+1 2m+2 


2 2 
and for all values of r up to m inclusive this is greater than r; but 
when r = m + 1 the multiplying factor becomes equal to 1, and 








=m+1; 








" aga = "Cw that is, "C, = Gy a3 
2 2 
and therefore the number of combinations is greater when the things 


n+1 n-1 
are taken "up 





at a time; the result being the same in the 


two cases. 


155. The formula for the number of combinations of n things r at 
a time may be found without assuming the formula for the number 
of permutations. 

Let "C, denote the number of combinations of n things taken r at 
a time; and let the n things be denoted by the letters a, b, c, d, .... 

Take away a; then with the remaining letters we can form 
"-lC, | combinations of n — 1 letters taken r — 1 at a time. With each 
of these write a; thus we see that of the combinations of n things r 
at a time, the number of those which contain a is "~'C,_ 4; similarly 
the number of those which contain b is "^ !C, ,; and so for each of 
the n letters. 

Therefore n x "~!C,_ 4 is equal to the number of combinations r 
at a time which contain a, together with those that contain b, those 
that contain c, and so on. 

But by forming the combinations in this manner, each particular 
one will be repeated r times. For instance, if r = 3, the combination 
abc will be found among those containing a, among those containing 
b, and among those containing c. Hence 


"C, = EC x 
» 
By writing n — 1 and r — 1 instead of n and r respectively, 
n-1 





n-1 EL 2, 
Guam C, X 


r-1` 
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Similarly, mo cns E. UM 


and finally n-or*lO gr]. 

Multiply together the vertical columns and cancel like factors 
from each side; thus 

| (n- 1) (n- 2)... (n- v +1) 

i r(r-1)(r-2)....1 
156. To find the total number of ways in which it is possible to make a selection 
by taking some or all out of p + q +r + .... things, where of p are alike of one 
kind, q alike of a second kind, r alike of a third kind; and so on. 


AG 





The p things may be disposed of in p + 1 ways; for we may take 
0, 1, 2, 3, ... p of them. Similarly the q things may be disposed of in 
q + 1 ways; the r things in r + 1 ways; and so on. 

Hence the number of ways in which all the things may be 
disposed of is (p + 1) (q + 1) (r + 1) .... 

But this includes the case in which none of the things are taken; 
therefore, rejecting this case, the total number of ways is 

(p * 1) (q * 1) (r * 1) ..... - ]. 

157. A general formula expressing the number of permutations, or 
combinations, of n things taken r at a time, when the things are not 
all different, may be somewhat complicated; but a particular case 
may be solved in the following manner. 
Example : Find the number of ways in which (1) a selection, (2) an 
arrangement, of four letters can be made from the letters of the word 
proportion. 

There are 10 letters of six different sorts, namely 

0, 0,0; D, p; T; r; t; i; m. 

In finding groups of four these may be classified as follows : 
(1) Three alike, one different. 
(2) Two alike, two others alike. 
(3) Two alike, the other two different. 
(4) All four different. 

(1) The selection can be made in 5 ways; for each of the five 
letters, p, r, t, i, n, can be taken with the single group of the three like 
letters o. 
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(2) The selection can be made in ?C; ways; for we have to choose 
two out of the three pairs o, 0; p, p; r, r. This gives 3 selections. 

(3) The selection can be made in 3 x 10 ways; for we select one 
of the 3 pairs, and then two from the remaining 5 letters. This gives 
30 selections. 

(4) The selection can be made in °C, ways, as we have to take 
4 different letters to choose from the six o, p, r, t, i, n. This gives 15 
selections. 

Thus the total number of selections is 5 + 3 + 30 + 15; that is, 53. 

In finding the different arrangements of 4 letters we have to 
permute in all possible ways each of the foregoing groups. 


4! 
(1) gives rise to cT or 20 arrangements. 


(2) gives rise to 3x 





4! 
, or 18 arrangements. 
2121 


! 
(3) gives rise to 30 TI or 360 arrangements. 


(4) gives rise to 15 x 4 !, or 360 arrangements. 
Thus the total number of arrangements is 
20 + 18 + 360 + 360; that is, 758. 


E Examples XI.b. 


Find the number of arrangements that can be made out of the 
letters of the words 

(1) INDEPENDENCE, (2) SUPERSTITIOUS, 

(3) INSTITUTIONS. 

2. In how many ways can 17 billiard balls be arranged, if 7 of them 
are black, 6 red, and 4 white ? 

3. A room is to be decorated with fourteen flags; if 2 of them are 
blue, 3 red, 2 white, 3 green, 2 yellow, and 2 purple, in how 
many ways can they be hung ? 

4. How many numbers greater than a million can be formed with 
the digits 2, 3, 0, 3, 4,2, 3? 

5. Find the number of arrangements which can be made out of the 
letters of the word ALGEBRA, without altering the relative 
positions of vowels and consonants. 

6. On three different days a man has to drive to a railway station 
and he can choose from 5 conveyances; in how many ways can 
he make the three journeys ? 

7. I have counters of n different colours, red, white, blue, ..... ; in 
how many ways can I make an arrangement consisting of r 
counters, supposing that there are at least r of each different 
colour ? 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


In a steamer there are stalls for 12 animals, and there are cows, 
horses, and calves (not less than 12 of each) ready to be shipped; 
in how many ways can the shipload be made ? 

In how many ways can n things be given to p persons, when 
there is no restriction as to the number of things each may receive? 


. In how many ways can five things be divided between two 


persons? 


. How many different arrangements can be made out of the letters 


in the expression a°b’c* when written at full length ? 


. A letter lock consists of three rings each marked with fifteen 


different letters; find in how many ways it is possible to make 
an unsuccessful attempt to open the lock. 

Find the number of triangles which can be formed by joining 
three angular points of a quindecagon. 

A library has a copies of one book, b copies of each of two books, 
c copies of each of three books, and single copies of d books. In 
how many ways can these books be distributed, if all are out at 
once? 

How many numbers less than 10000 can be made with the eight 
digits 1, 2, 3, 0, 4, 5, 6,7? 

In how many ways can the following prizes be given away to 
a class of 20 boys : first and second Classical, first and second 
Mathematical, first Science, and first French ? 

A telegraph has 5 arms and each arm is capable of 4 distinct 
positions, including the position of rest; what is the total number 
of signals that can be made ? 

In how many ways can 7 persons form a ring ? In how many 
ways can 7 Englishmen and 7 Americans sit down at a round 
table, no two Americans being together ? 

In how many ways is it possible to draw a sum of money from 
a bag containing a sovereign, a half-sovereign, a crown, a florin 
a shilling, a penny, and a farthing ? 

From 3 cocoa nuts, 4 apples, and 2 oranges, how many selections 
of fruit can be made, taking at least one of each kind ? 

Find the number of different ways of dividing mn things into n 
equal groups. 

How many signals can be made by hoisting 4 flags of different 
colours one above the other, when any number of them may be 
hoisted at once ? How many with 5 flags ? 

Find the number of permutations which can be formed out of 
the letters of the word SERIES taken three together ? 
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24. 


25. 


26. 


27. 


28. 


29 


30. 


31. 


32. 


33. 


There are p points in a plane, no three of which are in the same 
straight line with the exception of g, which are all in the same 
straight line; find the number (1) of straight lines, (2) of triangles 
which result from joining them. 

There are p points in space, no four of which are in the same 
plane with the exception of q, which are all in the same plane; 
find how many planes there are each containing three of the 
points. 

There are n different books and p copies of each; find the number 
of ways in which a selection can be made from them. 

Find the number of selections and of arrangements that can be 
made by taking 4 letters from word EXPRESSION. 

How many permutations of 4 letters can be made out of the 
letters of the word EXAMINATION ? 


. Find the sum of all numbers greater than 10000 formed by using 


the digits 1, 3, 5, 7, 9, no digit being repeated in any number. 
Find the sum of all numbers greater than 10000 formed by using 
the digits 0, 2, 4, 6, 8, no digit being repeated in any number. 
If p +q +r things p be alike, and q be alike, and the rest different, 
show that the total number of combinations is 
(p*1)(qg*1)2'- 1. 
Show that the number of permutations which can be formed 
from 2n letters which are either a’s or b’s is greatest when the 
number of a’s is equal to the number of b’s. 
If the n + 1 numbers a, b, c, d, .... be all different, and each of them 
a prime number, prove that the number of different factors of 
the expression abcd .... is (m + 1) 2" — 1. 
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158. Many important mathematical formulae are not easily 
demonstrated by a direct mode of proof; in such cases we frequently 
find it convenient to employ a method of proof known as mathematical 
induction, which we shall now illustrate. 

Example 1. : Suppose it is required to prove that the sum of the 


2 
n (n * 1) 
5 . 
We can easily see by trial that the statement is true in simple 


cubes of the first n natural numbers is equal to | 


cases, such as when n = 1, or 2, or 3; and from this we might be led 
to conjecture that the formula was true in all cases. Assume that it 
is true when n terms are taken; that is, suppose 

2 
n (n * 1) | 


P4294 33 4.00. tom terms =| 


Add the (n + 1)'" term, that is, (n + 1)? to each side; then 





+1) |’ 
19:2? 4:9? Fase ton tems = [2 Ll sasn 








2 
—— à n? "-- _ (n * 1 (n° + 4n+ 4) 
uiris 4 
-femera 
um ee 


which is of the same form as the result we assumed to be true for 
n terms, n + 1 taking the place of n; in other words, if the result is 
true when we take a certain number of terms, whatever that number 
may be, it is true when we increase that number by one; but we see 
that it is true when 3 terms are taken; therefore it is true when 
4 terms are taken; it is therefore true when 5 terms are taken; and 
so on. Thus the result is true universally. 

Example 2. : To determine the product of n binomial factors of the 
form x + a. 
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By actual multiplication we have 

(x + a) (x + b) (x + c) =x + (a + b + c) x? + (ab + bc + ca) x + abc; 

(x +a) (x + b) (x + c) (x + d) = xt + (a + b + c + d) x? 

+ (ab + ac + ad + bc + bd + cd) x? + (abc + abd + acd + bcd) x + abcd. 

In these results we observe that the following laws hold : 

1. The number of terms on the right is one more than the number 
of binomial factors on the left. 

2. The index of x in the first term is the same as the number of 
binomial factors; and in each of the other terms the index is one less 
than that of the preceding term. 

3. The coefficient of the first term is unity; the coefficient of the 
second term is the sum of the letters a, b, c, ...; the coefficient of the 
third term is the sum of the products of these letters taken two at 
a time; the coefficient of the fourth term is the sum of their products 
taken three at a time; and so on; the last term is the product of all 
the letters. 

Assume that these laws hold in the case of n — 1 factors; that is, 


























suppose 
(x + a) (x +b)... +h) = x"! * pax" -? + pax" -? + pax? t e p, 1, 
where Pr=atb+cr..... h 





Po=abt+ac+.....t+ah+bet+bdt....; 
p3 = abc + abd + .....; 
Pn -1 = abe uu... h. 
Multiply both sides by another factor x + k; thus 
(x + a) (x + b) ...... (x + h) (x +k) 
=x" + (p, +k) x" 71 + (pot pik) x"? + (pg t pok) x' P t p, K- 








Now Pitk=(atbt+et+...+h)+k 
= sum of all the n letters a, b, c, ..... k; 
po + pik =potk(atb+... +h) 





= sum of the products taken two at a time of all the 
n letters a, b, c, .... k; 





p3 + pok = pa + k (ab+act+....+ah+ ber...) 
= sum of the products taken three at a time of all 
the n letters a, b, c, ..... k; 


p, -1 k = product of all the n letters a, b, c, ..... k. 

If therefore the laws hold when n - 1 factors are multiplied 
together, they hold in the case of n factors. But we have seen that 
they hold in the case of 4 factors; therefore they hold for 5 factors; 
therefore also for 6 factors; and so on; thus they hold universally. 
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Therefore 
(x + a) (x * b) (x * e) .... (x +h) 
=x" + Sixt@-1 4 Sat? + Sax"? 4.0. S, 

where S, = the sum of all the n letters a, b, c, .... k; 

S, = the sum of the product taken two at a time of these n letters. 

S,, = the product of all the n letters. 
159. Theorems relating to divisibility may often be established by 
induction. 
Example : Show that x"—- 1 is divisible by x — 1 for all positive integral 
values of n. 


mE ET eg * d. 
By division ad x-1^" 








if therefore x"-! — 1 is divisible by x - 1, then x" — 1 is also divisible 
by x — 1. But x? - 1 is divisible by x — 1; therefore x? — 1 is divisible 
by x - 1; therefore x^ — 1 is divisible by x — 1, and so on; hence the 
proposition is established. 

Other examples of the same kind will be found in the chapter 
on the Theory of Numbers. 


160. From the foregoing examples it will be seen that the only 
theorems to which induction can be applied are those which admit 
of successive cases corresponding to the order of the natural numbers 
D 2, 3,4. Me 


BENE Examples XII 


Prove by induction : 
1. T4335 + 2n- 1) = n?. 


1 




















2. PEP 43 +.. n =on(n+1)(2n+1) 
Qo d S uu es 2" = 2 (2" - 1). 
1 1 1 n 
4. H | Fuss to n terms = ——. 
12 23 3-4 n+1 
5. Prove by induction that x" — y" is divisible by x + y when n is 
even. 
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161. It may be shown by actual multiplication that 
(x + a) (x + b) (x + c) (x + d) 
- x* * (a * b =+ c+ d) x? + (ab * ac * ad + bc * bd + cd) x? 
+ (abc + abd + acd + bed) x + abcd a(d) 
We may, however, write down this result by inspection; for the 
complete product consists of the sum of a number of partial products 
each of which is formed by multiplying together four letters, one 
being taken from each of the four factors. If we examine the way in 
which the various partial products are formed, we see that 
(1) the term x* is formed by taking the letter x out of each of the 
factors. 














(2) the terms involving x? are formed by taking the letter x out 
of any three factors, in every way possible, and one of the letters 
a, b, c, d out of the remaining factor. 

(8) the terms involving x? are formed by taking the letter x out 
of any two factors, in every way possible, and two of the letters 
a, b, c, d out of the remaining factors. 

(4) the terms involving x are formed by taking the letter x out 
of any one factor, and three of the letters a, b, c, d out of the remaining 
factors. 

(5) the term independent of x is the product of all the letters 
a, b, c, d. 

Example 1. : (x - 2) (x + 3) (x - 5) (x + 9) 

=xt+(-2=+3-5+9)x + (-6 +10- 18 - 15 + 27- 45) x? 
+ (30 — 54 + 90 — 135) x + 270 

= xt + 5x3 — 47x? — 69x + 270. 
Example 2. : Find the coefficient of x? in the product 
(x — 3) (x + 5) (x — 1) (x + 2) (x - 8). 

The terms involving x? are formed by multiplying together the 
x in any three of the factors, and two of the numerical quantities out 
of the two remaining factors; hence the coefficient is equal to the 
sum of the products of the quantities — 3, 5, - 1, 2, - 8 taken two at 
a time. 
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Thus the required coefficient 
=-15+3-6+24-5+10-40-2+8-16 
= - 39. 
162. If in equation (1) of the preceding article we suppose b = c = d =a, 
we obtain 





(x + ay = x* + Aax? + 6a2x? + 4a%x + at. 

The method here exemplified of deducing a particular case from 
a more general result is one of frequent occurrence in Mathematics; 
for it often happens that it is more easy to prove a general proposition 
than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
a formula known as the Binomial Theorem, by which any binomial 
of the form x + a can be raised to any assigned positive integral 
power. 

163. To find the expansion of (x + a)" when n is a positive integer. 

Consider the expression 

(x + a) (x * b) (x +0)... (x + k), 
the number of factors being n. 

The expansion of this expression is the continued product of the 
n factorsx+a,x+b,x+0, ....... , X +k, and every term in the expansion 
is ofn dimensions, being a product formed by multiplying together 
n letters one taken from each of these n factors. 

The highest power of x is x" , and is formed by taking the letter 
x from each of the n factors. 

The terms involving x"-! are formed by taking the letter x from 
any (n — 1) of the factors and one of the letters a, b, c, ...... k from the 
remaining factor; thus the coefficient of x"-! in the final product is 
the sum of the letters a, b, c, ...... k; denote it by S4. 

The terms involving x" -? are formed by taking the letter x from 
any n — 2 of the factors, and two of the letters a, b, c, ..... k from the two 
remaining factors; thus the coefficient of x" -? in the final product is 
the sum of the products of the letters a, b, c, ..... k taken two at a time; 
denote it by Sy. 

And, generally, the terms involving x" ^" are formed by taking 
the letter x from any n — r of the factors, and r of the letters a, b, c, .... k 
from the r remaining factors; thus the coefficient of x" ^" in the final 
product is the sum of the products of the letters a, b, c, ..... k taken r 
at a time; denote it by S,. 

The last term in the product is abc .... k; denote it by S,. 

Hence (x + a) (x +b) (x * c) ...... (x + k) 

=a Sy xl + Ga QS Xt tW uua * S, 4X * 5,. 


Binomial Theorem. Positive Integral Index 129 





In 5, the number of terms is n; in Sy the number of terms is the same 
as the number of combinations of n things 2 at a time; that is "Cj; 
in S3 the number of terms is "C3; and so on. 

Now suppose J, c, .... k, each equal to a; then S, becomes "C, a; S; 
becomes "C; a’; $4 becomes "C3 a3; and so on; thus 








(x + a)" = xy" + "Ci ax” -1 $ "Cya2x" ~? + "Caa" zi M $ "C. a", 
substituting for "Cj, "C,, ...... we obtain 
.1, fh (n-1 z 
(x tay =x" nax" 1 f ( ) uy 2 
1:2 
n (n —- 1) (n-2 T 
( x ) ax"? +. ta", 





1-2-3 
the series containing n + 1 terms. 

This is the Binomial Theorem, and the expression on the right is 
said to be the expansion of (x + a)". 

164. The Binomial Theorem may also be proved as follows : 

By induction we can find the product of the n factors 
xtaxtb,ox*c, ..x*kas explained in Art. 158, Example. 2; we 
can then deduce the expansion of (x + a)" as in Art. 163. 

165. The coefficients in the expansion of (x + a)" are very conveniently 
expressed by the symbols "Cj, "Cy, "C3, .... "C,. We shall, however, 
sometimes further abbreviate them by omitting n, and writing Cj, 
Cy mo C,. With this notation we have 
(x + ay = x" + Cyax"-' + Cu? x^-? 4+ C4 dx" 9 + 0. + Cia" 
If we write — a in the place of a, we obtain 
(x — a)" = x" + Cy a) x"! + Cy (- a)? x" -2 + Cy (- a)? x" 3. 





= x" — Cyax"-1 + C ax" -? — Cy abxt-3 Lus +(-1)"C, a". 

Thus the terms in the expansion of (x + a)" and (x - a)" are 
numerically the same, but in (x — a)" they are alternately positive 
and negative, and the last term is positive or negative according as 
n is even or odd. 
Example 1. : Find the expansion of (x + y)°. 

By the formula, 

(x + y)6 = x6 + $C, ay + 6C, x*y? + 6C, xy? 5C, xhy^ + OCs xy? + Cy y 

= x6 + 6x5y + 15x*y? + 20x3y? + 15x?y* + 6xy? + y6, 

on calculating the values of °C, C5, °C3, ..... 
Example 2. : Find the expansion of (a — 2x)’. 

(a — 2x)? = a? — 7C, a6 (2x) + "C; a? (2x)? — "C4 a^ (2x)? + .... to 8 terms. 
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Now remembering that "C, - "C, ,, after calculating the coefficients 
up to 7C3, the rest may be written down at once; for 7C, = ’C3; 
7C; = "C5; and so on. 


Tod 


Hence (a - 2x)! =a’ - 7a* (2x) z — Da Qxy - a‘ (2x + 


= a’ — 7a (2x) + 2105 (2x)? — if Pe + 3503 oy 
- 21a? (2x) + 7a (2x) — (2x)? 
=a’ — 14afx + 84 ax? — 280a* x? + 560a%x* — 672 a?x? + 448ax® — 128x7. 
Example 3. : Find the value of 


at+,ja*—-1y +(a- a^ — 1y. 

We have here the sum of two expansions whose terms are 
numerically the same; but in the second expansion the second, fourth 
sixth, and eighth terms are negative, and therefore destroy the 
corresponding terms of the first expansion. Hence the value 

- 2 (a? + 21d? (à? — 1) + 358? (a? - 1)? + 7a (a? — 1)°} 

= 2a (6446 — 112a* + 56a? — 7). 

166. In the expansion of (x + a)", the coefficient of the second term 
is "Cj; of the third term is "C5; of the fourth term is "C4; and so on; 
the suffix in each term being one less than the number of the term 
to which it applies; hence "C, is the coefficient of the (r + 1) term. 
This is called the general term, because by giving to r different 
numerical values any of the coefficients may be found from "C,; and 
by giving to x and a their appropriate indices any assigned term 
may be obtained. 





Thus the (r + 1)" term may be written 
n (n — 1) (n — 2)..... (n-r*D) a-r F 
r! 





"C, x" 'a',or 


In applying this formula to any particular case, it should be 
observed that the index of a is the same as the suffix of C, and that the sum 
of the indices of x and a is m. 

Example 1. : Find the fifth term of (a + 2:3)". 

The required term = "C, a? (2x34 


. 17-16-15-14 
^——T12:8:4 
Example 2. : Find the fourteenth term of (3 — a)". 
The required term = C44 (3)? (- a) 
= 15C, x (- 9419) [Art. 145.] 
= — 945413, 


x 16a? x”? = 380804? x?. 
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167. The simplest form of the binomial theorem is the expansion of 
(1 + x)". This is obtained from the general formula of Art. 163, by 
writing 1 in the place of x, and x in the place of a. Thus 








(L+ x) = 14+ "C x + "Co? to + "C, x uuu nC, x" 
=1+n mda. us x"; 
1:2 


the general term being 
n (n — 1) (n — 2) ..... marti y 
r! ` 





The expansion of a binomial may always be made to depend 
upon the case in which the first term is unity; thus 


(x* y) = fx E + 2 =x" (1+z)" , where z = Y 
x 
Example 1. : Find the coefficient of x? in the expansion of (x? — 2x)!°. 


10 
We have (x° - 2x)? =x” f - 2) s 
x 


x 
we have in this expansion to seek the coefficient of the term which 


10 
: -— : E 2 
and, since x”? multiplies every term in the expansion of 1- " 


contains Qf 
Hence the required coefficient = C, (- 2)* 
| .10-9.8.7 


1-2-3-4 
In some cases the following method is simpler. 





x 16 - 3360. 


Example 2. : Find the coefficient of x” in the expansion of k + i : 
Suppose that x’ occurs in the (p + 1)'" term. 4 


P 
The (p + 1)" term = "C, Q^y'" [3] nis alam 


2n-r 
B. 





But this term contains x’, and therefore 2n- 5p =r, or p = 


Thus the required coefficient = "C, = "C, , 
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" 
is a positive integer there will be no term containing 





Unless 

x'in the expansion. 
168. In Art. 163 we deduced the expansion of (x * a)" from the product 
of n factors (x + a) (x + b) ..... (x + k), and the method of proof there 
given is valuable in consequence of the wide generality of the results 
obtained. But the following shorter proof of the Binomial Theorem 
should be noticed. 

It will be seen in Chapter 15, that a similar method is used to 
obtain the general term of the expansion of 

(a * b* cc ...)". 
169. To prove the Binomial theorem. 

The expansion of (x * a)" is the product of n factors, each equal 
to x + a, and every term in the expansion is of n dimensions, being 
a product formed by multiplying together n letters, one taken from 
each of the n factors. Thus each term involving x"~" a’ is obtained by 
taking a out of any r of the factors, and x out of the remaining n — r 
factors. Therefore the number of terms which involve x"~" a” must 
be equal to the number of ways in which r things can be selected out 
of n; that is, the coefficient of x"^" a" is "C,, and by giving to r the values 
0, 1, 2, 3, ...., n in succession we obtain the coefficients of all the 
terms. Hence 

(x + ay? =x" + Catt a t "Cy x"-? at + "C, x" 7g! t+. + gn 


since "Cy and "C, are each equal to unity. 
BEEN Examples XIII.a. 


Expand the following binomials : 
1. (x-3) 2. (8x + 2y)* 3. (2x - yp 
4. (1— 322)6 5. (x) 6. (1- xy) 


2M 6 7 
7. (2-2) 8. (31-2) 9. n) 
6 8 10 
10. TA 11. T 12. E 
3 2x 2 x 


Write down and simplify : 


13. The 4" term of (x - 5)". 14. The 10" term of (1 — 2x)". 


15. The 12^ term of (2x — 1)?. — 16. The 28'^ term of (5x + 8y)*. 
8 


10 
17. The 4" term of E + s) : 18. The 5" term of E £j : 
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19. The 7*^ f Ax 5) he 5th f xt y^ 
. The term o mes 20. The 5" term o EXE 


2x 
Find the value of 


21. (xe 2 «(x - 26. 22. (yx? -à exp - (fx? -d -xy. 
23. (V2 4 - (V2 ay. 24. (2- J1- x} +(2+/1- XY. 


10 
25. Find the middle term of (s t z) 1 





x a 


2 14 
26. Find the middle term of í = =| , 


15 
27. Find the coefficient of x! in E zj j 


28. Find the coefficient of x!8 in (ax^ — bx)’. 


29. Find the coefficients of x? and x in E -4) : 

30. Find the two middle terms of [s- s), 

31. Find the term independent of x in E x? -&J : 
1 18 

SE 


33. If x” occurs in the expansion of E + 2) „find its coefficient. 
x 


32. Find the 13" term of [ss - 


2 


3n 
34. Find the term independent of x in E -3) 
x 


2n 
P . 1 ; 
35. If x? occurs in the expansion of G +1) , prove that its 
x 
2n! 


coefficient is 1 1 
(ian »(ie n) 


170. In the expansion of (1 * x)" the coefficients of terms equidistant from the 
beginning and end are equal. 
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The coefficient of the (r + 1)" term from the beginning is "C,. 

The (r + 1)'^ term from the end has n + 1 — (r + 1), or n — r terms 
before it; therefore counting from the beginning it is the (n — r + 1)'^ 
term, and its coefficient is "C, |,, which has been shown to be equal 
to "C,. [Art. 145.] Hence the proposition follows. 


171. To find the greatest coefficient in the expansion of (1 * x)". 


The coefficient of the general term of (1 + x)" is "C,; and we have 
only to find for what value of r this is greatest. 


By Art. 154, when n is even, the greatest coefficient is"C,; and 
2 
when n is odd, it is"C, ,,or "C, į; these two coefficients being equal. 


n1 





2 2 
172. To find the greatest term in the expansion of (x + a)". 
We have (x +a)" = x" [+4] ; 
x 


n 
: e : ü dee T 
therefore, since x" multiplies every term in E + J , it will be sufficient 
x 


to find the greatest term in this latter expansion. 
Let the r and (r + 1)" be any two consecutive terms. The (r + 1)'^ 





term is obtained by multiplying the r'^ term by Hcr ; that is, 
r x 
nti ü 
Bp 1 | [Art. 166.] 





+ 
The factor = 
T 


term is not always greater than the r'" term, but only until 


-1 decreases as r increases; hence the (r + 1)'^ 





n+1 a 
-1|- becomes equal to 1, or less than 1. 




















r x 
Now, (= a) ei 
r x 
n+1 x 
so long as uae 
r a 
+1 +1 
that is, >— +1, or >r aall) 
r 
—-1 
a 
+1 
If — be an integer, denote it by p; then if r = p the multiplying 








api 
a 
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factor becomes 1, and the (p + 1)'* term is equal to the p'"; and these 
are greater than any other term. 








+1 
If ~ be not an integer, denote its integral part by q; then the 
—+1 
a 


greatest value of r consistent with (1) is g; hence the (q + 1)" term is 
the greatest. 

Since we are only concerned with the numerically greatest term, the 
investigation will be the same for (x — a)"; therefore in any numerical 
example it is necessary to consider the sign of the second term of the 
binomial. Also it will be found best to work each example 
independently of the general formula. 


1 
Example 1. : If Ee find the greatest term in the expansion of 


(1 + 4x). 
Denote the r and (r + 1)" terms by T, and T,,, respectively; then 








— + -— 
post tr oup o P etw 
r r 3 

hence T,+1> T, 

9-r 4 

1 x—»1; 

so long as P 3 
that is 36 — 4r > 3r, or 36 > 7r. 


The greatest value of r consistent with this is 5; hence the greatest 
term is the sixth, and its value 


5 5 
=C, x 4 LUC x 4 _ 57344 
3 3 243 
Example 2. : Find the greatest term in the expansion of (3 — 2x)? when 
x=1. 





8 að 2x) 
(3-2xy =3 p E 


thus it will be sufficient to consider the expansion of 


ZI 


9-rt+1 2x 
Here, T, = — ——c XT, numerically, 
T 3 
Nm 
r 3 "7 
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hence oppo 

1 10-r T 2 = 
so long as : 3^5 
that is, 20 > 5r. 


Hence for all values of r up to 3, we have T,,,» T, but if r = 4, 
then T,,,- T, and these are the greatest terms. Thus the 4'^ and 5^ 
terms are numerically equal and greater than any other term, and 
their value 


3 
=3' x'C,. <f) = 3° x 84 x 8 = 489888. 


173. To find the sum of the coefficients in the expansion of (1 + x)". 
In the identity (1 + x)" = 1 + Cix + Cox* + Cg + a.a. + Cx", 
Put x = 1; thus 

















27-1*C,* Cyt C tassi t Ch 
= sum of the coefficients. 
Corollary :- C; + C; + C4 + .... C,-2"-] 
that is "total number of combinations of n things" is 2" — 1. 


[Art. 153.] 
174. To prove that in the expansion of (1 * x)" the sum of the coefficients of 
the odd terms is equal to the sum of the coefficients of the even terms. 
In the identity (1 + x)" = 1 + Cyx + Cox? + Cy +... + Cx", 
put x = - 1; thus 
0=1- C + C,- C+ C,- Cg * ...; 
Lt Cot Ca F acne = Ci + C, + Cs... 








1 
=; (sum of all the coefficients) = 2" - !. 


175. The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 
Example : Find the expansion of (x? + 2x - 1)’. 
Regarding 2x — 1 as a single term, the expansion 
(Q2 + 3 (Q2Y. (2x - 1) + 332 (2x - 1)? + (2x - 1). 
= x6 + 6x? + 9x* — 4x3 — 9x? + 6x — 1, on reduction. 


176. The following example is instructive. 














Example : If (1 + x)" = Cg + Cx + Cox? + .... + Cx", 
find the value of Co + 2C, + 3C, + AC, + .... + (n + 1) C, (1) 
and Ch + 2C + BC} nC dia) 





The series (1) = (Cy + C4 + C; + .... + Cp) + (Cy + 2C; + 3C, +... + nC,) 
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ez anfia- ODER), edhe +4} 
1:2 
=2" +n (14+1)*-!=2"4+n-2"-1 
To find the value of the series (2), we proceed thus : 
Cix + 2Cyx? + 3Cg + uuu + nC,x" 








= nx (1 + x)'-}; 


1 
hence, by changing x into 4 NP have 





C, 2C, ac, "nC, n(, 1| 
H t l assess ! t= 1 
x x x x" x x =(3) 
Also Co + Cix + Cox? uu + C X" = (1 + x)" (4) 








If we multiply together the two series on the left-hand sides 
of (3) and (4), we see that in the product the term independent of 
x is the series (2); hence the series (2) = term independent of x in 


1 n-1 
Z (1+x)" +2) 
x x 


n : 
= term independent of x in — (1+ xj"! 
X 


= coefficient of x" in n (1 + x)?-! 


=n x 2n-1C . o Qn-D! — 
" (n-0!(n-1)1! 


BN Examples XIII.b. 


In the following expansions find which is the greatest term : 
1. (x- y)? when x =11,y=4. 2. (2x - 3y) when x 9, y = 4. 





5 
8. Qa-« b)" whena-4,b-5. 4. (3+2x) when x= > 


In the following expansions find the value of the greatest term : 


5. (1+~x)" when x ==, =6. 





6. (a+x)" when a=3,x= i,n-9. 


7. Show that the coefficient of the middle term of (1 + x)?" is equal 
to the sum of the coefficients of the two middle terms of (1 + x)?'- !. 
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8. If A be the sum of the odd terms and B the sum of the even terms 
in the expansion of (x + a)", prove that A?— B? = (x? — a°)". 

9. The 2'4 , 34 , 4th terms in the expansion of (x + y)" are 240, 720, 
1080 respectively; find x, y, n. 

10. Find the expansion of (1 + 2x - x?)*. 

11. Find the expansion of (3x? - 2ax + 3a’)3. 

12. Find the 7'^ term from the end in (x + a)". 


2n *1 
13. Find the (p + 2)" term from the end in E -1) 
X 


14. In the expansion of (1 + x)? the coefficients of the (2r + 1)^ and 
the (r + 2)'^ terms are equal; find r. 

15. Find the relation between r and n in order that the coefficients 
of the 3r'^ and (r + 2)!" terms of (1 + x)?" may be equal. 

16. Show that the middle term in the expansion of (1 + x)?" is 


Iason D ua 





If Cy. C C5, cs C, denote the coefficients in the expansion of (1 * x)", 
prove that 





























17. Ci + 2€; + 3G +... + nC, = n: 27-7, 
nti 
18. Cu tg i ait + Si. E 
2 3 ntl n+1 
ds G 125 13G u 4 nC, (n1) 
C, C, C, C, 2 
CC, ..... C (n 1" 
20. (C, * C) (C, 6) ....(C, 1 + C) 3 zl . 
2 3 4 2'*1c n+. 
21. 26,429 42% 2 E T oc 
2 3 4 n+1 n+1 
2n! 
2 mnm rom £ 
22. C; £C; +C +... derer 
! 
COSCO OU Oud a= 2 LS 
n r 7 "t^ (n-r)!(n+r)! 


CHAPTER 


1 4 Binomial Theorem. 
Any Index 





177. In the last chapter we investigated the Binomial Theorem when 
the index was any positive integer; we shall now consider whether 
the formulae there obtained hold in the case of negative and fractional 
values of the index. 

Since, by Art. 167, every binomial may be reduced to one common 
type, it will be sufficient to confine our attention to binomials of the 
form (1 + x)". 


By actual evolution, we have 


(1+ x)? 2 1o x 214 acc a € on ; 
2 8 16 


any by actual division, 








0-x)?- 








d-y 
[Compare Example 1, Art. 60.] 
and in each of these series the number of terms is unlimited. 

In these cases we have by independent processes obtained an 
expansion for each of the expressions (1 + x)! and (1 + x)?. We shall 
presently prove that they are only particular case of the general 
formula for the expansion of (1 + x)", where n is any rational quantity. 

This formula was discovered by Newton. 

178. Suppose we have two expressions arranged in ascending 
powers of x, such as 


m(m—1) 2 m(m-1)(m-2) 5 











1 mx 4 ee ae On T 
1-2 1-2-3 (1) 
n(n-1 , n(n-1)(n-2) , 
d 1+nx 4 x^ 4 X eer (2 
an 1-3 1-2-3 x 


The product of these two expressions will be a series in ascending 
powers of x; denote it by 
1 + Ax + Bx? + Cx? + Dx* + ...; 
then it is clear that A, B, C, ..... are function of m and n, and therefore 
the actual values of A, B, C, ..... in any particular case will depend 
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upon the values of m and n in that case. But the way in which the 
coefficients of the powers of x in (1) and (2) combine to give 
A; DB, QC, iu is quite independent of m and n; in other words, whatever 
values m and n may have, A, B, C, .... preserve the same invariable form. If 
therefore we can determine the form of A, B, C, ... for any value of 
m and n, we conclude that A, B, C, ..... will have the same form for 
all values of m and n. 

The principle here explained is often referred to as an example 
of "the permanence of equivalent forms"; in the present case we 
have only to recognise the fact that in amy algebraical product the form 
of the result will be the same whether the quantities involved are 
whole numbers, or fractions; positive, or negative. 

We shall make use of this principle in the general proof of the 
Binomial Theorem for any index. The proof which we give is due to 
Euler. 

179. To prove the Binomial Theorem when the index is a positive fraction. 

Whatever be the value of m, positive or negative, integral or fractional, 
let the symbol f (m) stand for the series 

m (m — 1) xis m(m-1Qm-2 ; 
1:2 | 1-2-3 
then f (n) will stand for the series 
n(n-1) 2 n(n-1)(n-2) | 
1-2 1-2-3 
If we multiply these two series together the product will be 


another series in ascending powers of x, whose coefficients will be 
unaltered in form whatever m and n may be. 





1+ mx 4 





14+ nx 4 


To determine this invariable form of the product we may give to m 
and n any values that are most convenient; for this purpose suppose 
that m and n are positive integers. In this case f (m) is the expanded 
form of (1 * x)", and f (1) is the expanded form of (1 + x)"; and therefore 

f (m) x f (n) = (1+ x)" x (1+ y= (ey, 
but when m and n are positive integers the expansion of (1 + x)" *" 
is 





(m * n) (m * n — 1) FT 

1-2 | 

Then this is the form of the product of f (m) x f (n) in all cases, whatever 

the values of m and n may be; and in agreement with our previous 

notation it may be denoted by f (m + n); therefore for all values of m 
and n. 


1-4 (m * n) x4 


f (m) x f (n) =f (m +n). 
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Also f(m)xf(nxf(p -f(m*n)xf(p) 
=f (m * n + p), similarly. 
Proceeding in this way we may show that 
f (m) x f (n) x f (p) .... tok factors =f (m +n * p * .... to k terms). 
l 
Let each of these quantities m, n, p, ...... be equal to 7 where h and 


k are positive integers; 


[r pi = f (h); 


but since h is a positive integer, f(h) = (1 + x); 


npe 


day" =f (=) 





h 
but rz) stands for the series 





h (2 1} 
(Lex) =1+ vx X5 





which proves the Binomial Theorem for any positive fractional index. 


180. To prove the Binomial Theorem when the index is any negative quantity. 
It has been proved that 
f (m) x f (n) = f (m + m) 
for all values of m and n. Replacing m by — n (where n is positive), 
we have 





f(-n)xf(n)-f(-n*n) 


=f (0) - 1. 
Since all terms of the series except the first vanish; 
1 
cocum 
f n) 
but f (n) = (1 + x)", for any positive values of n; 
1 
aia eum 


(1+ xy 
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or (l+xy"=f(Cn). 
But f (- n) stands for the series 
1+( xs CC nia j 
IA. ot) ee) NP 
(1* x) "=1+(-n)x+4 12 X obi 


which proves the Binomial Theorem for any negative index. Hence 
the theorem is completely established. 


181. The proof contained in the two preceding articles may not 
appear wholly satisfactory, and will probably present some 
difficulties to the student. There is only one point to which we shall 
now refer. 

In the expression for f (m) the number of terms is finite when m 
is a positive integer, and unlimited in all other cases. See Art. 182. 
It is therefore necessary to enquire in what sense we are to regard 
the statement that f (m) x f (n) = f (m + n). It will be seen in 
Chapter 21, that when x « 1, each of the series f (m), f (n), f (m * n) is 
convergent, and f (m + n) is the true arithmetical equivalent of f (m) x f (n). 
But when x > 1, all these series are divergent, and we only assert 
that if we multiply the series denoted by f (m) by the series denoted 
by f (n), the first r terms of the product will agree with the first r 
terms of f (m * n), whatever finite value r may have. [See Art. 308.] 
Example 1. : Expand (1 - x)?? to four terms. 


aden en EE 
dza ti en QAI 12 











X)dÓ T E P asses 
209* 7325 Y 123 C” 
m T 
2 8 16 
Example 2. : Expand (2 + 3x): * to four terms. 


(2+3xy4=2 ej 


"E esen(r encoeapr)... 
a 2 T2 2 1.2.3 2 
-x T MEC M ) 
16 2 2 
182. In finding the general term we must now use the formula. 
n (n — 1) (n — 2) ....... (n-r*1, 
r! 
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written in full; for the symbol "C, can no longer be employed 
when n is fractional or negative. 

Also the coefficient of the general term can never vanish unless 
one of the factors of its numerator is zero; the series will therefore 
stop at the 7^ term, when n -r + 1 is zero; that is, when r = n + 1; but 
since r is a positive integer this equality can never hold except when 
the index n is positive and integral. Thus the expansion by the 
Binomial Theorem extends to n + 1 terms when n is a positive integer, 
and to an infinite number of terms in all other cases. 





1 
Example 1. : Find the general term in the expansion of (1+ x)?. 


JE J6 2) " E r+] 
The (r + 1)" term - 242 2 2 g 


r! 
_1¢1)(-3)(5)..... ( 2r +3) 
2'r! 
The number of factors in the numerator is r, and r — 1 of these are 


negative; therefore, by taking — 1 out of each of these negative factors, 
we may write the above expression 


13-5... 2r-3) , 
( yy! : ( T ) y : 
2'r! 
Example 2. : Find the general term in the expansion of (1 — nx). 


(1 Ja 2}... 3 r +1] 
The (r + 1)^ term =” \" E £ (7 nxy 





























r! 

 10-n)ü-2n).... a-ri, T 
n'r! 

-cy 1820-7290... (1-r-1-n) " 


r! 


r-1 (0-1) (2n - 1) .... (r= 1.n-1),, 





aT oo 








(n—-1)Qn-1)..(r- E-n-1) , 
r! d 

since (-1y(-1y-!-(-1)y-1-- 1. 
Example 3. : Find the general term in the expansion of (1 — x)-°. 
_ (C3(0C49(-5.—.(-3-r*1) 


r! 








The (r + 1)^ term (7 xy 
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=(-1) 3: 








5er2 y 
r! 








45 uu +2 

= ( pri 5 (r ) v Bac AGUNT 
1:2:3....r 1:2 

by removing like factors from the numerator and denominator. 


BEN Examples XIV.a. 


Expand to 4 terms the following expressions : 














1 3 2 
1. (14x 2. +x} 8. (1-x) 
1 E 
4. (16x27? 5. (1-3xf 6. (1-33) ? 
E -3 ; 
7. (1423) 2 8. [+2] 9. 04x) 
8 8 
ij^ l 
10. f a] 11. (2+ xy? 12. (9+ 2x)? 
2 3 1 
13. (8+ 12a)? 14. (9- 6x) ? 15. (44- 8x) ? 





Write down and simplify : 


a n 

16. The 8" term of (1+ 2x) 2. 17. The 11 term of (1-2x°)?. 
16 

18. The 10^ term of (12 3a°)3. 19. The 5" term of (3a - 2b) !. 


20. The (r + 1) term of (1 - x)-?. 21. The (r + 1) term of (1 - xy ^. 
n 








1 IE 
22. The (r + 1)" term of (1+ xy. 23. The (r + 1)^ term of (14 x)?. 
1 
24. The 14" term of (21? - 27)13?, 25. The 7" term of (3° +6 x)4. 
183. If we expand (1 - x)? by the Binomial Theorem, we obtain 
(1 = xy? = 1 + 2x + 332 + 4x3 + Lu ; 
but, by referring to Art. 60, we see that this result is only true when 


x is less than 1. This leads us to enquire whether we are always 
justified in assuming the truth of the statement 


n (n — 1) "T 
1:2 
and, if not, under what conditions the expansion of (1 + x)" may be 
used as its true equivalent. 
Suppose, for instance that n = — 1; then we have 
(d-xyt=1t+xtx24+ x84 xt. (1) 








(14 x)' 2 19 nx 4 


"T 
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in this equation put x = 2; we then obtain 
(71y!21*«2^422*235 € 244 00... 
This contradictory result is sufficient to show that we cannot take 
n(n- 
(n - 1) z 
1-2 
as the true arithmetical equivalent of (1 + x)" in all cases. 
Now from the formula for the sum of a geometrical progression, 
we know that the sum of the first r terms of the series (1) 
| 1-x J 1 x 
1-x 1-x 1-x' 
and, when x is numerically less than 1, by taking r sufficiently large 


d 











1+ nx 








we can make 4 _y as small as we please; that is, by taking a sufficient 


number of terms the sum can be made to differ as little as we please 
1 
from 4 |.,-But when x is numerically greater than 1, the value of 


r 


x 
1- x increases with r, and therefore no such approximation to the 





value of is obtained by taking any number of terms of the series 


-x 
ld x 4X at uua 
It will be seen in the chapter on Convergency and Divergency 
of Series that the expansion by the Binomial Theorem of (1 + x)" in 
ascending powers of x is always arithmetically intelligible when x 
is less than 1. 


But if x is greater than 1, then since the general term of the series 





1.2 
contains x', it can be made greater than any finite quantity by taking 
r sufficiently large; in which case there is no limit to the value of the 
above series; and therefore the expansion of (1 + x)" as an infinite 
series in ascending powers of x has no meaning arithmetically 
intelligible when x is greater than 1. 


184. We may remark that we can always expand (x * y)" by the 
Binomial Theorem; for we may write the expression in either of the 
two following forms : 
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and we obtain the expansion from the first or second of these according 
as x is greater or less than y. 
185. To find in its simplest form the general term in the expansion of 
(1-xy". 
The (r + 1)" term 
| (C0n)-n-1(-n-2)..(-n-r*1) 




















71 C x) 
-( po im gere ya 
r! 
aq py fet Dots etr D, 
r! 
| m (n t 1) (n+ 2) ...... n*r-D, 





r! 

From this it appears that every term in the expansion of 
(1 - xy” is positive. 

Although the general term in the expansion of any binomial may 
always be found as explained in Art. 182, it will be found more 
expeditious in practice to use the above form of the general term in 
all cases where the index is negative, retaining the form 

n (n — 1) (n - 2) ...... (n-r*1,, 
r! 





only in the case of positive indices. 





Example : Find the general term in the expansion of 


1 


31 — 3x 


The (r + 1)" term 


1 — 3x 
-(1- 3x) 3. 

















If the given expression had been (1+ 3x) ? we should have used 


the same formula for the general term, replacing 3x by - 3x. 
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186. The following expansions should be remembered : 











(1-xy!21-4x-exXbe-x.2stx c. 
(1 - x)=? = 1 + 2x + 3x? + 4x3 + + (r1) xt n 
(1- xy? =1+ 3x + 6x7 + 10x? +... p MINE) i a 





1-2 

187. The general investigation of the greatest term in the expansion 
of (1 + x)", when n is unrestricted in value, will be found in Art. 189; 
but the student will have no difficulty in applying to any numerical 
example the method explained in Art. 172. 

Example : Find the greatest term in the expansion of (1 + x) ^" when 


jac d n = 20 
gran n= ; 


ntr-1 i 
We have T, 1 = — xx T, numerically, 
r 
_ 19+r 2 xT; 
r 
T, +17 T, 
2 (19 * r) 
l EXC cc >L 
So long as 3r 
that is, 38 » r. 


Hence for all values of r up to 37, we have T,,,> T; but if r = 38 
then T,,, = T, and these are the greatest terms. Thus the 38'^ and 
39' terms are equal numerically and greater than any other term. 
188. Some useful applications of the Binomial Theorem are explained 
in the following examples. 

Example 1. : Find the first three terms in the expansion of 


1 E 
(1 3x)? (1—- 2x) °. 
Expanding the two binomials as far as the term containing x 
have 


? we 














8 
3 2) (8 32 9 
=1l+x x p= 
2 3 9 23 8 
E" Ww 
6 72 








If in this Example x = .002, so that x? = .000004, we see that the 
third term is a decimal fraction beginning with 5 ciphers. If therefore 


148 Higher Algebra 





we were required to find the numerical value of the given expression 
correct to 5 places of decimals it would be sufficient to substitute 


.002 for x in 1+ = x, neglecting the term involving x?. 


Example 2. : When x is so small that its square and higher powers 
may be neglected, find the value of 


ur + J4+ 2x 
JA t xy 


Since x? and the higher powers may be neglected, it will be 
sufficient to retain the first two terms in the expansion of each binomial 


i; 1 
2 
142x| +2(142 
3 2 
3 











Therefore the expression = 

















-1 
EM 3 M a is? 
8 6 8 
_1 3 17 1 um 
8 6 8 
EUN 
8 2. 





the term involving x? being neglected. 


1 
Example 3. : Find the value of Jay to four places of decimals. 
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To obtain the values of the several terms we proceed as follows : 


7A 
E are 1 

7)0.142857.................. RP 

7)0.020408 

7 0.002915..:.,.. 2:2 = EM 
y" 

7)0.000416 

7)0.000059 .................. = ER 
7 


and we can see that the term is a decimal fraction beginning 


2 wr 
with 5 ciphers. 
BN = 0.142857 + 0.002915 + 0.000088 = 0.14586, 
J47 


and this result is correct to at least four places of decimals. 
Example 4. : Find the cube root of 126 to 5 places of decimals. 
(126)'% = (53 + 1)!5 











35 95 81 5 
11 11 11 
35 95 8 5 
i 25 3 2 4 7» 


-3(1 de n ui 

















=5 . : BIA ns 
3 10 9 10 81 10 

25 0.04 0.00032 , 0.0000128 
3 9 T 81 CELTI 





= 5 + 0.013333... — 0.000035 .... + .... 
= 5.01329, to five places of decimals. 


BENE Examples XIV.b. 


Find the (r + 1)" term in each of the following expansions : 
1. (+x)? 2. (1- xy? 3. (1+ 3x)!8 
3 








4. (+x)? 5. (14 xy? 6. 0-259? 
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7. (a+ bxy! 8. Q-xy? 9. ij -»xy 
1 


1 1 
10. A 2x 11. da - 3xy 12. ia" — nx 


Find the greatest term in each of the following expansions : 
4 = 2 
13. (L+x) * whenx 2i. 14. (1+ x)? when x =<. 


Ju 1 
15. (1-7x) * whens 


16. (2x + 5y)? when x = 8 and y = 3. 
17. (5b- 4x) ? when x = > 


18. (9x2 + 4?) -" when x = 9, y = 2, n = 15. 
Find upto five places of decimals the value of 


19. J98 20. 3/998 21. 3/1003 
1 1 à 
22. 4/2400 23. Ys 24. 1550 


3 
25. (630) 4 26. 33128 


If x be so small that its square and higher powers may be neglected, 
find the value of 


1 .3 = 
27. (1-7x (1+ 2x) 4. 2s. Jas (5-3) 


ae ; 
2 2 
(8 + 3x) E t 3 J x (4 3x) 


2947 pe 30. 3 
(2 + 3x) 44 — 5x (44x) 
3/8 + 3x - J1- x 
32. T: 


-6 
adi- 3s «(i 
5 6 


3} sj A B 2 
14+2x + 31 2 aes) «483 
33. Prove that the coefficient of x” in the expansion of (1— 4x) 
(2r)! 
ry 


2 
1- +1) Ces 
a Pede rd esee, s OE Te 
1-x 12 (1x 











Nile 


is 
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35. Find the first three terms in the expansion of 
1 


(1 xy f1+ ax 


36. Find the first three terms in the expansion of 


3 
(1 * x)* - 41-7 5x 
ü-3* l 
37. Show that the n™ coefficient in the expansion of (1 — x)~" is double 
of the (n — 1). 


189. To find the numerically greatest term in the expansion of (1 * x)", for 
any rational value of n. 








Since we are only concerned with the numerical value of the greatest 
term, we shall consider x throughout as positive. 

Case I: Let n be a positive integer. 

The (r + 1)" term is obtained by multiplying the r^ term by 


n+1 
r 


n-r+1 
r 
to increase so long as 





-x; that is, by | as and therefore the terms continue 








n+1 
that is, a >14+ x, 
(n+1)x 
———__ > fr, 
E 1+x 
(n+1)x . l mu 
If TS Fm be an integer, denote it by p; then if r = p, the multiplying 


factor is 1, and the (p + 1)" term is equal to the p'", and these are 
greater than any other term. 


(n * 1)x 
1+x 
the greatest value of r is q, and the (g + 1)" term is the greatest. 
Case II : Let n be a positive fraction. 
As before, the (r + 1)" term is obtained by multiplying the r" 


n+1 
term by P -1|x. 


(1) If x be greater than unity, by increasing r the above multiplier 
can be made as near as we please to — x; so that after a certain term 


If be not an integer, denote its integral part by q; then 
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each term is nearly x times the preceding term numerically, and 
thus the terms increase continually, and there is no greatest term. 

(2) If x be less than unity we see that the multiplying factor 
continues positive, and decreases until r > n + 1, and from this point 
it becomes negative but always remains less than 1 numerically; 
therefore there will be a greatest term. 

As before, the multiplying factor will be greater than 1 
(n+1)x 
——— > 1. 

1+x 

f (n+1)x 

1+x 
(p + 1)" term is equal to the p", and these are greater than any other 
term. 

(n+1)x 

If a ae be not an integer, let q be its integral part; then the 
(q + 1)" term is the greatest. 

Case III : Let n be negative. 


so long as 


I be an integer, denote it by p; then, as in Case I, the 


Let n = — m, so that m is positive; then the numerical value of the 
multiplying factor is murs e that is 
r 





E 
" 


(1) If x be greater than unity we may show, as in Case IL, that 
there is no greatest term. 

(2) If x be less than unity, the multiplying factor will be greater 
than 1, so long as 





-Dnx 
that is E >1-x, 
(m —1)x 
>r 
or Ex 
(m-1)x 
If Z, bea positive integer, denote it by p; then the (p + 1)^ 


term is equal to the p™ term, and these are greater than any other 
term. 
m—1)x 
j 9E Do 
1-x 
part; then the (q + 1)'" term is the greatest. 


be positive but not an integer, let g be its integral 
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jp 5555 
l= 


x 
be negative, then m is less than unity; and by writing 


1-m 





the multiplying factor in the form | 1— x, we see that it is always 


less than 1; hence each term is js than the preceding, and 
consequently the first term is the greatest. 
190. To find the number of homogeneous products of r dimensions that can 
be formed out of the n letters a, b, c, ..... and their powers. 

By division, or by the Binomial Theorem, we have 




















1 =1+ax tax? + ax? s. n 
1-ax 
1 2.2 3,.3 
=14+bx4+bx° + Bx? tà 7 
1- bx 
g =1+ex +x HeX Haney 





Hence, by multiplication, 




















1 1 1 
l-ax 1-bx 1-cex "7 

= (1 +ax + a’x? uu) (1 + bx t+ Dx? +0) (L ex ceu) uu 

-1*-x(atbt*cct..)-x?(P-*ab*ac*b? * bee cuu). 

= 1+ Six + Sox? + Sy? + .... suppose; 
where S4, Sy, S, .... are the sums of the homogeneous products of one, 
two, three, ..... dimensions that can be formed of a, b, c, ...... and their 
powers. 

To obtain the number of these products, put a, b, c, .... each equal 
to 1; each term in Sy, S,, S, ..... now becomes 1, and the values of 


53, 65, Sapere so obtained give the number of the homogeneous products 
of one, two, three, .... dimensions. 

1 1 1 
1-ax 1-bx 1-cx 





Also 


becomes a-xy 9r (1-x)*. 


Hence S,= coefficient of x” in the expansion of (1 - x)" 
|Om(nrl)ne2)..(n-r-1  n-r-1)! 
r! r!(n-1)! 
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191. To find the number of terms in the expansion of any multinomial when 
the index is a positive integer. 

In the expansion of (a, + a? + a3 + ... + aj)", 
every term is of n dimensions; therefore the number of terms is the 
same as the number of homogeneous products of n dimensions that 


can be formed out of the r quantities a, dy, ..... 4, and their powers; 
and therefore by the preceding article is equal to 

(r+n-1)! 

n'(r-1)! 


192. From the result of Art. 190 we may deduce a theorem relating 
to the number of combinations of n things. 

Consider 7 letters a, D, c, d, .....; then if we were to write down all 
the homogeneous products of r dimensions which can be formed of 
these letters and their powers, every such product would represent 
one of the combinations, r at a time, of the n letters, when any one 
of the letters might occur once, twice, thrice, .... up to r times. 

Therefore the number of combinations of n things r at a time 
when repetitions are allowed is equal to the number of homogeneous 
products of r dimensions which can be formed out of n letters, and 

(n+r-1)! 
therefore equal to Trln-D!' OF Weta tC, 

That is, the number of combinations of n things r at a time when 
repetitions are allowed is equal to the number of combinations of 
n+r-—1 things r at a time when repetitions are excluded. 

193. We shall conclude this chapter with a few miscellaneous 
examples. 


(1- 2xy 
Example 1. : Find the coefficient of x” in the expansion of (x) 





The expression = (1 - 4x + 4x?) (1 + pix t+ pox? + .... + px! + ....) suppose. 

The coefficient of x' will be obtained by multiplying 
P» Pr-v Pr-2 by 1, - 4, 4 respectively, and adding the results; hence 
the required coefficient = p, — 4p,_1 + 4p, -2 


,@+1(r+2) 








But p,7(-1) [Example 3, Art. 


2 
182.] 
Hence the required coefficient 
,(r+1)(r+2) -ır (r +1) ,2(r-)r 





4 (- 1y + 4 (-1) 


=H) 2 2 2 
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zm [+I (2) + 4r (r+) + 4r (r - 1)] 


- cy (9r^ + 3r + 2). 


Example 2. : Find the value of the series 
5 57 579, 


213 313? 413 


3-5 1 357 1 3579 1. 
The expression =24 21 3 ar ge A ge 























35 357 3579 
-943.22 92992 2925327. . 
202 3 at g 4! 3 
E —o acs 
-142.22 2.(2) 4222.2). — 
13 2! (3 3! 43 


Example 3. : If n is any positive integer, show that the integral part 
of (3+ J7y is an odd number. 


Suppose I to denote the integral and f the fractional part of 
(3+V7)'. Then 

I+ pare a N7 2406377 +C, 9-7) + u (A) 

Now 3-7 is positive and less than 1, therefore (3- V7y' isa 


proper fraction; denote it by f’ 


f 33" Ca" 4 +C,3"727 HC oF WTP au zd) 
Add together (1) and (2); the irrational terms disappear, and we 
have 


I+f +f =2 (3" + C, 3"-? 7+ .....) = an even integer. 
But since f and f’ are proper fractions their sum must be 1; 
I = an odd integer 


ES Examples XIV.c. 


Find the coefficient of 





— 5x 
d xy 


1. x!" in the expansion of —— —; 
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3. GRE : : 4-2a-a* 
. a< in the expansion o (say 
. : 3x-2 
3. x" in the expansion of ——.-. 
xtX 
a Q+x4+x° 
4. Find the coefficient of x" in the expansion of ————5- 
(17 x) 
5. Prove that 1 Ed 13 1 155 1 1.3.57 1 - 2. 
22 242 2-4-6 2 2-4-6-8 2* 3 
3, 3.5 3 57 


6. Prove that det 





4 T 4-8 T 4-8-12 T o... 
7. Prove that du 2n 2n(2n+ 2) 2n (2n + 2) n + 4) ! 
3 3.6 3.6.9 


rh p2020,2070002, "€ | 











3 3.6 3.6.9 


8. Prove that rhep AED , ne 002, s | 





7-14 7-14-21 
=4" 14 2 00D rec L kis ] 
2 2:4 2-4-6 


9. Prove that approximately, when x is very small, 


1/2 1/3 
sss) 1-32) 7 
=1 x7. 


i 256 











10. Show that the integral part of (5+2 J6y is odd, if n be a positive 
integer. 

11. Show that the integral part of (8 - 3 Ay is odd, if n be a positive 
integer. 


12. Find the coefficient of x" in the expansion of 
(1 — 2x + 3x? — 4x3 e, yn. 


4n 
13. Show that the middle term of E + j is equal to the coefficient 
x 


(3) 


of x" in the expansion of (1- Ax) 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Prove that the expansion of (1 - x°)" may be put into the form 
3n (3n — 3) 
1-2 





(1 x)” + 3nx (1 x)” sd x a aj " 


1 
Prove that the coefficient of x" in the expansion J} y4 x is 
1, 0, - 1 according as n is of the form 3m, 3m — 1, or 3m + 1. 
In the expansion of (a + b + c)? find (1) the number of terms, 
(2) the sum of the coefficients of the terms. 


Prove that if n be an even integer, 
1 1 1 1 Que 


+ + +t = . 
1!(n-1)! 3!(n-3)! 5!(n-5)! (n-1)!1! a! 
If Co Cy, Cy ....., C, are the coefficients in the expansion of (1 + x)", 
when n is a positive integer, prove that 

ke cows UR 
a) Ga OECC E CIC, =(-1) aera 
(2) Co - 2€, + 3C; - 403 * ..... * (- 1)" (n * 1) C, 7 0. 














(3 -C+C -C +....+(-1)' C =0, or (-12C,, 
according as n is odd or even. É 
If s, denote the sum of the first n natural numbers, prove that 





(1) (1-2 xy 3 = s1 sx + 85x? + KEETE uuu 
_ Qn« 4) 
(2) 2 ($5, + 8,85, ,* .5,5,,,)7 BIQn- D! -pr 


1:38:57 (2n - 1) 
"94-68 ue 2n 


1 
(1) Fons * dido, * Ian 1 F n t0 i2 TIn ER 
(2) 2 ldou — gn -1 + Foon -2 + see + (- 1714, 144.1 
= gy + (- 11 gi. 
Find the sum of the products, two at a time, of the coefficients 
in the expansion of (1 + x)", when n is a positive integer. 





If q , prove that 


If (7+4 3)" =p * D, when n and p are positive integers, and p a 
proper fraction, show that (1 — p) (p + B) » I. 
If Co, Cy, Cz .... C, are the coefficients in the expansion of (1 + x)", 
where n is a positive integer, show that 
(-1)""'C, 1 1 1 
Ia qe ngu = : 
2 3 n 2 3 n 
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194. We have already seen in Art. 175, how we may apply the 
Binomial Theorem to obtain the expansion of a multinomial 
expression. In the present chapter our object is not so much to obtain 
the complete expansion of a multinomial as to find the coefficient 
of any assigned term. 
Example : Find the coefficient of at b? ? d? in the expansion of 
(a * b c d". 
The expansion is the product of 14 factors each equal to 
a t b * c * d, and every term in the expansion is of 14 dimensions, 
being a product formed by taking one letter out of each of these 
factors. Thus to form the term a‘b?c3d5 , we take a out of any four of 
the fourteen factors, b out of any two of the remaining ten, c out of 
any three of the remaining eight. But the number of ways in which 
this can be done is clearly equal to the number of ways of arranging 
14 letters when four of them must be a, two b, three c, and five d; that 
is, equal to 
14! 
4121315! 
This is therefore the number of times in which the term a‘b*c3d° 


appears in the final product, and consequently the coefficient required 
is 2522520. 


195. To find the coefficient of any assigned term in the expansion of 
(a+b+c+d+....)?, where p is a positive integer. 

The expansion is the product of p factors each equal to 
at+b+c+d+...,and every term in the expansion is formed by taking 
one letter out of each of these p factors; and therefore the number 
of ways in which any term a* DP c! d? ..... will appear in the final 
product is equal to the number of ways of arranging p letters when 
a of them must be a, f must be b, y must be c; and so on. That is, 


[Art. 151.] 


the coefficient of abd? ...... ie 


where at+Btyt+6+... - p. 
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Corollary :- In the expansion of (a+ bx + cx? + dx? + .....)?, 
the term involving a* DP c d? ..... is 
p! a Bay 2WY (8 
a1811181... a^ (bxy (ex^) (dx^y ....., 
ax — € NR ESFERA T d 
a 1B1ytót..... 
where at+Btyt+6+... =p. 


This may be called the general term of the expansion. 
Example : Find the coefficient of x? in the expansion of (a + bx + cx?)’. 
The general term of the expansion is 
9! 
a tg!vy! 
where at+Bt+y=9. 





abeta. * Y (1) 


We have to obtain by trial all the positive integral values of p 
and y which satisfy the equation f + 2y = 5; the values of o can then 
be found from the equation 

at+Bt+y=9. 

Putting y = 2, we have ß = 1, anda = 6; 

Putting y = 1, we have ß = 3, and a = 5; 

Putting y = 0, we have p = 5, and a = 4. 

The required coefficient will be the sum of the corresponding 
values of the expression (1). 

Therefore the coefficient required 

- — af bc? 4 

= 252a8bc? + 504a5D?c + 126a*D5. 

196. To find the general term in the expansion of 
(a + bx + cx? + dx? +... y. 


where n is any rational quantity. 








By the Binomial Theorem, the general term is 
n (n — 1) (n — 2)... 
p! 
where p is a positive integer. 





UE qd oe ed Pad "P y! 


And, by Art. 195, the general term of the expansion of 
(bx + cx? + dx? + .....)P 


where f, y, 8 .... are positive integers whose sum is p. 
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Hence the general term in the expansion of the given expression 














is 
n(n—-1)(n-2) eI (n-p-1) a^ P betg? = yb + y+ 38 + = 
Byl! 
where B * y * 6 +... =p. 
197. Since (a + bx + cx? + dx? + ..... )' may be written in the form 
a(t Em wee aes J^ 
ü ü ü 


it will be sufficient to consider the case in which the first term of the 
multinomial is unity. 








Thus the general term of (1 + bx + cx? + dx? + .....)" 
is n(n-1)(n-2)...(n-p*1) phcid? us a 9s 
BIy1ó!... 
where Brytot... =p. 


Example : Find the coefficient of x? in the expansion of 





2 
(1— 3x — 2x? + 6x?ys. 
The general term is 


dE TIE 2) " (2 2H 
C3! 2y (ah (D 


Bly!d! 
We have to obtain by trial all the positive integral values of 
B, y, 9 satisfy the equation p + 2y + 36 = 3; and then p is found from 
the equation p = p + y + 6. The required coefficient will be the sum 
of the corresponding values of the expansion (1). 








In finding f, y, 6, .... it will be best to commence by giving to 
5 successive integral values beginning with the greatest admissible. 
In the present case the values are found to be 
6-1, y=0,8=0, p=1; 
6-0, y=LB=1, p=2; 
6-20, y=0,8 =3, p=3. 
Substituting these values in (1) the required coefficient 


-(8)e«8) (C 3)e S33] 3), 3) 














4-3 3.5. 
3. 3 3 
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198. Sometimes it is more expeditious to use the Binomial Theorem. 
Example: Find the coefficient of x* in the expansion of 
(1 - 2x + 3x?y*. 

The required coefficient is found by picking out the coefficient 
of x* from the first few terms of the expansion of (1 — 2x + 3x2)? by 
the Binomial Theorem; that is, from 

1 +3 (2x - 3x?) + 6 (2x — 332 + 10 (2x — 332? + 15 (2x - 3x*)4; 
we stop at this term for all the other terms involve powers of x 
higher than x*. 

The required coefficient = 6-9 + 10-3 (2)? (- 3) + 15 (2)* = - 66. 


BENE Examples XV 


Find the coefficient of 

ab3cid in the expansion of (a - b — c + d)'?. 
@b°d in the expansion of (a + b — c — d). 
a°b’c in the expansion of (2a + b + 3c)’. 








xyz‘ in the expansion of (ax — by + cz)?. 
x3 in the expansion of (1 + 3x - 2x*)°. 
x* in the expansion of (1 + 2x + 3x2)19. 








xê in the expansion of (1 + 2x - x°}. 
x? in the expansion of (1 — 2x + 3x? — 4x?)*. 
Find the coefficient of 


9o uo 0i BoINmnr 





9. x? in the expansion of (1 — 2x + 3x? — x* — xë)’. 


zd 
10. x? in the expansion of (1- 2x * 3x?) ?. 





1 

11. x? in the expansion of (1- 2x + 3x? - 4x°)?. 
4 =2 

; : x (x 

12. x8 in the expansion of |1- a + um 


13. x* in the expansion of (2 - 4x + 3x2)- 

3 
14. x$ in the expansion of (1+ 4x^ + 10x* + 20x*) 4. 
15. x? in the expansion of (3 — 15x? + 18x6y !. 


1 

16. Expand (1- 2x - 2x’)4 as far as x?. 
-2 

17. Expand (1+ 8x? — 6x?) ? as far as x5. 


E 
18. Expand (8 - 9x? + 18x*)? as far as xê. 
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19. If 1 +x +x?4 XP)" = ay + MX + AX? 22. + a4,X"" Prove that 
(1) Ag + d, + Ay Anp "i (p 1)" . 
1 
(2) a, * 2a, + 3a, + ..... Fnp:a, -—np(p-1y. 


20. If ag, A; Ay, ds, 





2 


are the coefficients in order of the expansion of 


(1 + x + x2); prove that 











£ 1 
E A AEE ae , ME oe 
a = vum dut a, 4 = 5% 0 - C D" a. 
21. If the expansion of (1 + x + x?) 
be ag + a4x + ax? * ..... a,x! 4 Ay, X2", 
show that 
Ag + da + Ag + suus = A + A4 + dy we. 7 A, + A5 + Ag +.. =3"-1 
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Logarithms 





199. Definition : The logarithm of any number to a given base is 
the index of the power to which the base must be raised in order 
to equal the given number. Thus if a* = N, x is called the logarithm 
of N to the base a. 
Examples : (1) Since 3* - 81, the logarithm of 81 to base 3 is 4. 
(2) Since 10! - 10, 10? - 100, 10? - 1000, .... 

the natural numbers 1, 2, 3, .... are respectively the logarithms of 10, 
100, 1000, .... to base 10. 
200. The logarithm of N to base a is usually written log, N, so that 
the same meaning is expressed by the two equations 

a* = N; x = log, N. 

From these equations we deduce 

N = qe 

an identity which is sometimes useful. 


Example : Find the logarithm of 32 34 to base 24/2. 
Let x be the required logarithm; then, 


by definition, QN2y = 323/4; 
Ly 2 
(2-2) =2:25; 

2 x 54 = 

2222 5 

f oa: 3. 27 
hence, by equating the indices, 2 x= 5 
x- B. 3-6. 
5 


201. When it is understood that a particular system of logarithms 
is in use, the suffix denoting the base is omitted. Thus in arithmetical 
calculations in which 10 is the base, we usually write log 2, 
log 3, ... instead of log402, 10g103, .... 

Any number might be taken as the base of logarithms, and 
corresponding to any such base a system of logarithms of all numbers 
could be found. But before discussing the logarithmic systems 
commonly used, we shall prove some general propositions which 
are true for all logarithms independently of any particular base. 


164 Higher Algebra 





202. The logarithm of 1 is 0. 
For 4? = 1 for all values of a; therefore log 1 = 0, whatever the base 
may be. 
203. The logarithm of the base itself is 1. 
For a! = a; therefore log, a = 1. 
204. To find the logarithm of a product. 
Let MN be the product; let a be the base of the system, and suppose 
x = log, M, y = log, N; 
So that a=M, av — N. 
Thus the product MN = a* x av = at; 
whence, by definition, log, MN = x + y = log, M + log, N. 
Similarly, log, MNP = log, M + log, N + log, P; 
and so on for any number of factors. 
Example : log 42 = log (2 x 3 x 7) 
= log 2 + log 3 + log 7. 
205. To find the logarithm of a fraction. 





M 
Let N be the fraction, and suppose 


x = log, M, y = log, N; 
So that a% = M, a! =N. 


M 
Thus the fraction — = am a 
N æ 
whence, by definition, log, N = x- y= log, M - log, N. 


2 30 

Example : log [4 2) =tog 7 

= log 30 - log 7 

= log (2 x 3 x 5) - log 7 

= log 2 + log 3 + log 5 - log 7. 
206. Tofind the logarithm of a number raised to any power, integral or fractional. 

Let log, (M?) be required, and suppose 
x = log, M, so that a* = M; 





then MP = (a*)P = a”; 
whence, by definition, log, (M") = px; 
that is log, (M?) = p log, M. 


1 
-| 1 
Similarly, log, (m) E log, M. 


Logarithms 165 





207. It follows from the results we have proved that 

(1) thelogarithm of a product is equal to the sum of the logarithms 
of its factors; 

(2) the logarithm of a fraction is equal to the logarithm of the 
numerator diminished by the logarithm of the denominator; 

(3) the logarithm of the p power of a number is p times the 
logarithm of the number; 


1 
(4) the logarithm of the 7 root of a number is equal to Ur of 


the logarithm of the number. 

Also we seen that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition 
and subtraction; and the operations of involution and evolution by 
those of multiplication and division. 


3 
Example 1. : Express the logarithm of n terms of log a, log b 
C 


and log c. 


3 


Je a? i 5,2 
log ^s; 7 OB ss -log a? — log (c'b^) 





= : log a - (log c? + log b^) 


= 5 log a 5 log c — 2 log b. 


Example 2. : Find x from the equation a* - c ?* = $3 +1, 





Taking logarithms of both sides, we have 
x loga -2x log c= (3x + 1) log b; 
x (loga-21og c - 3 log b) = log b; 
= log b 
log a - 2 log c - 3 log b 


BN Examples XVI.a. 


Find the logarithms of 
1. 16 to base 42, and 1728 to base 2 V3. 
2. 125 to base 545, and 0.25 to base 4. 











1 
3. 256 9 base 24/2 , and 0.3 to base 9. 
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4. 0.0625 to base 2, and 1000 to base 0.01. 
5. 0.0001 to base 0.001, and 0.1 to base 943. 


[8 [ 345 
d z 1 3 => to base a. 
a-,—,Va 

, TE 

a2 


7. Find the value of log, 128,108 1, log, c, logs 49. 


Express the following seven logarithms in terms of log a, log b, and 
log c, 


8. log (va’b*)°. 9. log Gla x Jb’). 
10. log ja ^ b? . 11. log (Ja ? b x Jab ?). 


3 =i 2 
12. log (t Je e osa. 13. NL NM 


(a Ib ?c * 
be?) > (bc) 
14. log [s (25) 








afe 10 
15. Show that log a 2- 710g 5~<log 2--log3. 
16. Simplify log 4/729 jg 1.578. 

75 
17. Prove that log 16 2log 5 Mog log 2. 
Solve the following ME : 
18. a* = cb’. 19 .px- 

gi pow i 
2x 

20. pu à 21. a -b =m! 


22. If log (x^?) = a, and log m b, find log x and log y. 
y 


23. If B -* . p* = a**® - b3*, show that x log H - log a. 
ü 
24. Solve the equation (a*- 2ab? + b** -! = (a — b)* (a + b)-?. 


COMMON LOGARITHMS 


208. Logarithms to the base 10 are called Common Logarithms; 
this system was first introduced, in 1615, by Briggs, a contemporary 
of Napier, the inventor of logarithms. 
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From the equation 10* = N, it is evident that common logarithms 
will not in general be integral, and that they will not always be 
positive. 


For instance 3154 > 10? and < 104; 
log 3154 = 3 + a fraction. 
Again, 0.06 > 10-2 and < 107}; 


log 0.06 = — 2 + a fraction. 
209. Definition : The integral part of a logarithm is called the 
characteristic, and the decimal part is called the mantissa. 
The characteristic of the logarithm of any number to the base 
10 can be written down by inspection, as we shall now show. 


210. To determine the characteristic of the logarithm of any number greater 
than unity. 


Since 10! = 10, 
10? = 100, 
10? = 1000, 


it follows that a number with two digits in its integral part lies 
between 10! and 107; a number with three digits in its integral part 
lies between 10? and 10? ; and so on. Hence a number with 7 digits 
in its integral part lies between 10" -! and 10". 
Let N be a number whose integral part contains n digits; then 
N= 10 -1)+a fraction, 
log N = (n — 1) + a fraction. 

Hence the characteristic is n — 1; that is, the characteristic of the 
logarithm of a number greater than unity is less by one than the number of 
digits in its integral part, and is positive. 

211. To determine the characteristic of the logarithm of a decimal fraction. 

Since 10? = 1, 


10!-2—-04, 
10 

10?- E 0.01, 
100 

10? M 0.001, 
1000 


it follows that a decimal with one cipher immediately after the decimal 
point, such as 0.0324, being greater than 0.01 and less than 0.1, lies 


168 Higher Algebra 





between 10? and 107; a number with two ciphers after the decimal 
point lies between 10? and 102; and so on. Hence a decimal fraction 
with n ciphers immediately after the decimal point lies between 
10“ * 9 and 107". 

Let D be a decimal beginning with n ciphers; then 

D -» 107 (n + 1) + a fraction : 
log D = - (n + 1) + a fraction. 

Hence the characteristic is — (n + 1); that is, the characteristics of the 
logarithm of a decimal fraction is greater by unity than the number of ciphers 
immediately after the decimal point, and is negative. 


212. The logarithms to base 10 of all integers from 1 to 200000 have 
been found and tabulated; in most Tables they are given to seven 
places of decimals. This is the system in practical use, and it has two 
great advantages : 

(1) From the results already proved it is evident that the 
characteristics can be written down by inspection, so that only the 
mantissae have to be registered in the Tables. 

(2) The mantissae are the same for the logarithms of all numbers 
which have the same significant digits; so that it is sufficient to 
tabulate the mantissae of the logarithms of integers. 

This proposition we proceed to prove. 


213. Let N be any number, then since multiplying or dividing by 
a power of 10 merely alters the position of the decimal point without 
changing the sequence of figures, it follows that N x 10" and 
N +10, where p and q are any integers, are numbers whose significant 
digits are the same as those of N. 





Now log (N x 10”) =log N + p log 10 

-logN-*p aa (L) 
Again, log (N + 10) = log N- q log 10 

-lgN-q  ; — 2 . (2) 


In (1) an integer is added to log N, and in (2) an integer is subtracted 
from log N; that is, the mantissa or decimal portion of the logarithm 
remains unaltered. 

In this and the three preceding articles the mantissae have been 
supposed positive. In order to secure the advantages of Briggs' system, 
we arrange our work so as always to keep the mantissa positive, so that 
when the mantissa of any logarithm has been taken from the Tables 
the characteristic is prefixed with its appropriate sign according to 
the rules already given. 


214. In the case of a negative logarithm the minus sign is written 
over the characteristic, and not before it, to indicate that the characteristic 
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alone is negative, and not the whole expression. Thus 430103, the 
logarithm of 0.0002, is equivalent to — 4 + 0.30103, and must be 
distinguished from — 4.30103, an expression in which both the integer 
and the decimal are negative. In working with negative logarithms 
an arithmetical artifice will sometimes be necessary in order to make 
the mantissa positive. For instance, a result such as — 3.69897, in 
which the whole expression is negative, may be transformed by 
subtracting 1 from the characteristic and adding 1 to the mantissa. 
Thus 
— 3.69897 = — 4 + (1 — .69897) = 4.30103. 
Other cases will be noticed in the Examples. 

Example 1. : Required the logarithm of 0.0002432. 

In the Tables we find that 3859636 is the mantissa of log 2432 
(the decimal point as well as the characteristic being omitted); and 
by Art. 211, the characteristic of the logarithm of the given number 
is — 4; 
log 0.0002432 = 4 3859636. 
Example 2. : Find the value of 3/.00000165 , given 

log 165 = 2.2174839, log 697424 = 5.8434968. 

Let x denote the value required; then 


1 
log x = log (0.00000165)5 = P log (0.00000165) 


- i (6.2174839); 
the mantissa of log 0.00000165 being the same as that of log 165, and 


the characteristic being prefixed by the rule. 


Now z (62174839) ^i (10+4.2174839) = 2.8434968 


and 0.8434968 is the mantissa of log 697424; hence x is a number 
consisting of these same digits but with one cipher after the decimal 
point. [Art. 211.] 

Thus x = 0.0697424. 


215. The method of calculating logarithms will be explained in the 
next chapter, and it will there be seen that they are first found to 
another base, and then transformed into common logarithms to 
base 10. 

It will therefore be necessary to investigate a method for 
transforming a system of logarithms having a given base to a new 
system with a different base. 
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216. Suppose that the logarithms of all numbers to base a are known 
and tabulated, it is required to find the logarithms to base b. 


Let N be any number whose logarithm to base b is required. 


Let y = log, N, so that bY = N; 
j log, (bY) = log, N; 
that is y log, b = log, N; 
1 
- — —xlog. N, 
y log, b Ba 
log, N - TE x log, N (1) 
or Z, lg g, jos 


Now since N and b are given, log, N and log, b are known from 
the Tables, and thus log; N may be found. 
Hence it appears that to transform logarithms from base a to 


1 
base b we have only to multiply them all by log p this is a constant 


quantity and is given by the Tables; it is known as the modulus. 
217. In equation (1) of the preceding article put a for N; thus 
log, a= E 
' log, b 
log, a x log, b = 1. 
This result may be also be proved directly as follows : 
Let x = log, b, so that a* = b; 
then by taking logarithms to base b, we have 
x log, a = log, b= 1; 
E: log, b x log, a = 1. 
218. The following examples will illustrate the utility of logarithms 
in facilitating arithmetical calculation; but for information as to the 
use of Logarithmic Tables the reader is referred to works on 
Trigonometry. 
Example 1. : Given log 3 = 0.4771213, find 


log [en x (0.81) + e». 


27 4 81 5 
+ — log 
10 5 ^100 4 





The required value =3 log log 90 





=3 (log 3° ith 3* - 2) ? (o 3* 41) 
g 5 408 ere 
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= 4.6280766 — 5.85 = 2.778076. 
The student should notice that the logarithm of 5 and its powers 
can always be obtained from log 2 ; thus 


log 5- log 7. = log 10 - log 2-1- log 2. 
Example 2. : Find the number of digits in 875!5, given 
log 2 = 0.3010300, log 7 = 0.8450980. 
log (87516) = 16 log (7 x 125) 
= 16 (log 7 + 3 log 5) 
= 16 (log 7 + 3-3 log 2) 
= 16 x 2.9420080 = 47.072128; 
hence the number of digits is 48. 
Example 3. : Given log 2 and log 3, find to two places of decimals the 
value of x from the equation 
68574x. 4x *5 = g. 
Taking logarithms of both sides, we have 
(3 - 4x) log 6 + (x + 5) log 4 = log 8; 
(3 - 4x) (log 2 + log 3) + (x + 5) 2 log 2 = 3 log 2; 
x (- 4 log 2 — 4 log 3 + 2 log 2) 
=3 log 2 - 3 log 2 - 3 log 3 - 10 log 2; 
fe 10 log 2+3log3  4.4416639 
2log2+4log3  2.5105452 ` 


BENE Examples XVI.b. 


1. Find, by inspection, the characteristics of the logarithms of 21735, 
23.8, 350, 0.035, 0.2, 0.87, 0.875. 

2. The mantissa of log 7623 is 0.8821259; write down the logarithms 
of 7.623, 762.3, .007623, 762300, 0.000007623. 

3. How many digits are there in the integral part of the numbers 
whose logarithms are respectively 

4.30103, 1.4771213, 3.69897, 5.6515 ? 

4, Give the position of the first significant figure in the numbers 

whose logarithms are 


2.7781513, 0.6910815, 5.4871384. 
Given log 2 = 0.3010300, log 3 = 0.4771213, log 7 = 0.8450980 
Find the value of 








1.77. 
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5. log 64 6. log 84 7. log 0.128 8. log 0.0125 


2 35 
9. log 14.4 10. log 4 11. lop fi2 12. log |55 


27 
13. log 40.0105 


14. Find the seventh root of 0.00324, having given that 
log 44092388 = 7.6443636. 
15. Given log 194.8445 = 2.2896883, find the eleventh root of (39.2)?. 
16. Find the product of 37.203, 3.7203, 0.0037203, 372030, having 
given that 
log 37.203 = 1.5705780, and log 1915631 = 6.2823120. 





l : 3°54 
17. Given log 2 and log 3, find log 3 7 
i i : | J2 | 
1 
18. Given log 2 and log 3, find log (4/48 x 1084 + V6). 
2 


, 


. ; 4 
19. Calculate to six decimal places the value of x32 


given log 2, log 3, log 7; also log 9076.226 = 3.9579053. 
20. Calculate to six places of decimals the value of 


(330 + 49)* + 3/22 x 70 ; 
given log 2, log 3, log 7; also 
log 11 = 1.0413927, and log 17814.1516 = 4.2507651. 
21. Find the number of digits in 3! x 25. 


294 x a 


100 
22. Show that eB is greater than 100. 


23. Determine how many ciphers there are between the decimal 


1000 
1 
point and the first significant digit in u l 


Solve the following equations, having given log 2, log 3, and log 7. 


24, 3*-2=5 25. 5* = 10? 26, 59-93% = 2* +2 
27, 21% = 241. 5 28, 2% - gi-2 = Bh. 71-2 

2**9 2g! giy yY 
29. 3!23.2!)*! ‘ 30. 227-1 33y-x ‘ 


31. Given logi, 2 = 0.30103, find logy; 200. 
32. Given logy 2 = 0.30103, l0g17 = 0.84509, find logy /7 and log „7. 


Exponential and 
Logarithmic Series 





219. In Chapter 16 it was stated that the logarithms in common 
use were not found directly, but that logarithms are first found to 
another base, and then transformed to base 10. 

In the present chapter we shall prove certain formulae known 
as the Exponential and Logarithmic Series, and give a brief 
explanation of the way in which they are used in constructing a 
table of logarithms. 

220. To expand a* in ascending powers of x. 
By the Binomial Theorem, if n is greater than 1, 


E AE 1,nx(nx-1 1 ,nx(nx-D(x-2) 1 


l n 2! m 3! n? 


neh o 


2! 3! 
By putting x = 1, we obtain 


METTE 
pip aes n ia nj (2) 
n 














2! 3! 


(T 3 


hence the series (1) is the x'^ power of the series (2); that is, 


Na aa) 


14 x4 T T eescaces 
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and this is true however great n may be. If therefore n be indefinitely 
increased we have 

















2 3 4 * 
Tert” i4 ines Ded ius "— | 
2! 3! 4! 2! 3! A4! 

A 1 1 1 . 
The series 1-- 14 — * — + —^ is usually denoted by e; hence 
2! 3! 4! 
" x? x? x* 
e=14+x4+—4+—4+— Fa. 
2! 3! 4! 
Write cx for x, then 
cx? cx? 
e" =14+cx+—— + Poes 
21 3! 


Now let e° = a, so that c = log, a; by substituting for c we obtain 
2 2 3 3 
X (log,ay | x (og,ay | 
2! 3! 
This is the Exponential Theorem. 


a =1+xlog,at+ 





n 


1 
Corollary :- When 7 is infinite, the limit of E t J =e. [See Art. 266.] 


Also as in the preceding investigation, it may be shown that 
when 7 is indefinitely increased, 


n 2 3 
pue eiit qs ut iu M 
n 2! 3! 4! 


that is, when n is infinite, the limit of | 1 — | =e’. 
n 


. x 1 
By putting a me have 


egee 


Now m is infinite when n is infinite; 





thus the limit of (1-2) =e. 
n 


Hence the limit of E E =e", 
n 


221. In the preceding article no restriction is placed upon the value 


; 1. 2 ] 
of x; also since — is less than unity, the expansions we have used 


n 
give results arithmetically intelligible. [Art. 183.] 
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But there is another point in the foregoing proof which deserves 
notice. We have assumed that when n is infinite the limit of 








eee) 
x| x x sia] X 
Let us denote the value of B E " 4 byu. 








u 
Then = [ 


r LM ca u x : x 
Since n is infinite, we have -—; thatis,u, =—u 
r r 


u, =1 





r-r 


2 3 

y x 
It is clear that the limit of u, is 2r hence the limit of 13 is 3r 
4 Y 


x 
that of u, is 2 and generally that of u, is M 


222. The series 
1-14 : H : H : H 
2! 3! 4! 
which we have denoted by e, is very important as it is the base to 
which logarithms are first calculated. Logarithms to this base are 
known as the Napierian system, so named after Napier their inventor. 
They are also called natural logarithms from the fact that they are 


the first logarithms which naturally come into consideration in 
algebraical investigations. 





When logarithms are used in theoretical work it is to be 
remembered that the base e is always understood, just as in 
arithmetical work the base 10 is invariably employed. 

From the series the approximate value of e can be determined to 
any required degree of accuracy; to 10 places of decimals it is found 
to be 2.7182818284. 


Example 1. : Find the sum of the infinite series 














14 M EN as, 
2! 4! 6! 
We have e=1+1 1 L 1 F eese 3 





2! 3! 4! 
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and by putting x = — 1 in the series for e", 
E EM c 
2! 3! 4! 
esempi g + 1 + L Pua } 
2! 4! 6! 


1 E 
hence the sum of the series is z€ tel) 





1- ax - x? 
Example 2. : Find the coefficient of x” in the expansion of —————— 
F 
1-ax- x’ p 
- -(ü-ax-x)e^ 
E 





2! 3! r! 
C) ya Cy" 
r! (r-1! (r-2)! 


2 3 31V vt 
sa-a- ics EE ERAR pU E pa | 





The coefficient required = 


Cy {1+ ar-r(r-1)}. 
r! 





223. To expand log, (1 + x) in ascending powers of x. 
From Art. 220, 





a =1+ y log,a + 


2 2 S 3 
y (og,z) , y (log, , 
2! 3! 

In this series write 1 + x for a; thus 


2 
(1+ xy! 214 y log, (1+ x) + 5 flog. (1 + x)}2+ 





3 
: ; log, (14 x a... 


Also by the Binomial Theorem, when x « 1 we have 
(1e xy 212 yx OLD 2 YY 7 DG 72 s, 
2! 3! 
Now in (2) the coefficient of y is 
s4 ED, DED 5, DEVC 4 , 











"3:2 123 1284 
xo a w^ 
that is, x -2 + L9 Eus 
at is, x 33 1 
Equate this to the coefficient of y in (1); thus we have 
E 
log, (1+ x) =x -— -—- — t... 
Be (1+ x) CET 


This is known as the Logarithmic Series. 


(1) 


...(2) 
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Example : If x < 1, expand (log, (1 + x)P in ascending powers of x. 
By equating the coefficients of y? in the series (1) and (2), we see 
that the required expansion is double the coefficient of y? in 
y(y-0D 2 y(-D(-2,.,vy(v-Dty-20-9., . 
1.2 1.2.3 1-2-3-4 
that is, double the coefficient of y in 


y-1 2, 0-D0-2 3, (-DGà-2(-9 a, 











1:2 1.2.3 1-2-3-4 
Thus flog, (1 x)P -2 meee qe a hu. 
‘ 2 3 2 4 2 3 


224. Except when x is very small the sereis for log, (1 + x) is of little 
use for numerical calculations. We can, however, deduce from it 
other series by the aid of which Tables of Logarithms may be 
constructed. 


- 1 . n+1 
By writing — for x we obtain log, —, hence 


1 
log, (n - 1) - log, n2 —— —; * —3 -. (1) 
n 
xs 1 n-1 ee 
By writing E for x we obtain log, Pp hence, by changing signs 
on both sides of the equation, 


1, 1 1 
log, n - log, (n - 1)- 7 H 2s a Fanas 0000 sé (2) 
From (1) and (2) by addition, 
1, 1 1 
log, (n + 1) - log, (n »-a(i H a H n Eos (3) 
From this formula by putting n = 3 we obtain log, 4 — log, 2, that 
is log, 2; and by effecting the calculation we find that the value of 
log, 2 = 0.69314718.....; whence log, 8 is known. 
Again by putting n = 9 we obtain log,10 — log, 8; whence we find 
log, 10 = 2.30258509..... 
To convert Napierian logarithms into logarithms to base 10 we 

















multiply by which is the modulus [Art. 216] of the common 


log,10 


e 


; ; 1 
system and its value is 280258509. 9* 0.43429448......; we shall denote 


this modulus by y. 
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In the Proceedings of the Royal Society of London, Vol. XXVII. page 88, 
Professor J. C. Adams has given the values of e, u, log, 2, log, 3, log, 5 
to more than 260 places of decimals. 

225. If we multiply the above series throughout by u, we obtain 
formulae adapted to the calculation of common logarithms. 








MH HM , H . 
Thus from (1), u log, (n + 1) - u log, n= A uu s ; 
that is, 
HM OH , H 
log, (1+ 1) - log, = n d + m eei (1) 
Similarly from (2), 
uH, U , M, 








log” - log (n -1)= x wo oe (2) 


From either of the above results we see that if the logarithm of 
one of two consecutive numbers be known, the logarithm of the 
other may be found, and thus a table of logarithms can be constructed. 

It should be remarked that the above formulae are only needed 
to calculate the logarithms of prime numbers, for the logarithm of a 
composite number may be obtained by adding together the logarithms 
of its component factors. 

In order to calculate the logarithm of any one of the smaller 
prime numbers, we do not usually substitute the number in either 
of the formulae (1) or (2), but we endeavour to find some value of 
n by which division may be easily performed, and such that either 
n * 1 orn- 1 contains the given number as a factor. We then find 
log (n + 1) or log (n — 1) and deduce the logarithm of the given number. 
Example 4. : Calculate log 2 and log 3, given u = 0.43429448. 

By putting 7 = 10 in (2), we have the value of log 10 - log 9; thus 

1-2 log 3 = 0.043429448 + 0.002171472 + 0.000144765 + 0.000010857 

+ 0.000000868 + 0.000000072 + 0.000000006; 

1-2 log 3 = 0.045757488, log 3 = 0.477121256. 
Putting n = 80 in (1), we obtain log 81 — log 80; thus 
4 log 3 - 3 log 2 — 1 = 0.005428681 — 0.000033929 + 0.000000283 
— 0.000000003; 
3 log 2 = 0.908485024 — 0.005395032, 
log 2 = 0.301029997. 

In the next article we shall give another series for log, (n + 1) — log, n 
which is often useful in the construction of Logarithmic Tables. For 
further information on the subject the reader is referred to Mr. 
Glaisher's article on Logarithms in the Encyclopedia Britannica. 
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226. In Art. 223 we have proved that 


x x 
log (1+ x) 2x -— + — - sss. ; 
gU) ce me 
changing x into — x, we have 
xe xw 
l leyssi 
og, bem eren 


By subtraction, 





14x Xa. 
log, m2 St ases: 
1-x 3 5 


1-x n+1 1 . 
— ——-,sgo that x = ———; we thus obtain 
1-x n 2n 4*1 








1 4 1 4 1 4 
2n+1 3Qn«1) 5Qn«1y 7 
Note:- This series converges very rapidly, but in practice is not always 
so convenient as the series in Art. 224. 


lo re 10g, =2| 


227. The following examples illustrate the subject of the chapter. 
Example 1. : If o D are the roots of the equation ax? + bx + c = 0, show 
that 





2 2 3 a 
o + a? + 
ae Be 


log (a — bx + cx?) = log a+(a+B)x- 3 3 


; b c 
Since a +f =- -—, aß =+, we have 
a a 





a — bx + cx? =a {1 + (a + B) x + aßx?} 
=a (1 + ax) (1 + Bx). 
log (a — bx + cx?) = log a + log (1 + ax) + log (1 + fx) 




















2,42 3,3 2 2 CPC) 
= log a+ ox - Č% Q9 iiis imt LIS. TR 
3 2 3 
2 2 3 3 
= log a + (œ + B)x - Č tf 4% tf X os 


Example 2. : Prove that the coefficient of x" in the expansion of 





1 
log (1 + x + x?) is or — according as n is or is not a multiple of 3. 
n n 


NT 
log (Lex 3?) = log = * = log (1- x°) - log (1- x) 
—X 
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If n is a multiple of 3, denote it by 3r; then the coefficient of x" is 


1 1 
—- from the first series, together with 3y OM the second series; 
r r 


: - : 2 
that is, the coefficient is Sg ——, 
n n n 


If n is not a multiple of 3, x" does not occur in the first series, 
1 
therefore the required coefficient is —. 
n 
228. To prove that e is incommensurable. 
For if not, let e=—,where m and n are positive integers; 
n 


1,1 1, 1 
"eI 3j n! (n1)! 
multiply both sides by n!; 








thew eps 
n 





; 1 1 
m (n — 1)! = integer 4 H 
n+1 (n+1)(n+2) 


1 
 (n4-1(0-2)(n-«3) 





Y 1 | 1 | 
But r1 (n41(042) («Dm«2q43). 








1 
is a proper fraction, for it is greater than —— and less than the 
n+1 


geometrical progression 
1 1 1 


“oi (n +1) | (n+1)° is 





IA 


1 
that is, less than —; hence an integer is equal to an integer plus a 
n 


fraction, which is absurd; therefore e is incommensurable. 
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1. Find the value of 1 1 E exu 
2 3 
1 1 1 1 


2. Find the value of 2 2.93 I 3.3 4.5! } 5.5 





a d a 
3. Show that log, (n+a)- log, (n-a)=2| —+— 7 +=- de 
n 3m Sn 
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2 3 4 2 3 











4. If yo x- +4 a show that x=yt +24 
» y 2 ! 3 4 T ecese ;, SNOW a y 21 qp eee 
2 3 
-b -b -b 
5. Show that ^ H s | Es Fees = log, - log, b. 
a 2\ a 3\ a i 
, bcm : 1001 . 
6. Find the Napierian logarithm of ooo to sixteen places of 
decimals. 
7. Prove that eii — ) 
3! 51 7! 
2 4 6 
8. Prove that log, (1& x) "(1-x)* 22 — 4 3 H Z Hn. 
rove that log, (1- x) '(1- x) B 3.4 5-6 





1 1 
9. Find the value of x^ - y^ 4 mm (xt - y*)4 a YÉ) ss 


10. Find the numerical values of the common logarithms of 7, 11 
and 13; given u = 0.43429448, log 2 = 0.30103000. 


a 
11. Show that if ax? and — are each less than unity 
x 


1) æ Y. 4 1 a 
af | +] 5 [^ ij a G | ij mus -log, [eat ene 


12. Prove that 





5x? 9 17x* 











log. (1+ 3x + 2x7) = 3x Et P 
Z. ( ) pov. à 
and find the general term of the series. 
2 a 4 
13. Prove that log uc = 5x — ae + He oe Tue 
^1-2x 2 3 4 
and find the general term of the series. 
5x a 
14, Expand in a series of ascending powers of x. 





e? 


1 ix -iry + š 
15. Express S +e")in ascending powers of x, where i= 471. 
16. Show that 


h’ n^ 
log, (x + 2h) = 2log, (x + h) - log,x | 


(x + hy | 2(x +h)“ 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If œ and f be the roots of x? — px + q = 0, show that 





a? «p p te ual 
2 3 
If x < 1, find the sum of the series 
Lg uuu d 5 
2 3 4 5 


log, (1+ px + qx?) = (a +B) x - 











Show that 
log, | 14 1 =1 : : 7 : 3 ems 
‘ n 2(n+1) 2-3(n«1) 3-4(n+1) 
If log z be expanded in a series of ascending powers 


t 1+x+x +x 


of x, show that the coefficient of x” is aA if n be odd, or of the form 
n 


3 
4m + 2, and a if n be of the form 4m. 




















3 3 3 
Show that 1+2 x = "dns =5e. 
2! 3! 4! 
Prove that 2log n-log (n 1)- log, (n-1)= 1 1 1 , 1 i 
8. Be Be n? T on! T 3n T seseeee 
1 4 1 fi 1 L 1 1 1 
Show that ad (n+ I? 3 1j eee a of ae Hem 





24 1 
If log, Z - - a,log, "T b,log, a =c, show that 


log, 2 = 7a — 2b + 3c, log, 3 = 11a — 3b + 5c, log, 5 = 16a — 4b + 7c; 
and calculate log, 2, log, 3, log, 5 to 8 places of decimals. 
LE | 
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Interest and Annuities 





229. In this chapter we shall explain how the solution of questions 
connected with Interest and Discount may be simplified by the use 
of algebraical formulae. 

We shall use the terms Interest, Discount, Present Value in their 
ordinary arithmetical sense; but instead of taking as the rate of interest 
the interest on £100 for one year, we shall find it more convenient 
to take the interest on £1 for one year. 

230. To find the interest and amount of a given sum ina given time at simple 
interest. 

Let P be the principal in pounds, r the interest of £1 for one year, 
n the number of years, I the interest, and M the amount. 

The interest of P for one year is Pr, and therefore for n years is 
Pnr; that is, 


T= Poe  . »  »  ) 2 p Q  / n (1) 
Also M=P+H+I; 
that is, M=P(1t+nry ee (2) 


From (1) and (2) we see that if of the quantities P, n, r, I or P, n, 
r, M any three be given the fourth may be found. 
231. To find the present value and discount of a given sum due in a given 
time, allowing simple interest. 

Let P be the given sum, V the present value, D the discount, r the 
interest of £1 for one year, n the number of years. 

Since V is the sum which put out to interest at the present time 
will in n years amount to P, we have 











P=V(1+nr) 
o P 
1+nr` 
P 
And D=P-V=P- ; 
1-4nr 
_ Pnr 
l+nr` 


Note :- The value of D given by this equation is called the true 
discount. But in practice when a sum of money is paid before it is due, 
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it is customary to deduct the interest on the debt instead of the true 
discount, and the money so deducted is called the banker's discount; 
so that 

Banker's Discount = Pnr. 


True Discount - id 





1+nr 
Example 1. : The difference between the true discount and the banker's 
discount on Rs.1425 paid 3 months before it is due is 25np.; find the 
rate per cent, simple interest being allowed. 
Let r denote the interest on Re.1 for one year; then the banker's 











1425r 
. . 1425r f , : 
discount is ~z 'and the true discount is 
Pu 
1425r 4 
1425r 4 1. 
i ja E 
4 
whence 142572 = 4 + r; 
2850 ` 
Rejecting the negative value, we have r= Be as 
2850 75° 


1 
rate percent = 100r = Be: 


232. To find the interest and amount of a given sum in a given time at compound 
interest. 

Let P denote the principal, R the amount of £1 in one year, n the 
number of years, I the interest and M the amount. 

The amount of P at the end of the first year is PR; and since this 
is the principal for the second year, the amount at the end of the 
second year is PR x R or PR?. Similarly the amount at the end of the 
third year is PR?, and so on; hence the amount in n years is PR"; 
that is, 


ids = PR"; 
= P(R"- 1). 
Notes - If r denote the interest on £1 for one year, we have 
R=1+r. 


233. In business transactions when the time contains a fraction of 
a year it is usual to allow simple interest for the fraction of the year. 
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Thus the amount of £1 in year is reckoned 1+ ;and the amount 
of P in 4 years at compound interest is PR* t + z) Similarly the 


amount of P in n + years is pre(as -) 
m m 


If the interest is payable more than once a year there is a distinction 
between the nominal annual rate of interest and that actually received, 
which may be called the true annual rate; thus if the interest is payable 
twice a year, and if r is the nominal annual rate of interest, the amount 


of £1 in half a year is 10 and therefore in the whole year the 


2 2 
; T 
amount of £1 is f + z) por lt+rt+ a so that the true annual rate of 


2 


: : r 
interest 1s r+ d 


234. If the interest is payable q times a year, and if r is the nominal 


r 
annual rate, the interest on £1 for each interval, is QUUM therefore 


gn 
the amount of P in n years, or qn intervals, is oft + z) ; 
q 


In this case the interest is said to be “converted into principal” 
q times a year. 


If the interest is convertible into principal every moment, then 
r 
q becomes infinitely great. To find the value of the amount, put -= —, 
x 
so that q = rx; thus 


gn xnr x)" 
the amount=P(1 } z) a 1) = JE | 
q x x 


= Pe", [Art. 220. Corollary] 


since x is infinite when q is infinite. 








235. To find the present value and discount of a given sum due in a given 
time, allowing compound interest. 

Let P be the given sum, V the present value, D the discount, R 
the amount of £1 for one year, n the number of years. 
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Let V is the sum which, put out to interest at the present time, 
will in n years amount to P, we have 


P = VR"; 
pat apu 
R” 
and D=P(1-R-"). 


Example : The present value of £672 due in a certain time is £126; 


if compound interest at 4 s percent, be allowed, find the time, having 


given 
log 2 = 0.30103; log 3 = 0.47712. 
1 
4— 
Herer= uu and E. 
100 24 24 


Let n be the number of years; then 


672 = 126 El ; 








24 
nlog e log E 
24 126 
or ieee) S166 a 
96 3 
n (log 100 - log 96) = log 16 - log 3, 
uc 41og 2 - log 3 
2- 5log 2 -log 3 
n= eee 41, very nearly; 
0.01773 


thus the time is very nearly 41 years. 


BN Examples XVIII.a. 
When required the following logarithms may be used. 
log 2 = 0.3010300, log 3 = 0.4771213, 
log 7 = 0.8450980, log 11 = 1.0413927. 





1. Find the amount of £100 in 50 years, at 5 percent compound 
interest; given log 114.674 = 2.0594650. 

2. At simple interest the interest on a certain sum of money is £90, 
and the discount on the same sum for the same time and at the 
same rate is £80; find the sum. 

3. In how many years will a sum of money double itself at 
5 percent compound interest? 
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4. Find, correct to a farthing, the present value of £10000 due 

8 years hence at 5 percent compound interest; given 
log 67683.94 = 4.8304856. 

5. In how many years will £1000 become £2500 at 10 percent 
compound interest? 

6. Show that at simple interest the discount is half the harmonic 
mean between the sum due and the interest on it. 

7. Show that money will increase more than a hundredfold in a 
century at 5 percent compound interest. 

8. What sum of money at 6 percent compound interest will amount 
to £1000 in 12 years? Given 

log 106 = 2.0253059, log 49697 = 4.6963292. 

9. A man borrows £600 from a money-lender, and the bill is renewed 
every half-year at an increase of 18 percent : what time will 
elapse before it reaches £6000 ? Given log 118 - 2.071882. 

10. What is the amount of a farthing in 200 years at 6 percent 
compound interest ? 

Given log 106 - 2.0253059, log 115.1270 - 2.0611800. 

ANNUITIES 

236. Anannuity is a fixed sum paid periodically under certain stated 

conditions; the payment may be made either once a year or at more 

frequent intervals. Unless it is otherwise stated we shall suppose 
the payments annual. 

An annuity certain is an annuity payable for a fixed term of 
years independent of any contingency; a life annuity is an annuity 
which is payable during the lifetime of a person, or of the survivor 
of a number of persons. 

A deferred annuity, or reversion, is an annuity which does not 
begin until after the lapse of a certain number of years; and when 
the annuity is deferred for n years, it is said to commence after 
n years, and the first payment is made at the end of n + 1 years. 

If the annuity is to continue for ever it is called a perpetuity; if 
it does not commence at once it is called a deferred perpetuity. 

An annuity left unpaid for a certain number of years is said to 
be forborne for that number of years. 

237. To find the amount of an annuity left unpaid for a given number of years, 

allowing simple interest. 

Let A be the annuity, r the interest of £1 for one year, n the number 
of years, M the amount. 
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At the end of the first year A is due, and the amount of this sum 
in the remaining n — 1 years is A + (1 — 1) rA; at the end of the second 
year another A is due, and the amount of this sum in the remaining 
(n — 2) years is A + (n — 2) rA; and so on. Now M is the sum of all these 
amounts; 

M={A+(n—-1)rA} * (A* (n-2) rA] +... -(A* rA) +A, 
the series consisting of n terms; 








E -1 
M -nA + (142 3-........ En Dra =nA+ 7 La. 


238. To find the amount of an annuity left unpaid for a given number of years, 
allowing compound interest. 

Let A be the annuity, R the amount of £1 for one year, n the 
number of years, M the amount. 

At the end of the first year A is due, and the amount of this sum 
in the remaining n — 1 years is AR" - !; at the end of the second year 
another A is due, and the amount of this sum in the remaining 


n — 2 years is AR" -?; and so on. 











M = AR"! + AR" ? 4 ........ + AR?+AR+A 
=A(1+R+R 4+... to n terms) 
R'- 
=A E 
R-1 


239. In finding the present value of annuities it is always customary 
to reckon compound interest; the results obtained when simple 
interest is reckoned being contradictory and untrustworthy. On 
this point and for further information on the subject of annuities 
the reader may consult the Text-books of the Institute of Actuaries, 
Parts I. and IL, and the article Annuities in the Encyclopedia Britannica. 
240. To find the present value of an annuity to continue for a given number 
of years, allowing compound interest. 

Let A be the annuity, R the amount of £1 in one year, n the number 
of years, V the required present value. 

The present value of A due in 1 year is AR; 

the present value of A due in 2 years is AR?; 

the present value of A due in 3 years is AR”; and so on. [Art. 235] 

Now V is the sum of the present values of the different payments; 

V = AR" + AR? + AR? + o.an to n terms 
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Note :- This result may also be obtained by dividing the value of M, 
given in Art. 238, by R”. [Art. 232] 
Corollary :- If we make n infinite we obtain for the present value of 
a perpetuity. 
"— —— 

R-1 r` 
241. If mA is the present value of an annuity A, the annuity is said 
to be worth m years purchase. 


V 


. A 
In the case of a perpetual annuity mA = —; hence 
T 


1 100 
ne = 
r rate percent 
that is, the number of years purchase of a perpetual annuity is 
obtained by dividing 100 by the rate percent. 

As instances of perpetual annuities we may mention the income 
arising from investments in irredeemable Stocks such as many 
Government Securities, Corporation Stocks, and Railway Debentures. 
A good test of the credit of a Government is furnished by the number 


of years purchase of its Stocks; thus the 22 percent . Consols at 90 


are worth 36 years purchase; Egyptian 4 percent Stocks at 96 is 
worth 24 years purchase; while Austrian 5 percent Stock at 80 is 
only worth 16 years purchase. 
242. To find the present value of a deferred annuity to commence at the end 
of p years and to continue for n years, allowing compound interest. 
Let A be the annuity, R the amount of £1 in one year, V the present 
value. 
The first payment is made at the end of (p * 1) years. [Art. 236.] 
Hence the present values of the first, second, third, ...... payments 
are respectively. 
ARCYOS ARTO, ARCAM season 
V= ARO? + ARP? ARV ECL. to n terms 
= ARCHD 1- R” AR ART 
1-R! R-1 R-1 
Corollary :- The present value of a deferred perpetuity to commence 
after p years is given by the formula 
AR? 
R-1 





V = 
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243. A freehold estate is an estate which yields a perpetual annuity 
called the rent; and thus the value of the estate is equal to the present 
value of a perpetuity equal to the rent. 

It follows from Art. 241 that if we know the number of years 
purchase that a tenant pays in order to buy his farm, we obtain the 
rate percent at which interest is reckoned by dividing 100 by the 
number of years purchase. 

Example : The reversion after 6 years of a freehold estate is bought 
for £20000; what rent ought the purchaser to receive, reckoning 
compound interest at 5 percent? Given log 1.05 = 0.0211893, 
log 1.340096 = 0.1271358. 

The rent is equal to the annual value of the perpetuity, deferred 
for 6 years which may be purchased for £20000. 

Let £A be the value of the annuity; then since R = 1.05, we have 
A x (1.05) * 

0.05 

A x (1.05)® = 1000 
log A- 6 log 1.05 = 3 
log A = 3.1271358 
= log 1340.096 

z A = 1340.096, and the rent is £1340. 1s. 11d. 

244. Suppose that a tenant by paying down a certain sum has obtained 
a lease of an estate for p + q years, and that when q years have elapsed 
the wishes to renew the lease for a term p + n years; the sum that 
he must pay is called the fine for renewing n years of the lease. 

Let A be the annual value of the estate; then since the tenant has 
paid for p of the p + n years, the fine must be equal to the present 
value of a deferred annuity A, to commence after p years and to 
continue for n years; that is, 
AR?” ARP" 
R-1 R-1' 


BENE Examples XVIII.b. 


The interest is supposed compound unless the contrary is stated. 


20000 = 


the fine = [Art. 242.] 











1. The amount of an annuity of £120 which is left unpaid for 5 
years is £672; find the rate percent allowing simple interest. 

2. Find the amount of an annuity of £100 in 20 years, allowing 
compound interest at 47 percent. 


Given 
log 1.045 = 0.0191163, log 24.117 = 1.3823260. 
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3. 


10. 


11. 


12. 


13. 


14. 


15. 


A freehold estate is bought for £2750; at what rent should it be 
let so that the owner may receive 4 percent on the purchase 
money? 

A freehold estate worth £120 a year is sold for £4000; find the 
rate of interest. 

How many years purchase should be given for a freehold estate, 


interest being calculated at 3 percent? 


If a perpetual annuity is worth 25 years purchase, find the amount 
of an annuity of Rs. 625 to continue for 2 years. 
If a perpetual annuity is worth 20 years purchase, find the annuity 
to continue for 3 years which can be purchased for Rs. 2522. 
When the rate of interest is 4 percent, find what sum must be 
paid now to receive a freehold estate of Rs. 400 a year 10 years 
hence; having given log 104 = 2.0170333, log 6.75565 = 0.8296670. 
Find what sum will amount to Rs. 500 in 50 years at 2 percent 
interest being payable every moment; given e = 0.3678. 
If 25 years purchase must be paid for an annuity to continue 
n years, and 30 years purchase for an annuity to continue 
2n years, find the rate percent. 
A man borrows Rs. 5000 at 4 percent compound interest; if the 
principal and interest are to be repaid by 10 equal annual 
instalments, find the amount of each instalment; having given 
log 1.04 = 0.0170333 and log 675565 = 5.829667. 
A man has a capital of Rs. 20000 for which he receives interest 
at 5 percent; if he spends Rs. 1800 every year, show that he will 
be ruined before the end of the 17 year; having given 
log 2 = 0.3010300, log 3 = 0.4771213, log 7 = 0.8450980. 
The annual rent of an estate is Rs. 500; if it is let on a lease of 
20 years, calculate the fine to be paid to renew the lease when 
7 years have elapsed allowing interest at 6 percent; having given 
log 106 = 2.0253059, log 4.688385 = 0.6710233, 
log 3.118042 = 0.4938820. 
If a, b, c years purchase must be paid for an annuity to continue 
n, 2n, 3n years respectively; show that 
a — ab +b? = ac. 
What is the present worth of a perpetual annuity of Rs. 100 
payable at the end of the first year, Rs. 200 at the end of the 
second, Rs. 300 at the end of the third, and so on, increasing 
Rs. 100 each year; interest being taken at 5 percent per annum? 
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245. Any quantity a is said to be greater than another quantity b 
when a - b is positive; thus 2 is greater than — 3, because 2 - (- 3), 
or 5 is positive. Also b is said to be less than a when b — a is negative; 
thus — 5 is less than - 2, because - 5 - (- 2), or - 3 is negative. 

In accordance with this definition, zero must be regarded as 
greater than any negative quantity. 

In the present chapter we shall suppose (unless the contrary is 
directly stated) that the letters always denote real and positive 
quantities. 


246. If a » b, then it is evident that 
atc»bec 
a-c»b-cG 
ac » bc; 

ü b 


that is, an inequality will still hold after each side has been increased, diminished, 
multiplied, or divided by the same positive quantity. 


247. If a- c» b, 
by adding c to each side, 
a> bti; 
which shows that in an inequality any term may be transposed from one side 
to the other if its sign be changed. 
If a > b, then evidently b < a; 
that is, if the sides of an inequality be transposed, the sign inequality must 
be reversed. 
If a > b, then a - b is positive, and b — a is negative that is, 
— 4 — (- b) is negative, and therefore 
-a <- b; 
hence, if the signs of all the terms of an inequality be changed, the sign of 
inequality must be reversed. 
Again, if a > b, then — a < - b, and therefore 
- qc < - bc; 
that is, if the sides of an inequality be multiplied by the same negative quantity, 
the sign of inequality must be reversed. 
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248. If a, > by, ay > by, a3 > by, ....... , Am > bw it is clear that 
Ay + ayt Az ti. + Ay > Dy + b + b Passi E by; 
and jpg... Ay, > bibobs ...... by; 


E 
249. If a » b, and if p, q are positive integers, then 4a >4/b or a’ » b" 


P P 
and therefore a’ > b’; that is, a" > b", where n is any positive quantity. 


1 1 à 
Further, gU that is a" «pb 
a 


250. The square of every real quantity is positive, and therefore 
greater than zero. Thus (a — b)? is positive; 
a? — 2ab + b? > 0; 
a? + b*> 2ab. 

ty : 

p ww 
that is, the arithmetic mean of two positive quantities is greater than their 
geometric mean. 

The inequality becomes an equality when the quantities are equal. 





Similarly 


251. The results of the preceding article will be found very useful, 
especially in the case of inequalities in which the letters are involved 
symmetrically. 
Example 1. : Ifa, b, c denote positive quantities, prove that 

a + b + e> bc + ca ab; 
and 2 (a8 +b? + c)» bc (b + c) + ca (c * a) + ab (a+b). 





For b? + c? > 2be (1) 
c2 + a> 2ca; 
a? + D? > 2ab; 





whence by addition a?+ D? *  » bc + ca + ab. 

It may be noticed that this result is true for any real values of 
a, b, c. 

Again, from (1) b? - be * c?» bc (2) 

D? +c > bc (b * c) (3) 

By writing down the two similar inequalities and adding, we 

obtain 
2(a3 + D? + c?) > bc (b + c) + ca (c + a) + ab (a + b). 

It should be observed that (3) is obtained from (2) by introducing 
the factor b + c, and that if this factor be negative the inequality (3) 
will no longer hold. 





Example 2. : If x may have any real value find which is the greater, 
x?* 1 or x? * x. 


194 Higher Algebra 





x -1-(Q2-x) --i-(x-1) 
= (32-1) (x - 1) = (x - 1? (x + 1). 
Now (x — 1)? is positive, hence x? + 1 > or < x? + x 
according as x * 1 is positive or negative; that is, according as 
x>or<-l. 
If x = — 1, the inequality becomes an equality. 


252. Let a and b be two positive quantities, S their sum and P their 
product; then from the identity 
4ab = (a + by? — (a — by’, 
we have 
4P = S? - (a - b , and S? = 4P + (a — b}. 

Hence, if S is given, P is greatest when a = b; and if P is given, 

S is least when 
a=b; 

that is, if the sum of two positive quantities is given, their product is greatest 
when they are equal; and if the product of two positive quantities is given, their 
sum is least when they are equal. 


253. To find the greatest value of a product the sum of whose factors is constant. 
Let there be n factors a, b, c, ....k, and suppose that their sum is 
constant and equal to s. 
Consider the product abc..... k, and suppose that a and b are any 
two unequal factors. If we replace the two unequal factors a, b by the 


a+b 


a 
two equal factors 23 the product is increased while the sum 


remains unaltered; hence so long as the product contains two unequal 
factors it can be increased without altering the sum of the factors; therefore 
the product is greatest when all the factors are equal. In this case 








s 
the value of each of the n factors is —, and the greatest value of the 
n 


sy a*tbtct...-kYy 
product is pe ae Tu 


n 
Corollary :- If a, b, c, ..... k are unequal, 
atb*tct...*kY 
> abc ...... k; 
n 
+b+c+......+k 1 
hatig CO e iabea k. 
n 


By an extension of the meaning of the terms arithmetic mean and 
geometric mean this result is usually quoted as follows : 

The arithmetic mean of any number of positive quantities is greater than 
the geometric mean. 
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Example : Show that (1' + 2" + 3" 4...... * n» n" (nl; 
where r is any real quantity. 


1 





l'-2'-3 +... n ee wee e 
Since ———— — — — > (1 - 2’ - 3 .....n')*; 
n 
jy as +n y ERA ux t : E 
| Jerr. m n , that is, > (n!) ; 
n 
whence we obtain the result required. 
254. To find the greatest value of a"b"c".... when a+ b * c * suu is 
constant; m, n, p, ....... being positive integers. 
Since m, n, p, ..... are constants, the expression a"D"cP..... will be 


"(bY a ‘ i 
greatest when (2) (s) (5) es is greatest. But this last expression 
m 





a b c 
m Jen | $ of | t. ora tbc ...., and therefore constant. 
m n p 


Hence a”b”"c.... will be greatest when the factors 


a b c 
a p p "€ 
are all equal, that is, when 
a b c _ |o atbt+ct... 
mA (p neces = mtnt pten 


Thus the greatest value is 
MANt p+... 
LAGE a+b+c+.... 
mnp a a 
m+n+p+.... 


Example : Find the greatest value of (a + x)? (a — x)* for any real value 
of x numerically less than a. 








. js atx) (a-x) : 
The given expression is greatest when 3 is greatest; 


4 
+ um 
atx NT a-x 
3 4 
atx a-x 
- , Or x=-—. 


4 7 








but the sum of the factors of this expression is af 








or 2a; hence (a + x)? (a — x)* is greatest when 


3 Q4 





Thus the greatest value is - 
7 
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255. The determination of maximum and minimum values may often 
be more simply effected by the solution of a quadratic equation than 
by the foregoing methods. Instances of this have already occurred 
in Chapter 9 ; we add a further. 
Example : Divide an odd integer into two integral parts whose 
product is a maximum. 

Denote the integer by 2n + 1; the two parts by x and 2n + 1 — x; 
and the product by y; then (2n + 1) x - x? = y; whence 


2x = Qn4&1) € J(2n* ly -4y; 


but the quantity under the radical must be positive, and therefore 


y cannot be greater than = One, ormzcn-4 D and since y is 
integral its greatest value must be n* + n; in which case x = n + 1, or 
1; thus the two parts are n and n + 1. 

256. Sometimes we may use the following method. 

(a+x)(b+ x) 


Example : Find the minimum value of m 
ctx 


Put c + x = y; then 


; (a-c* yXb-c + y) 
the expression = —— ——— — —— 


_ (a- cyb-c) | 





yta-cctb-c 








y 
2 
-( E & Fa-ctb-c«t2AK(a-cyb-oc). 
y 
Hence the expression is a minimum when the square term is 


zero; that is when y - J(a - c)(b —c). 
Thus the minimum value is 
aüa—-cctb-ct24(a-c)(b-c); 
and the corresponding value of x is J(a — cy(b —c) - c. 


BN Examples XIX.a. 


1. Prove that (ab * xy) (ax * by) » 4abxy. 

2. Prove that (b + c) (c + a) (a + b) > 8abc. 

3. Show that the sum of any real positive quantity and its reciprocal 
is never less than 2. 

4. If à * b= 1, and x? + y? = 1, show that ax + by < 1. 
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5. Ifa+b?+c=1,and x? * y? * z= 1, show that ax + by + cz « 1. 
apb bya b 1+b 
6. If a » b, show that a'b’ > at^, and log — < log aa 

a +a 
7. Show that (x2y + y?z + z?x) (xy? + yz? + zx?) > 9x?y?z?. 
8 
9 





Find which is the greater 3ab? or a? + 2b°. 
. Prove that a%b + ab? < a^ + bt. 

10. Prove that 6abc < bc (b + c) + ca (c + a) + ab (a + b). 

11. Show that b?c? + c?a? + ab? > abc (a+b + c). 

12. Which is the greater x? or x? + x + 2 for positive values of x ? 

13. Show that x? + 13a2x > 5ax? + 9a3, if x > a. 

14. Find the greatest value of x in order that 7x? + 11 may be greater 
than x? + 17x. 

15. Find the minimum value of x? — 12x + 40, and the maximum 
value of 24x — 8 - 9x? 

16. Show that (n!)? > n", and 2-4-6... 2n < (n + 1)". 

17. Show that (x + y + z)? > 27 xyz. 

18. Show that 1" » 1-3. 5 .... (2n - 1). 











19. If n be a positive integer greater than 2, show that 2" » 14 n V2", 


2n 
20. Show that (nl) <n" (==) : 


21. Show that 
(1) (Œ +y +2)? > 27 (y +z- x) (z + x -= y) (x + y -= 2). 
(2) xyz > (y + z- x) (z + x - y) (x + y - 2). 

22. Find the maximum value of (7 — x)^ (2 + x)? when x lies between 
7 and - 2. 





(57 x)(27 x) 


23. Find the minimum value of 
l+x 





*257.To prove that if a and b are positive and unequal, a : > eu ! 


except when m is a positive proper fraction. 


We have a" 4 "(22 | 24 (2 a 








;and since 
2 2 





a+b 
is less than 03 : we may expand each of these expressions in 


-b 
ascending powers of lx [Art. 184.] 
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a"+b" (acb| | m(m-1l)(a+b uiid 
2 a. °° ae 2 2 
| m(m-D)(m-2)m-3) {a+b ""(a—b 
| 1-2-3-4 2 2 


(1) If m is a positive integer, or any negative quantity, all the 
terms on the right are positive, and therefore 


a" +b" (a+b) 
-a [i 
2 2 


(2) If m is positive and less than 1, all the terms on the right after 
the first are negative, and therefore 


a" *b" (a+b) 
SR as 
2 2 


1 
(3) If m > 1 and positive, put m=- where n«1; then 











4 
4 











1 1 p 


a"xb"" jatxbt| 
2 2 7 


l (a) al 
m ym ym x] ly 
[E sa by Qy 


2 


1 
a” +b” \" a+b 
> à 
2 2 


a"+b" _ (a+b \" 
> 
2 2 


Hence the proposition is established. If m = 0, or 1, the inequality 
becomes an equality. 

















*258. If there are n positive quantities a, b, c, ....... k, then 


a" +b" x c" + Lu vr [abet " 23] 
n 





n 
unless m is a positive proper fraction. 
Suppose m to have any value not lying between 0 and 1. 
Consider the expression a" + b" + c" + ........ + k", and suppose that 
a and b are unequal; if we replace a and b by the two equal quantities 
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a+b a+b : 
DIE the value of a + b + c + ....... * k remains unaltered, but 
the value of a” + b" + c" + ...... + k” is diminished, since 
n 
a” +b" >2 ur 
2 

Hence so long as any two of the quantities a, b, c, ........ k are 
unequal the expression a" + b" + c" + ..... + k” can be diminished without 
altering the value of a + b + c *...... * k; and therefore the value of 
a c ay OA a gt sur + k” will be least when all the quantities a, b, c,....k 


are equal. In this case each of the quantities is equal to 
tbc. +k 














and the value of a" + b" + c" +... + k" then becomes 
a3 b cesse. +ky 
n 
n 
Hence when a, b, c, ......... k are unequal, 
a" +b” xc". tk" (acbtct.kY 
> 
n n 


If m lies between 0 and 1 we may in a similar manner prove that 
the sign of inequality in the above result must be reversed. 

The proposition may be stated verbally as follows : 

The arithmetic mean of the m'^ powers of n positive quantities is greater 
than the m' power of their arithmetic mean in all cases except when m lies 
between 0 and 1. 


*259.Ifaand b are positive integers, and a> b, and if x be a positive quantity, 
P 8 P q 


a b 
(12) > [+2] 
a 
xY 1x 1 2\x3 
For [n =) =l+x4 í Jo H ( +) í 2) 3 P ons (1) 


the series consisting of a * 1 terms; and 


zl BP 1 2| 
CE (eo e 0 


the series consisting of b + 1 terms. 

After the second term, each term of (1) is greater than the 
corresponding term of (2); moreover the number of terms in (1) is 
greater than the number of terms in (2); hence the proposition is 
established. 
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*260. To prove that (= > [= " if x and y are proper fractions and positive, 

















and x > y. 
l+x xy 
For N sone U, 
Vi-x Yl-y 
1 1+ 1 1+ 
according as log t» or< log Y, 
x 1- y 1-y 
1 1 2 4 
But jog = 2 ie eae, [Art. 226]; 
x 1-x 3 5 
2 4 
and | hog Dus E Ea... 
y l-y 3 5 
llo 





8 g ; 
x l-x y l-y 
and thus the proposition is proved. 
*261.To prove that (1 + x)™ (1 — x) > 1, if x< 1, and to deduce that 


a+b 
ab’ > ed 
2 


Denote (1 + x)!** (1 - x)!* by P; then 
log P = (1 + x) log (1 + x) + (1 — x) log (1 - x) 
= x {log (1 + x) - log (1 — x)} + log (1 + x) + log (1 - x) 


3 5 2 4 6 
[e mem -— j, T | 





Hence log P is positive, and therefore P » 1; 
that is (1 + x)'* (1 2 x)= * > 1. 


; Zz 
In this result put x= —,where u > z; then 
u 








u+z\ (u-z|- 
>I", or 1; 
u u 


(u +z)? (u — z)? > u?", 


a+b 
Now put u + z =a, u - z = b, so that u = ——; 


a+b 
ah’ > (ez) 
2 
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BN Examples XIX.b. 


1. 
2. 
3. 


10. 


11. 


12. 


13. 
14. 








Show that 27(a^ + bt + c^) > (a + b + o)*. 

Show that n (n + 1? < 8 (1? + 22 + 33 +... + n’). 

Show that the sum of the m'" powers of the first n even numbers 
is greater than n (n + 1)", if m > 1. 

If œ and p are positive quantities, and a > p, show that 


a B 
(ec x) . 
a p 
Hence show that if n > 1 the value of (ei) lies between 2 and 
n 


atbtctstk 
Show that DM « alc. k. 
n 


1 1 : 
Prove that — log (1-47) « : log (l+a"), if mn. 
n 


If n is a positive integer and x « 1, show that 





n+l n 


l-x 1-x 
< 

n+l n 

If a, b, c are in H.P. and n > 1, show that a" + c" > 2b". 


Find the maximum value of x? (4a — x)? if x is positive and less 
1 1 








than 4a; and the maximum value of x? (I- x)? when x is a proper 


fraction. 


x 
If x is positive, show that log (1 + x) < x and Tons! 


1 1l 1 
If x + y + z = 1, show that the least value of —* —-* — is 9; and 
x y Z 


that (1 — x) (1 - y) (1 - z) > 8xyz. 
Show that (a +b + c + d) (P + b’ + P + d?) > (db cq. 
Show that the expressions 

a (a - b) (a- c) + b (b — c) (b-a) + c (c— a) (c — b) 
and a” (a-b) (a—c) + b? (b — c) (b - a) + è (c - a) (c - b) 
are both positive. 
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15. 


16. 


17. 


18. 
19. 


Show that (x" + y")" < (x" + y")", if m > n. 


a+b 
+b 
Show that a'b (8? . 


If a, b, c denote the sides of a triangle, show that 
(1) à (p - q) (p - r) + b? (q - r) (q- p) + @ (r - p) (r - q) cannot be 
negative; p, q, r being any real quantities; 
(2) ayz + U?zx + c?xy cannot be positive, if x + y +z - 0. 
Show that 1! 3! 5! .... (2n — 1) ! > (n!)" 
If a, b, c, d, ..... are p positive integers, whose sums is equal to n, 
show that the least value of 

a! b! c! d! ..... is (q 7 [(q + DY, 
where q is the quotient and r the remainder when n is divided 
by p. 


CHAPTER 


Limiting Values and 
20 Vanishing Fractions 





a 

262. If a be a constant finite quantity, the fraction — can be made 
x 

as small as we please by sufficiently increasing x; that is, we can 


a 
make — approximate to zero as nearly as we please by taking x 
x 


large enough; this is usually abbreviated by saying, “when x is infinite 
the limit of - is zero”. 

Again, the fraction 7 increases as x decreases, and by making 
x as small as we please we can make 7 as large as we please; thus 
when x is zero - has no finite limit; this is usually expressed by 
saying, “when x is zero the limit of 7 is infinite”. 


263. When we say that a quantity increases without limit or is infinite, 
we mean that we can suppose the quantity to become greater than 
any quantity we can name. 

Similarly when we say that a quantity decreases without limit, we 
mean that we can suppose the quantity to become smaller than any 
quantity we can name. 

The symbol © is used to denote the value of any quantity which 
is indefinitely increased, and the symbol 0 is used to denote the 
value of any quantity which is indefinitely diminished. 

264. The two statements of Art. 262 may now be written symbolically 
as follows: 


—-— a. 
if x is œ, then — is 0; 
x 


"m a. 
if x is 0, then — is ee. 
x 


But in making use of such concise modes of expression, it must 
be remembered that they are only convenient abbreviations of fuller 
verbal statements. 
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265. The student will have had no difficulty in understanding the 
use of the word limit, wherever we have already employed it; but as 
a clear conception of the ideas conveyed by the words limit and limiting 
value is necessary in the higher branches of Mathematics we proceed 
to explain more precisely their use and meaning. 


266. Definition. If y =f (x), and if when x approaches a value a, the 
function f (x) can be made to differ by as little as we please from a 
fixed quantity b, then b is called the limit of y when x - a. 

For instance, if S denote the sum of n terms of the series 


1 
Here S is a function of n, and ji can be made as small as we 


please by increasing n; that is, the limit of S is 2 when n is infinite. 


267. We shall often have occasion to deal with expressions consisting 
of a series of terms arranged according to powers of some common 


letter, such as 
2 





Ay + ü4X + AX + AX? + uuu 
where the coefficients dg, t, Az, M3, ...... are finite quantities independent 
of x, and the number of terms may be limited or unlimited. 
It will therefore be convenient to discuss some propositions 
connected with the limiting values of such expressions under certain 
conditions. 


268. The limit of the series 
Ag + QX + gx? + 53 iue. 
when x is indefinitely diminished is ag. 
Suppose that the series consists of an infinite number of terms. 
Let b be the greatest of the coefficients a4, dz, a3, .... ; and let us 
denote the given series by a) + S; then 
S < bx + bx? + bx? +... ; 


; bx 
and if x « 1, we have Ss 
=X 
Thus when x is indefinitely diminished, S can be made as small 
as we please; hence the limit of the given series is dy. 
If the series consists of a finite number of terms, S is less than in 


the case we have considered, hence a fortiori the proposition is true. 
269. In the series 





Ag + a,x + Mx? t ax? E segs , 
by taking x small enough we may make any term as large as we please compared 
with the sum of all that follow it; and by taking x large enough we may make 


any term as large as we please compared with the sum of all that preceed it. 
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The ratio of the term a,x" to the sum of all that follow it is 


a x" ü 
, Or 


um 8, X+On,> 


n 





n+2 


n+1 p] ; 
A1 X t, X e SP ess 


n+1 
When x is indefinitely small the denominator can be made as 
small as we please; that is, the fraction can be made as large as we 
please. 
Again, the ratio of the term a,x" to the sum of all that precede it 
is 
n 


5 ; 
Aa y + LP y Tes 





, or 


1 
where y= " 


When x is indefinitely large, y is indefinitely small; hence, as in 
the previous case, the fraction can be made as large as we please. 


270. The following particular form of the foregoing proposition is 
very useful. 
In the expression 
A,X" gd, XM Fa qx + d, 

consisting of a finite number of terms in descending powers of x, by 
taking x small enough the last term a, can be made as large as we 
please compared with the sum of all the terms that precede it, and 
by taking x large enough the first term a,x" can be made as large as 
we please compared with the sum of all that follow it. 


Example 1. : By taking n large enough we can make the first term 
of n* — 5n? — 7n + 9 as large as we please compared with the sum of 
all the other terms; that is, we may take the first term nt as the 
equivalent of the whole expression, with an error as small as we 
please provided n be taken large enough. 


3x?!-2x?-4 


Example 2. : Find the limit of z 
5x'-4x*8 


when (1) x is infinite; 


(2) x is zero. 
(1) In the numerator and denominator we may disregard all 
WE 3 
terms but the first; hence the limit is p B5 
x 
1 


4 
(2) When x is indefinitely small the limit is E T7 
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14x 
Example 3. : Find the limit of "m m when x is zero. 


Let P denote the value of the given expression; by taking logarithms 
we have 


log P-. (log (1+ x) - log (1 - x) 
x 
x! x 
amm M } [Art. 226.] 


Hence the limit of log P is 2, and therefore the value of the limit 
required is e?. 
VANISHING FRACTIONS 
271. Suppose it is required to find the limit of 
x? +ax — 2a? 
Pr 
when x = a. 
If we put x =a +h, then h will approach the value zero as x 
approaches the value a. 
Substituting a + h for x, 
x? +ax—2a°  3ah+h? — 3ath. 
xg 2ah-h? — 2a+h’ 











and when h is indefinitely small the limit of this expression is y 


There is however another way of regarding the question; for 
x? +ax-2a°  (x-a)(x*2d) x+2a 
xa (x-a)(x+a) xta’ 





3 
and if we now put x = a the value of the expression is z 8$ before. 


. l | x +ax- 2a 
If in the given expression ~p We put x = a before 


0 
simplification it will be found that it assumes the form ge value 


of which is indeterminate; also we see that it has this form in 
consequence of the factor x — a appearing in both numerator and 
denominator. Now we cannot divide by a zero factor, but as long as 
x is not absolutely equal to a the factor x — a may be removed, and 
we then find that the nearer x approaches to the value a, the nearer 


3 
does the value of the fraction approximate to PR in accordance 
with the definition of Art. 226, 
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m x!vax-28 . 3 
when x = a, the limit of ——,—— is >. 
x^-a 2 


272. If f(x) and $(x) are two functions of x, each of which becomes 


a 
equal to zero for some particular value a of x, the fraction na takes 


o(a) 
the form x" and is called a Vanishing Fraction. 
Example 1. : If x = 3, find the limit of 
x? -5x +7x-3 
x!-x!-5x-3 
When x = 3, the expression reduces to the indeterminate form 2 


but by removing the factor x — 3 from numerator and denominator, 


: x? -2x+1 . 1 . 
the fraction becomes 5 — —— . When x = 3 this reduces to —, which 
x -2x41 4 


is therefore the required limit. 


V3x-a-—Vx+a 
x-a 
To find its limits, multiply numerator and denominator by the 


surd conjugate to J3x—a —4x-a; the fraction then becomes 
(3x — a) - (x a) 2 


(x-a) Ta * en taa 


1 
whence by putting x = a we find that the limit is Jaa 
a 


0 
Example 2. : The fraction becomes g When x =q. 








Example 3. : The fraction l becomes s when x = 1. 


To find its limit, put x = 1 + h and expand by the Binomial Theorem. 
Thus the fraction 


7 1- (e E 4 3 











9 
1 1 2 
-(-h)5 1 >h hv... 
i-a pier Ree.) 
1 1 
=> += hau 
2 3 9 
1.2 
mda esu 
5 25 


5 
Now h = 0 when x = 1; hence the required limit is 3" 
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273. Sometimes the roots of an equation assume an indeterminate 
form in consequence of some relation substituting between the 
coefficients of the equation. 





For example, if ax+b=cx+d, 
(a-c)x=d-b, 

d—b 

x- : 

a-c 


ee that is, the root of a simple 


equation is indefinitely great if the coefficient of x is indefinitely 
small. 


But if c= a, then x becomes 


274. The solution of the equations 

ax + by «c-0, ax c b'y «c -0 
he be. duca 
"ab-ab'! a-ab 








is x 
T i P 


a 
If ab’ — a’b = 0, then x and y are both infinite. In this case g p” 


suppose; by substituting for a’, b’, the second equation becomes 


ax + by += 20. 
m 


# 


c 
If m is not equal to c, the two equations ax + by + c = 0 and 


, 


c 
ax +by + p =0 differ only in their absolute terms, and being inconsistent 


cannot be satisfied by any finite values of x and y. 


/ / / / 


Crs c : 
If mie equal to c, we have ab and the two equations are 


now identical. 
Here, since bc’ - b'c = 0 and ca’ - c'a = 0 the values of x and y each 


0 
assume the form 0’ and the solution is indeterminate. In fact, in the 


present case we have really only one equation involving two 
unknowns, and such an equation may be satisfied by an unlimited 
number of values. 

The reader who is acquainted with Analytical Geometry will 
have no difficulty in interpreting these results in connection with 
the geometry of the straight line. 


275. We shall now discuss some peculiarities which may arise in 
the solution of a quadratic equation. 
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Let the equation be 
ax? + bx + c= 0. 
If c = 0, then 
ax? + bx =0; 
b 
whence x = 0, or -—; 
a 
that is, one of the roots is zero and the other is finite. 
If b = 0, the roots are equal in magnitude and opposite in sign. 
[Art. 118.] 
If a = 0, the equation reduces to bx + c = 0; and it appears that in 


, ‘ : C 
this case the quadratic furnishes only one root, namely — y But every 


quadratic equation has two roots, and in order to discuss the value 
of the other root we proceed as follows. 


ign. I i i ; . 
Write — for x in the original equation and clear of fractions; thus 





y 
cy? + by +a = 0. 
Now put a = 0, and we have 
cy? + by = 0; 
: m b : c 
the solution of which is y = 0, or S that is, x = es, or — P 


Hence, in any quadratic equation one root will become infinite 
if the coefficient of x? becomes zero. 

This is the form in which the result will be most frequently met 
with in other branches of higher Mathematics, but the student should 
notice that it is merely a convenient abbreviation of the following 
fuller statement: 

In the equation ax? + bx + c = 0, if a is very small one root is very 
large, and as a is indefinitely diminished this root becomes indefinitely 


great. In this case the finite root approximates to E^ as its limit. 


The cases in which more than one of the coefficients vanish may 
be discussed in a similar manner. 


BENE Examples XX 


Find the limits of the following expressions : 








(1) when x = ee, (2) when x = 0. 
(2x - 3) (8 - 5x) j (Bx -1)° 
7x)-6x44 o xí49 
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(34 222)(x — 5) i (x -3)(2- 5x)(3x +1) 
(4x? - 9)(14- x) i (2x-1 
1-x? 1-x , Ca e+5 2-77) 
2-1 2x |o (7x = 1) (+1) 
Find the limits of 
x1 a-b" 
7 >=, when x = - 1. 8. , when x = 0. 
x -1 
ei -e~ em — ema 
9. log (1+ x)’ When x = 0. 10. ae ,when x = a. 
Vx —V2a+Vx—2a 
T1. ,when x = 2a. 
4x? - Ad? 
log (1+ x? +x‘) 
12. "ag (1— 2x) ' when x = 0. 
3 
T" 1-x-*logx " T (à -x Pla- x)? i 
su FE when y= ; when x = a. 
1-V2x—-x? : 


(à -x y t (a— x)? 








Ja xax x Je ax x? 


15. ywh = 0. 
5 Jee ee when x = 0 
nt+1)\ n+1| 
16. -| 7———[ » when n - ee. 
n n 


17. nlog 








atx 
18. 3| ——, when x = 0. 
ü-x 


Convergency and 
Divergency of Series 





276. An expression in which the successive terms are formed by 
some regular law is called a series; if the series terminate at some 
assigned term it is called a finite series; if the number of terms is 
unlimited, it is called an infinite series. 
In the present chapter we shall usually denote a series by an 
expression of the form 
Uy t Uy + U3 te t Uy tee 





277. Suppose that we have a series consisting of n terms. The sum 
of the series will be a function of n; if n increases indefinitely, the 
sum either tends to become equal to a certain finite limit, or else it 
becomes infinitely great. 

An infinite series is said to be convergent, when the sum of the 
first n terms cannot numerically exceed some finite quantity however 
great n may be. 

An infinite series is said to be divergent when the sum of the 
first n terms can be made numerically greater than any finite quantity 
by taking n sufficienty great. 


278. If we can find the sum of the first n terms of a given series, we 
may ascertain whether it is convergent or divergent by examining 
whether the series remains finite, or becomes infinite, when n is 
made indefinitely great. 

For example, the sum of the first n terms of the series 


1-x" 


1-x' 
If x is numerically less than 1, the sum approaches to the finite 


1 xx vx ues 





uu d. 
limit To and the series is therefore convergent. 


1- 
If x is numerically greater than 1, the sum of the first n terms is 


n 


x"-1 
x-1 
than any finite quantity; thus the series is divergent. 

If x = 1, the sum of the first n terms is n, and therefore the series 
is divergent. 





, and by taking n sufficiently great, this can be made greater 
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If x = — 1, the series becomes 

1-1-«1-1-741-1-... 

The sum of an even number of terms is 0, while the sum of an 
odd number of terms is 1; and thus the sum oscillates between the 
values 0 and 1. This series belongs to a class which may be called 
oscillating or periodic convergent series. 





279. There are many cases in which we have no method of finding 
the sum of the first n terms of a series. We proceed therefore to 
investigate rules by which we can test the convergency or divergency 
of a given series without effecting its summation. 


280. An infinite series in which the terms are alternately positive and negative 
is convergent if each term is numerically less than the preceding term and if the 
terms decrease indefinitely. 
Let the series be denoted by 
Uy — Ug + Ug — U4 + Us — Ug .. 


where Uy, > Up > Uz > Ug > Us... 
The given series may be written in each of the following forms: 
(Uy — Uz) + (u3 -— u4) + (us— ug) + ....... sa (1) 
Uy — (uz — us) — (u4— us) — (ug— uz) — .... (2) 


From (1) we see that the sum of any number of terms is a positive 
quantity; and from (2) that the sum of any number of terms is less 
than 14; hence the sum of the series is finite. 

Also as u, = s, — s, 4 and the limiting values of s, and s, , are the 
same when n (and therefore n — 1) ee, it follows that u, = 0 when 
n is infinite. 

Care must be taken not to regard this theorem as always showing 
convergency. Its converse is not necessarily true as is shown 
in Art. 290 (II). 

281. For example, the series 

1,1 1,1 1, 

2345686 "7 

is convergent. By putting x = 1 in Art. 223, we see that its sum is log, 2. 

Again, in the series 
3.4 , 345 , 3456 4 

x x4 x 
1:2 1-2-3 1-2-3-4 
the numerical part of each term is greater than in the preceding 
term, but the increase becomes less rapid as more and more terms 
are taken. If 0 < x < 1, the powers of x decrease, and though the values 
of the terms may increase at first, a stage will be reached when the 
increase in the numerical coefficients is offset by the decrease in the 
powers of x. Hence afterwards the values of the terms continue to 
decrease indefinitely and the series is convergent. 


1 





1- 3x4 





esey 
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282. An infinite series in which all the terms are of the same sign is divergent 
if each term is greater than some finite quantity however small. 

For if each term is greater than some finite quantity a, the sum 
of the first n terms is greater than na; and this, by taking n sufficiently 
great, can be made to exceed any finite quantity. 


283. Before proceeding to investigate further tests of convergency 
and divergency, we shall lay down two important principles, which 
may almost be regarded as axioms. 
I. Ifa series is convergent it will remain convergent, and if divergent 
it will remain divergent, when we add or remove any finite number 
of its terms; for the sum of these terms is a finite quantity. 
II. If a series in which all the terms are positive is convergent, then 
the series is convergent when some or all of the terms are negative; 
for the sum is clearly greatest when all of the terms have the same 
sign. 

We shall suppose that all the terms are positive, unless the 
contrary is stated. 


284. An infinite series is convergent if from and after some fixed term the ratio 
of each term to the preceding term is numerically less than some quantity which 
is itself numerically less than unity. 

Let the series beginning from the fixed term be denoted by 








Uy t+ Ug uat uc... ; 
u u u 
2 3 4 . 
and let Sty OT. ce uan ; 
UN u, u, 
where r«]1. 
Then Uy + Up + dat Wa t wee 
[1 te e es, | 
(Web ceo to sehe cc cone cibis 
Up uU, Uy Hy u, 14 


Lui -trr-renme.) 


u 
that is, < PTE since r < 1. 

Hence the given series is convergent. 
285. In the enunciation of the preceding article the student should 
notice the significance of the words “from and after a fixed term”. 

Consider the series 

1+ 2x + 3x2 4x? 4... € A uuu 
1, nx 14 1 
= = T x; 

Here u,, n-1 n-1 
and by taking n sufficiently large we can make this ratio approximate 
to x as nearly as we please, and the ratio of each term to the preceding 
term will ultimately be x. Hence if x < 1 the series is convergent. 
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u nx 
But the ratio —* will not be less than 1, until ecd < 1; that is, 
Wa = 





1 
until n> . 
=X 
Here we have a case of a convergent series in which the terms 
may increase up to a certain point and then begin to decrease. 





r 99 . 
For example, if *= 79, then min 100, and the terms do not begin 


to decrease until after the 100'^ term. 


286. Aninfinite series in which all the terms are of the same sign is divergent 
if from and after some fixed term the ratio of each term to the preceding term 
is greater than unity, or equal to unity. 

Let the fixed term be denoted by 1. If the ratio is equal to unity, 
each of the succeeding terms is equal to u;, and the sum of n terms 
is equal to nu,; hence the series is divergent. 

If the ratio is greater than unity, each of the terms after the fixed 
term is greater than u,, and the sum of n terms is greater than nu; 
hence the series is divergent. 

287. In the practical application of these tests, to avoid having to 
ascertain the particular term after which each term is greater or 


u 
less than the preceding term, it is convenient to find the limit of 7) : 


n-1 

when n is indefinitely increased; let this limit be denoted by A. 
If à < 1, the series is convergent. [Art. 284.] 
If à > 1, the series is divergent. [Art. 286.] 


If à = 1, the series may be either convergent or divergent, and a 
further test will be required; for it may happen that 


u 
"<1 but continually approaching to 1 as its limit when n is indefinitely 


uy 4 





increased. In this case we cannot name any finite quantity r which is 
itself less than 1 and yet greater than À. 


Hence the test of Art. 284 fails. If, however, ur 





>1 but continually 
u 
n-1 
approaching to 1 as its limit, the series is divergent by Art. 286. 


u 
n 


We shall use "Lim "as an abbreviation of the words “the 


n-o dq 
n- 





1 
u, 

limit of i when n is infinite.” 
n-1 
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is 


: . i | (n+1)x" 
Example 1. : Find whether the series whose r^ term is ^——;— 


convergent or divergent. 





u, (n-1)x — nx"  (n*1)(n-1y Tt 
Ha n? (n-1y n? , 





hence if x < 1 the series is convergent; 
if x > 1 the series is divergent. 


u 
n 





If x = 1, then Lim 
n-e uU 
n-1 
Example 2. : Is the series 
1? + 22x + 32x? + 42x83 uuu 


convergent or divergent? 


=1, and a further test is required. 





2nd 
Here Lim "y = Lim = =x. 
da u, =1 om (n-1yx" ^ 
Hence if x « 1 the series is convergent; 
if x > 1 the series is divergent. 
If x = 1 the series becomes 12 + 22 + 32 + 42 +... , and is obviously 
divergent. 


Example 3. : In the series 
at+(a+d)rt+(at2d)r?+.....+(a+n-Ld)r*'+....., 


Lim — = Lim uiuis M 

n= yo, n=" üt (n-2)d 
thus if r < 1 the series is convergent, and the sum is finite. 
[See Art. 50, Corollary] 


288. If there are two infinite series in each of which all the terms are positive 
and if the ratio of the corresponding terms in the two series is always finite, the 
two series are both convergent, or both divergent. 
Let the two infinite series be denoted by 
Uy + Uy + Ug + Ug ti... j 
and V1 + Up + U3 + Uy *..... 
The value of the fraction 











, 




















Uj HU, tu, t... HU, 





VEU, EU, F0 
lies between the greatest and least of the fractions 


po pee EE [Art. 14.] 
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and is therefore a finite quantity, L say; 
Uy + Up + U3 t... + Uy = L (v4 + 05 + V3 +... + Un). 
Hence if one series is finite in value, so is the other; if one series 
is infinite in value, so is the other; which proves the proposition. 





289. The application of this principle is very important for by means 
of it we can compare a given series with an auxiliary series whose 
convergency or divergency has been already established. The series 
discussed in the next article will frequently be found useful as an 
auxiliary series. 


290. The infinite series 
1,1,1,1, 


y P P g 
is always divergent except when p is positive and greater than 1. 
Case I. Let p > 1. 
The first term is 1; the next two terms together are less than 





2 . 
2»! 
4 

—,; the following 


the following four terms together are less than y 


8 
eight terms together are less than z7; and so on. Hence the series 


8? 
: 2 4 8 : : 
is less than 1+—+—+— t..; that is, less than a geometrical 
27 4 g 
progression whose common ratio » is less than 1, since p » 1; hence 
the series is convergent. 
Case II. Let p - 1. 


The series now becomes 1+ : + l + l pig saii 


3 4 5 


2 
The third and fourth terms together are greater than a 5 
: 4 1 
the following four terms together are greater than ut z the 


8 1 
following eight terms together are greater than a PL and so on. 


Hence the series is greater than 


and is therefore divergent. [Art. 286.] 
Case III. Let p « 1, or negative. 

Each term is now greater than the corresponding term in 
Case IL, therefore the series is divergent. 

Hence the series is always divergent except in the case when p 
is positive and greater than unity. 
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Example : Prove that the series 





is divergent. 





1 
Compare the given series with 14 > EP ass t+... 


Thus if u, and v, denote the n terms of the sven series and the 
auxiliary series respectively, we have 
u, n*l1 1 n+l, 
v n?o n n 


n 





u : 
hence Lim — =1,and therefore the series are both convergent or 
n=» y 
both divergent. But the auxiliary series is divergent, therefore also 
the given series is divergent. 

This completes the solution of Example 1. Art. 287. 


291. In the application of Art. 288 it is necessary that the limit of 


fi should be finite; this will be the case if we find our auxiliary 


series in the following way: 
Take u,, the n™ term of the given series and retain only the highest 


u 
powers of n. Denote the result by v,; then the limit of x is finite by 


n 


Art. 270, and v, may be taken as the n'™ term of the auxiliary series. 
Example 1. : Show that the series whose n'" term is 


42À-1  . di 
-rz n is divergent. 
3n? +2n+5 8 


As n increases, u, approximates to the value 
Yar J2 1 
3 


1 ; . : xs 
Hence, if 9, = m we have Lim ca is a finite 


n=0 qm 
n 





1 
quantity; therefore the series whose n' term is Qua may be taken as 


the auxiliary series. But this series is divergent [Art. 290]; therefore 
the given series is divergent. 


Example 2. : Find whether the series in which 


u,=Vw+1-n 


is convergent or divergent. 
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Here Hu, = ie 
n 











1 1 
—n|1d4 + 1 
| 3m?  9n* 
d 1 
am 9n? 


If we take v, = LA we have 





n 
tic 
273 gs e 
Due ec. 
L. od 
But the auxiliary series 
1, 1,1, 1, 
12 T 22 T 32 T eeecee n? T assess 


is convergent, therefore the given series is convergent. 


292. To show that the expansion of (1 + x)" by the Binomial Theorem is 
convergent when x < 1. 
Let u, 1,4, represent the r'^ and (r + 1) terms of the expansion; 


then 
u 


m nr +1 " 
u, r 
When r > n + 1, this ratio is negative; that is, from this point the 
terms are alternately positive and negative when x is positive, and 


always of the same sign when x is negative. 


Now when r is infinite, Lim ~ = x numerically; therefore since 
n=% uU 
r 


x < 1 the series is convergent if all the terms are of the same sign; 


and therefore a fortiori it is convergent when some of the terms are 
positive and some negative. [Art. 283.] 


293. To show that the expansion of a* in ascending powers of x is convergent 
for every value of x. 


u, 





u x loga 
Here — = BT and therefore Lim 
U4 n= nse U,- 


<1 whatever be the 





1 
value of x; hence the series is convergent. 


294. To show that the expansion of log (1 + x) in ascending powers of x is 
convergent when x is numerically less than 1. 
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: u n-1 VE m 
Here the numerical value of —- =—— x, which in the limit is 
u 
n-1 
equal to x; hence the series is convergent when x is less than 1. 


If x = 1, the series becomes 1-3 + 1 = : +a, and is convergent 


3 
[Art. 280.] 





1 1 1 
If x =- 1, the series becomes "eus - 3 - 4 — ...., and is divergent. 
[Art. 290.] This shows that the logarithm of zero is infinite and 
negative, as is otherwise evident from the equation e “= 0. 
295. The results of the two following examples are important, and 


will be required in the course of the present chapter. 


log x 
Example 1. : Find the limit of nee when x is infinite. 
x 


Put x = œ ; then 








lgx vy | y 

y 2 3 
x e 12y4 2-9. —- 
21 3! 
uH 1 

2 , 

aqaa 2g 

y 2! 3! 


also when x is infinite y is infinite; hence the value of the fraction 
is zero. 

Example 2. : Show that when 7 is infinite the limit of nx" = 0, when 
x « I. 


1 
Let x=—; so that y > 1; 
y 


also let y" = z, so that n log y = log z; then 
n 1logz à 1 log z 


n 








nx" = 
y z logy logy z 
UN TE NUNC logz f 
Now when n is infinite z is infinite, and =0; also logy is 
Zz 
finite; 
therefore Lim nx" = 0. 


296. It is sometimes necessary to determine whether the product 
of an infinite number of factors is finite or not. 
Suppose the product to consist of n factors and to be denoted by 
Uy Up U3 se. Uni 
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then if as n increases indefinitely u, < 1, the product will ultimately 
be zero, and if u, > 1 the product will be infinite; hence in order that 
the product may be finite, u, must tend to the limit 1. 

Writing 1 + vo, for u,, the product becomes 

(1 + v) (1 + v3) (1 + v3) ...... (1 + v,). 

Denote the product by P and take logarithms; then 

log P = log (1 + v1) + log (1 + 02) + ........ + log (1 + v,) sal) 
and in order that the product may be finite this series must be 
convergent. 

Choose as an auxiliary series 











Vi + U2 + Us t ...... + Uy, sel2) 
v ->00 + 
4 1 2. 
Now p BEER ii 2 =1, 
a) a) 


since the limit of v, is 0 when the limit of u, is 1. 
Hence if (2) is convergent, (1) is convergent, and the given 
product finite. 
Example : Show that the limit, when n is infinite, of 
133557 2n-1 2n+1 
224466 m 2n 





is finite. 
The product consists of 2n factors; denoting the successive 
pairs by uy, uy, Ug ..... and the product by P, we have 
P = Uy Up us... uy; 
|. 2n-1 . 2n*1 _ 1 

















1 ; 
where "n On 2n 4n? 
but log P-logu;*logu,*logus*...-logu, ws. (1) 
and we have to show that this series is finite. 
1 1 1 
N log u, -log|1 = m 
dii 8 y el as) 4n? 325 


therefore as in Example 2, Art. 291, the series is convergent, and the 
given product is finite. 


297. In mathematical investigations infinite series occur so frequently 
that the necessity of determining their convergency or divergency 
is very important; and unless we take care that the series we use 
are convergent, we may be led to absurd conclusions [See Art. 183.] 

For example, if we expand (1 - x)? by the Binomial Theorem, 
we find 





(1-x)?21-*2x + 332 + 4x +... 
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But if we obtain the sum of n terms of this series as explained 
in Art. 60, it appears that 





whence 


d - Y STEI EIN Fn tnx"! + Lt = 
=x 





By making n infinite, we see that (Gap or only be regarded as 


the true equivalent of the infinite series 
1+ 2x + 3x2 + 4x3 + 000. 





n n 


x nx 


when -x + I-x vanishes. 


If n is infinite, this quantity becomes infinite when x = 1, or 
x > 1, and diminishes indefinitely when x < 1; [Art. 295], so that it 
is only when x < 1 that we can assert that 
1 — 
(1-xy 
and we should be led to erroneous conclusions if we were to use the 
expansion of (1 — x)? by the Binomial Theorem as if it were true for 
all values of x. In other words, we can introduce the infinite series 
1 + 2x + 3x? + .... into our reasoning without error if the series is 
convergent, but we cannot do so when the series is divergent. 
The difficulties of divergent series have compelled a distinction 
to be made between a series and its algebraical equivalent. For example, 
if we divide 1 by (1 — x)?, we can always obtain as many terms as 
we please of the series 
1+ 2x + 932 + 4x3 +... 





1+ 2x + 3x? + 4x? +... to inf; 








whatever x may be, and so in a certain sense may be called 


1 

-xy 
its algebraical equivalent; yet, as we have seen, the equivalence does 
not really exist except when the series is convergent. It is therefore 


more appropriate to speak of z as the generating function of the 


1 
ü-x) 
142g4 2394.4 
being that function which when developed by ordinary algebraical 
rules will give the series in question. 
The use of the term generating function will be more fully explained 
in the chapter on Recurring Series. 


series 
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BE Examples XXl.a. 


Find whether the following series are convergent or divergent: 


1. : ES t - — Pisis , x and a being positive quantities. 
1,1 1L], 1 
L2 2-3 34 4.5 
1 1 1 1 . 
?- xy (DD (2)42) (3)y«3) 7 * and y being 

positive quantities. 

































































x x x ox x x? x x 
4. + + + t.e 5. + + + ies, 
1:2 2.3 3-4 4-5 12 3:4 5-6 7-8 
2 2 2 
6. | i a ae ee E 7. i TENER 4 n 
21 3! 4! 2 3 4 N5 
ai 2 d 2,3 4 5 
8, [s 3xXs5x^d ZE Ox as. Ole pio yy — 
x x x? n 
10. It c4 —-— t.e 3ol4ee 
2 5 10 n° +1 
3 2 8 3 15 4 m-1 n 
11 >x 4 
cee age aw w+ 
12 ieee? i. eg 2 2 ig. 
5 9 17 2" +1 
1 1 1 1 
Bv y y y 
2 3 n 
14. 2x amn — QUERIT. 
27 n 
we ene T (g 3) (e ay, 
* T? 1 T 2 2 T 3 3 T ol. 
L 1 E e L 4 
16. lta tu ost mE 


17. Test the series whose general terms are 


() Jjn2+1-n. (2) 4ni«1- mn - 1. 


18. Test the series 


fj TURN 1 4 1. 
0 Ltd 2:3 77 , 


x+1 x42 x43 
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1 1 1 4 1, 
2) z7 





} H H Pain x being a itive fraction. 
a ad a ee s ing a positive fraction 


19. Show that the series 





1+ 31 3! at is convergent for all values of p. 


20. Show that the infinite series u4 + Ug + us + Ugt .... 


is convergent or divergent according as Lim 4u, is < 1, or > 1. 


21. Show that the product 


22446 2n-2 2n-2 2n , .. "EP 
13 3 5 6 c oo m1 is finite when n is infinite. 
22. Show that when x = 1, no term in the expansion of (1 + x)" is 
infinite, except when n is negative and numerically greater than 


unity. 





*298. The tests of convergency and divergency we have given in 
Arts. 287, 291 are usually sufficient. The theorem proved in the next 
article enables us by means of the auxiliary series. 
1 1 1 1 
T | 2r | 3 | | n” 
to deduce additional tests which will sometimes be found convenient. 





*299. If u,, v, are the general terms of two infinite series in which all the terms 
are positive, then the u-series will be convergent when the v-series is convergent 








; v ; : : 
if after some particular term —-— < —-— ; and the u-series will be divergent 
n-1 0,4 
: : ] : u, 9, 
when the v-series is divergent if —— > x 
u 


n-1 Vi el 





Let us suppose that u, and v, are the particular terms. 


u U 





2 2 3 3 . 
Case I. Let | $75. $^ then uy + Uz + Ug +... 
iu Ui Un U, 
u, u, u 0, v, U 
=n (1s Pp E us | esit ‘aah } 
uu u, du [^ v, vi 
r u, 
that is, < P (Op 9, HoP) 


1 
Hence, if the v-series is convergent the u-series is also convergent. 


U, V, Mg 

Case II. Let > — > > 1 ge then wu, + Uo + Ug +... 
dü 1 2 3 
1 1 Mp 2 
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u u, U v D, V 
=u,|1+—4+4- 4... >u | 1+ qe ane 
u uU, Uy, v Uv. Ui 


f n 
that is Ps (0i 05 U taces). 
1 
Hence, if the v-series is divergent the u-series is also divergent. 








*300. We have seen in Art. 287 that a series is convergent or divergent 
according as the limit of the ratio of the n term to the preceding term 
is less than 1, or greater than 1. In the remainder of the chapter we shall 
find it more convenient to use this test in the equivalent form : 

A series is convergent or divergent according as the limit of the 


ratio of the n™ term to the succeeding term is greater than 1, or less 
8 8 


. u 
than 1; that is, according as Lim —*->1,or < 1. 


n+1 





Similarly the theorem of the preceding article may be enunciated : 
The u-series will be convergent when the v-series is convergent 
u 


; "C : : : 
provided that Lim —- > Lim —-; and the u-series will be divergent 
u 








nd Usa 
when the v-series is divergent provided that 
> u 20 
Lim —- < Lim —-. 
u 








nt+1 On 


*301. The series whose general term is u, is convergent or divergent according 


os Lim [2 EE 
LA 


Let us compare the given series with the auxiliary series whose 





general term v, is a 


When p > 1 the auxiliary series is convergent, and in this case 
the given series is convergent if 











Vua n n 
u, „P, PpP-), , 
that is, if 7" » 14 a agb 
u p(p-1) 
n H _—||>p¢4 Eee s 
- [= | p 2n 





; u 
that is, if Lim |n | "n — 1) >p. 
Wa 
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But the auxiliary series is convergent if p is greater than 1 by a 
finite quantity however small; hence the first part of the proposition 
is established. 

When p « 1 the auxiliary series is divergent, and by proceeding 
as before we may prove the second part of the proposition. 
Example : Find whether the series 

ESOXY 43". dO OX" X95 x 
1 2 3 245 246 7 


is convergent or divergent. 





u 
n 





: 1 i ak 2 

Here, Lim =—;; hence if x < 1 the series is convergent, and 
x 

ntl 

if x > 1 the series is divergent. 

. u 

If x=1, Lim — 





=1. In this case 

_1-3-5....(2n-3) 1 

"o 2:4-6...(2n-2) 2n-1' 
u, _  2n(2n+1) . 

and wu. Qn-1Qn-1)' 


n+1 


“| u, j- n(6n -1). 


Lim hf un a); 
upt 2 


hence when x = 1 the series is convergent. 


n+1 


u 

















*302. The series whose general term is u, is convergent or divergent, according 


u 
n 





as Lim E log 2], or <1. 


u 
n+1 
Let us compare the given series with the series whose general 


term is 5. 
n? 
When p > 1 the auxiliary series is convergent, and in this case 
the given series is convergent if 


u, 1 p 
—-»|1t-|; [Art. 300.] 


Ha n 


H; 1 
that is, if log > p log (14) ; 


Usa 
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or if 





that is, if Lim E log n Jp. 
n+1 
Hence the first part of the proposition is established. 
When p < 1 we proceed in a similar manner; in this case the 
auxiliary series is divergent. 
Example : Find whether the series 
su. gu qu gu 


2! 3! 41 5! 
is convergent or divergent. 











nad n+l ,.n*1 n 
Here H o IX, (n-1" x" n uH 1 : 
ua n (n 1)! (n 1x 1Y 
1+—| x 
n 
os, lhe 1 
Lim E [Art. 220 Corollary] 


] 1 — . 1 E 
Hence if x «— the series is convergent, if x»-— the series is 
e e 














divergent. 
If x- A then cuiu rs 
€ u 
n+1 E Ts 3 
n 
log ur =1og.e~mlog (1+) 
n+1 n 
1 1 1 
-1-n po cues 
G 2n? 3n? ) 
E L ae 
n a ; 
1 1 
nlog ——2—-— F ; 
nt+1 2 3n 
Lim | n log un eL. 
mH 2 


1 dete as ji 
hence when x=- the series is divergent. 
e 
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*303.1f Lim —* =1, and also Lim M "n -1}}- 1, the tests given 
Hua ntl 
in Arts. 300, 301 are not applicable. 
To discover a further test we shall make use of the auxiliary 


series whose general term is In order to establish the 


1 
n (log ny" 
convergency or divergency of this series we need the theorem proved 
in the next article. 
*304. If ọ (n) is positive for all positive integral values of n and continually 
diminishes as n increases, and if a be any positive integer, then the two infinite 
series. 





O (1) + 6 (2) + 6 (3) + .... + $ (1) + ...... F 
and a0 (a)+a’o (a?) + a 0 (a9) +... +a" (a) uuu, 
are both convergent, or both divergent. 
In the first series let us consider the terms 
6 (ak + 1), 6 (ak + 2); 6 (ak + 3), ... 6 (a^!) (1) 
beginning with the term which follows ọ (a*). 
The number of these terms is a‘! — a‘ , or a‘ (a — 1), and each of 
them is greater than $ (4*3); hence their sum is greater than 
ak (a — 1) © (a5); that is, greater than 








a-1 x qat"! o (a‘*"), 
By giving to k in succession the values 0, 1, 2, 3, .... we have 
-1 
O (2) +0 (8) + 6 (4) +. oa> x a0 (a); 
 (a+1) + 6 (1*2) +0 (0:3) + ae 0(0°)> x e (^y 


therefore, by addition, S,- ¢ (1) 4s, 
where 5,, S, denote the sums of the first and second series respectively; 
therefore if the second series is divergent so also is the first. 

Again, each term of (1) is less than $ (a*) and therefore the sum 
of the series is less than (a — 1) x a* $ (a^). 

By given to k in succession the values 0, 1, 2, 3, .... we have 

o (2) + 6 (3) + 6 (4) +... + 6 (a) < (a - 1) x 6 (1); 
0(a*1)*0(a*2)*6(a*3) + .... + 6 (a°) < (a- 1) x a 6 (a); 
therefore, by addition 
8; - $ (1) < (a - 1) 15 + 6 (1)}; 


hence if the second series is convergent so also is the first. 
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Note:- To obtain the general term of the second series we take ọ (n) 
the general term of the first series, write a" instead of n and multiply 
by a". 

*305. The series 


1 1 1 


14 
2 (log 2)’ 3(log3y n (log ny 





is convergent if p > 1, and divergent if p =1, or p « 1. 
By the preceding article the series will be convergent or divergent 
for the same values of p as the series whose general term is 
7 1 1 1 1 
a X , or ,O x 
a" (log a")? (n log ay" (log a)’ m 








1 
The constant factor ———— is common to every term; therefore 
(log a)’ 
the given series will be convergent or divergent for the same values 
1 
of p as the series whose general term is —,. Hence the required result 
n 


follows. [Art. 290.] 


*306. The series whose general term is u, is convergent or divergent according 





LE 


Let us compare the given series with the series 
1 1 1 


dE (log 2 3 (log 3)’ n (log ny 
When p > 1 the auxiliary series is convergent, and in this case 
the given series is convergent by Art. 299, if 
LN (n * 1) flog (n+ 1) 
u n(og ny 
Now when 7 is very large, 


as Lim IM un -1}-1} tog "eret 








(1). 





log (n+1)= log n 4 log (1 1) =Iogi+ 1 eai 
n n 


Hence the condition (1) becomes 











u 1 
that is, i > (1+4) [n P ) 
u n nlogn 
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LN PEL P 


n n logn’ 
u p 
n| ——-1|>14 ; 
ie G 1 | log n 


or (2 EL 
Us 


Hence the first part of the proposition is established. The second 
part may be proved in the manner indicated in Art. 301. 





that is 








Example : Is the series 

2 2.24 2.4.68 

x + y. * qon 
convergent or divergent? 


Here Lr eee (1) 
u (2ny n 4n 











n+1 





u 
Lim —- - 1, and we proceed to the next test. 


Ua 


u, 1 
From (1), Hc e 00 agi Q) 


n+1 








Lim |x | n aJ- 1, and we pass to the next test. 


Us 


u log 1 
F 2 7--1.-1;1 ERR 
rom (2), |n f | | ogn ih 


n+1 


Lim K | Y, -1}-1f og r|- 0, 
Wa 


since jig SEP ag [Art. 295]; hence the given series is divergent. 
n 








*307.We have shown in Art. 183 that the use of divergent series in 
mathematical reasoning may lead to erroneous results. But even 
when the infinite series are convergent it is necessary to exercise 
caution in using them. 

For instance, the series 


x? x? x4 5 


x 
40 48 Ya i 7 
is convergent when x - 1. [Art. 280.] But if we multiply the series 
by itself, the coefficient of x?" in the product is 


1— x4 
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1 1 1 1 1 


T T zx ake a rar —— 
ion Y2n-1 42. Y2n-2 ay 2n—r fon 


Denote this by a5, ; then since 


1 1 1 
> ,or>—=, 
ay Aon —r (&ny 4n 


,and is therefore infinite when n is infinite. 











2n+1 
vn 
If x = 1, the product becomes 
dg — à + dy — ds + .... + odo, — lop + doy 427 es 
and since the terms A, 5,4, A2n +2 .... are infinite, the series has no 
arithmetical meaning. 
This leads us to enquire under what conditions the product of 
two infinite convergent series is also convergent. 


a,, 7 


*308.Let us denote the two infinite series 
Ag + (4X + AX? + ax? F uuu An auus 
bo + bix + box?  byx? +...... + box?" 4 
by A and B respectively. 
If we multiply these series together we obtain a result of the 
form 

















Agbo t (aibo t ügb1) X (abo ! abı t Agb2) x? waa 

Suppose this series to be continued to infinity and let us denote it 
by C; then we have to examine under what conditions C may be 
regarded as the true arithmetical equivalent of the product AB. 

First suppose that all the terms in A and B are positive. 

Let A5, Boy, Co, denote the series formed by taking the first 
2n + 1 terms of A, B, C respectively. 

If we multiply together the two series A,, By,, the coefficient of 
each power of x in their product is equal to the coefficient of the like 
power of x in C as far as the term x"; but in A), By, there are terms 
containing powers of x higher than x?", whilst x?" is the highest power 
of x in C; hence 

A», By, > C. 

If we form the product A,B, the last term is a,b,x?' ; but C;, includes 

all the terms in the product and some other terms besides; hence 
Co, > A, By. 

Thus C,, is intermediate in value between A, B, and Ap, Boy, 
whatever be the value of n. 

Let A and B be convergent series; put 

A,7A-X,B,7 B - Y, 
where X and Y are the remainders after n + 1 terms of the series have 
been taken; then when n is infinite X and Y are both indefinitely 
small. 


Convergency and Divergency of Series 231 





A,B, = (A - X) (B - Y) = AB - BX - AY + XY; 
therefore the limit of A, B, is AB, since A and B are both finite. 

Similarly, the limit of A5, By, is AB. 

Therefore C which is the limit of C5, must be equal to AB since 
it lies between the limits of A, B, and A», Bon- 

Next suppose the terms in A and B are not all of the same sign. 

In this case the inequalities A2, By, > C5, > A, B, are not necessarily 
true, and we cannot reason as in the former case. 

Let us denote the aggregates of the positive terms in the two 
series by P, P' respectively, and the aggregates of the negative terms 
by N, N’ ; so that 

A-P-N,B-sP'-N'. 

Then if each of the expressions P, P', N, N' represents a convergent 

series, the equation 

AB = PP - NP - PN' + NN’, 
has a meaning perfectly intelligible, for each of the expressions PP’, 
NP', PN', NN' is a convergent series, by the former part of the 
proposition; and thus the product of the two series A and B is 
convergent series. 

Hence the product of two series will be convergent provided that the sum 
of all the terms of the same sign in each is a convergent series. 

But if each of the expressions P, N, P', N' represents a divergent 
series (as in the preceding article, where also P’ = P and N'- N), then 
all the expressions PP', NP', PN', NN' are divergent series. When this 
is the case, a careful investigation is necessary in each particular 
example in order to ascertain whether the product is convergent or 
not. 


BE Examples XXI.b. 


Find whether the following series are convergent or divergent: 











1 x Q,D3:5 t, 1:3-5:7:9 x 
2 4 246 8 2:4.6.8.10 12 
8. 36 c. 369 ws 36912 , 
2. 1*—xd x x4 x 
7 7:10 7:10-13 7:10-13-16 
" 22 i 224 4? P 22.42. 6° : 
* X F x F x 
3.4 3-4-5-6 3-4-5-6-7-8 


1. 1+ 








3. x 


2x Sx 45x? Bu 
4. 1+ + + + Fai 
2! 3! 4! 5! 


{ 21, 31,3 4l, 
Xd x 4 x4 x 
2 q ae m 





5. 14 
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E. dw Y-3-.5 , 









































6. 2i + 2.4 x+ 2.4.8 K unu 
a(1-a) (1*a)a(1-a) (2-a) 
7. 1 H B H p. 
_(2+a) (+a) a(1—a) 2-2) (3-4) | . . 
H 2.92.32 taa being a proper fraction 
2 3 
8. a+x  (n*2x) , (03x) - 
1 2! 3! 
. a (a+1)(a+ 2) B - D (6+2 
9, 1, 9B, 9 (0*08(*1) 5, (4+ )(O+2)BG+HB+2) s, — 
1-y 1-2-y (y +1) 12-3-r( * Dr +2) 
10. x? (log 2)! + x? (log 3)! + x* (log 4)! +... 
ji. 445445050. 20 USA. 
1:2 1:2-3 
u,  n'- An"! + Bn? Cn? 4 ..... f T 
12. If “= where k is a positive 
Une n* tan" + bn? cn" ? tu. d p 





integer, show that the series u + u + u3 +.... is convergent if 
A-a -1 is positive, and divergent if A — a — 1 is negative or zero. 
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309. In Art. 230 of the Elementary Algebra, it was proved that if any 
rational integral function of x vanishes when x - a, it is divisible by 
x — a. [See also Art. 514. Corollary] 

Let Pox" + pix”! + pox"? 4 H 
be a rational integral function of x ats n Lernen which vanishes 
when x is equal to each of the unequal quantities 

Ay, Ay, (ls, duss i 

Denote the function by f (x); then since f (x) is divisible by x — a, 

we have 





f (x) = G - a) (po! ss), 
the quotient being of n — 1 dimensions. 
Similarly, since f (x) is divisible by x — a, we have 


pox* ^! asus = (x - dy) (pox* -? + .....), 
the quotient being of n — 2 dimensions; and 
ox" 7^ 9 inan = (x — a3) (pox" 3 + ...... 


Proceeding in this way, we shall finally obtain after n divisions 
f (x) = po (x — 41) (x — a5) (x — a3) ..... (x -= ay). 
310. Ifa rational integral function of n dimensions vanishes for more than 
n values of the variable, the coefficient of each power of the variable must be 
Zero. 
Let the function be denoted by f (x), where 
f (x) = pox" + pix"! + pax" -? 4 + Pu 
and suppose that f(x) vanishes when x is equal to each of the unequal 
values a, do, 43 ,... d,; then 
f (X) = po (x — m) (x — m) (x — a3) ..... (x = ay). 
Let c be another value of x which makes f(x) vanish; then since 
f (c) = 0, we have 
Po (c — a1) (c — a5) (c — a3) ..... (c —a,) = 0; 
and therefore pọ = 0, since, by hypothesis, none of the other factors 
is equal to zero. Hence f (x) reduces to 
pix" 14 pox" - 24 pax? 7 34 
By hypothesis this expression vanishes for more than n values 
of x, and therefore p, - 0. 
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In a similar manner we may show that each of the coefficients 
Por Parais: Pn Must be equal to zero. 
This result may also be enunciated as follows : 
If a rational integral function of n dimensions vanishes for more than n 
values of the variable, it must vanish for every value of the variable. 
Corollary :- If the function f(x) vanishes for more than n values of 
x, the equation f(x) = 0 has more than n roots. 
Hence also, if an equation of n dimensions has more than n roots it is an 
identity. 
Example : Prove that 
(x - b) (x ^ c) Nc: c) (x- a) _ (=a) (x b) -1 
(a-b) (a-c) (b-c)(b-a) (c-a)(c-b) ` 
This equation is of two dimensions, and it is evidently satisfied 
by each of the three values a, b, c; hence it is an identity. 











311. If two rational integral functions of n dimensions are equal for 
more than n values of the variable, they are equal for every value 
of the variable. 
Suppose that the two functions. 
Pox" + py? ^1 + pax" 7? uuu Pw 


qox" qx" -1 n-2 


OE 5 ese Qu 
are equal for more than n values of x; then the expression 

(Po — qx" + (pa = qx" ^! + (po — qo) x" ? +... + (Pn — Gn) 
vanishes for more than n values of x; and therefore, by the preceding 
article, 




















Po — Jo = 0, pı - qı = 0, p2 - q2 = O, .... Pn - qa = 0; 
that is, Po = Yor Pi = dv P2 = Yay vee Pn = dn 
Hence the two expressions are identical, and therefore are equal 
for every value of the variable. Thus 
if two rational integral functions are identically equal, we may equate the 
coefficients of the like powers of the variable. 


This is the principle we assumed in the Elementary Algebra, 
Art. 227. 

Corollary :- This proposition still holds if one of the functions is 
of lower dimensions than the other. For instance, if 

Pox" + pix + Pu 
= qux"? qat uut Oy 

we have only to suppose that in the above investigation qo = 0, 
qı = 0, and then we obtain 


Po n 0, pi HE 0, P2 lm qu P3 = Q3; sieeve Pn = In: 
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312. The theorem of the preceding article is usually referred to as 
the Principle of Undetermined Coefficients. The application of this principle 
is illustrated in the following examples. 


Example 1. : Find the sum of the series 








1.2423 4984 toed n (n +1) 

Assume that 
1-2 + 2-3 + 3-4 +... n (n +1) = A + Bn + Cn? + Dn? + En* + ....., 
where A, B, C, D, E, ...... are quantities independent of ri, whose values 


have to be determined. 
Change n into n + 1; then 
12 * 23 t... n (n * 1) * (n * 1) (n+ 2) 
-A-*B(n*1)* C(n* 1? * D(n * 1? « E(n* 1) * .... 
By subtraction, 
(n +1) (n+ 2)=B+C (2n+1)+ D (81? + 3n + 1) 
- E (4n? + 6n?+4n+1)+..... 

This equation being true for all integral values of n, the coefficients 
of the respective powers of n on each side must be equal; thus E and 
all succeeding coefficients must be equal to zero, and 

3D =1,3D+2C=3;D+C+B=2; 


























[|N 


1 
whence D= QE 


2n 1 
Hence the sum = A*- — «n? +- n. 


To find A, put n = 1; the series then reduces to its first term, and 
2=A+2,o0rA=0. 





Hence 1:24+2:3+3-4+..+¢n(n+1)= Enq t1) (n+ 2). 


Note :-It will be seen from this example that when the n'™ term is 
a rational integral function of n, it is sufficient to assume for the sum 
a function of n which is of one dimension higher than the n™ term 
of the series. 
Example 2. : Find the conditions that x? + px? + qx + r may be divisible by 
x? + ax + b. 
Assume x? + px? + qx +r= (x + k) (x? + ax + b). 
Equating the coefficients of the like powers of x, we have 
k+a=p,ak+b=q,kb=r. 
From the last equation k = r/b ; hence by substitution we obtain 








yta-p and 7 +b=4; 


that is, r =b (p-a), and ar =b (q - b); 
which are the conditions required. 
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Find by the method of Undetermined Coefficients the sum of 
































1. D«3-7452 7.4... to n terms. 

2. 1.23 + 2-3-4 + 3-4-5 + .... to n terms. 

3. 1-22 + 2-3? + 3-42 + 4.52 + 0... to n terms. 

4. 19-394 595 4+ 74 wn. to n terms. 

5. 144+ 244+ 34+ 44+... to n terms. 

6. Find the condition that x? - 3px + 2q may be divisible by a factor 


of the form x? + 2ax + a’. 
7. Find the conditions that ax? + bx? + cx + d may be a perfect cube. 
8. Find the conditions that aà?x* + bx? + cx? + dx + f? may be a perfect 
square. 
9. Prove that ax? + 2bxy + cy? + 2dx + 2ey + f is a perfect square, if 
b? = ac, d? = af, è = cf. 
10. If ax? + bx? + cx +d is divisible by x? + h?, prove that ad = bc. 
11. If x? — 5gx + 4r is divisible by (x — c)?, show that q° = r*. 
12. Prove the identities : 
a (x—b)(x-c) " b? (x - c) (x - a) " c? (x-a) (x - b) 2g 
(D "(a-b)(a-c) | (b-c)(b-a)  (c-a)c-b) 
(x - b) (x- c) (x - d) _ (x =e) (x d) (x-a) Nc d)(x — a)(x — b) 
(a — b) (a—c) (a- d) i (b-c) (b - d) (b-a) (c - d)(c - a) (c - b) 
l (x-a)(x-b)x-o) i 
- (d — a) (d — b) (d — c) 


























13. Find the condition that 
ax? + 2hxy + by? + 29x + 2fy + c 
may be the product of two factors of the form 
px +qgy+r, px+qytr 
14. If £2 Ix + my + nz, n= nx + ly + mz, C= mx + ny + lz, and if the 
same equations are true for all values of x, y, z when &, n, 6$ are 
inter-changed with x, y, z respectively, show that 
P + 2mn = 1, m? + 2In = 0, n? + 2lm = 0. 
15. Show that the sum of the products n -r together of the n quantities 
a, a2, a, ..... a" is 
(a — 1) (a? — 1) ....... (a" - 1) d qur) ren) 
(a—1) (a? - 1)....(a"" - 1) i 
313. If the infinite series ag + a,x + a,x? + agx? + ... is equal to zero for every 
finite value of x for which the series is convergent, then each coefficient must 
be equal to zero identically. 

















2 
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Let the series be denoted by S, and let 5, stand for the expression 
A, + dx + a3x? + .... ; then S = ag + xS, and therefore, by hypothesis, 
ay + xS,= 0 for all finite values of x. But since S is convergent, 
5, cannot exceed some finite limit; therefore by taking x small enough 
xS, may be made as small as we please. In this case the limit of S is 
ag; but S is always zero, therefore aj must be equal to zero identically. 

Removing the term ay, we have xS; = 0 for all finite values of x; 
that is, a) + ax + ügx? +... vanishes for all finite values of x. 

Similarly, we may prove in succession that each of the coefficients 
Ay, Ay la, sse is equal to zero identically. 





314. If two infinite series are equal to one another for every finite value of the 
variable for which both series are convergent, the coefficients of like powers of 
the variable in the two series are equal. 
Suppose that the two series are denoted by 

üg + GqX + px? + gx? +... 
and Ag + Aix + AX? + Agx? + su ; 
then the expression 

fy — Ag + (a1 — Ay) x + (dy — Ay) x? + (a3 — A3) x? +t... 
vanishes for all values of x within the assigned limits; therefore by 
the last article 

fy — Ap = 0, ay — Ay = 0, ay — A; = 0, a3 — Az = 0, ...... 
that is, ag 7 Ag, 41 = Ay, dy = Az, 43 = A5, ....; which proves the proposition. 











2+x | 
Example 1. : Expand iia "a seties of ascending powers of x 
as far as the term involving x°. 
2+ x? ‘ B 
Let déc = lo + a,x + A,X + A,X F sr , 


where ap, 44, t5, 43, ..... are constants whose values are to be determined; 
then 





2x = (1 +x- x?) (ag + ax + ax? + agx? +......). 
In this equation we may equate the coefficients of like powers of 
x on each side. On the right-hand side the coefficient of x” is 
a, + A, 1 — 42, and therefore, since x? is the highest power of x on 
the left, for all values of n > 2 we have 
Ant Ay —1 — An —2 = 0; 
this will suffice to find the successive coefficients after the first three 
have been obtained. To determine these we have the equations 
Ay = 2, ay + dg = 0, a + ay — ao = 1; 
whence fy = 2,0, =-2, =5. 
Also 3 + d, — a, = 0, whence a; = - 7; 
A4 + (5 — m = 0, whence a, = 12; 








238 Higher Algebra 








and as + d4 — a3 = 0, whence a5 = — 19; 
24x 
thus LIT 52 = Dx + 5x? = 79 41235 1935 4. 
1-x-x 
Example 2. : Prove that if n and r are positive integers 
n -n(n-1) 4 :— (n-2y e DeD (n - 3y +... 


is equal to 0 if r be less than n, and to n ! if r 7 n. 





g : por, x " 
We have (e` -1) GETI s 
= x" + terms containing higher powers of x (1) 


Again, by the Binomial Theorem, 


X 4w — pn _ (n-1x | n (n — 1) (n - 2x 
(e* - 1) =e™ — ne EE Qt A j (2) 





By expanding each of the terms e”*, e" - U*, we find that the 
coefficient of x” in (2) is 

n | (n-l1y à n(n-1) (n-2) mn(n-1(-2) (n-3) 

HO ri 201 rl 8! T 
and by equating the coefficients of x’ in (1) and (2) the result follows. 





r 
sb is 





Example 3. : If y = ax + bx? + cx? +... 
express x in ascending powers of y as far as the term involving y?. 
Assume x=py + qy}? + ry’? +... ; 
and substitute in the given series; thus 
y =a (py + qy? + ry? +.) +b (py + gy? * Y + c (py + gy? +) +... 
Equating coefficients of like powers of y, we have 








ap = 1; whence p -*. 


aq + bp? 2 0; whence q =-5. 





ar + 2bpq + cp? = 0; Weng i, 
a a 
b 2 2p? — 3 
Thus xed : . ( — Fassi 


This is an example of Reversion of series. 
Corollary :- If the series for y be given in the form 
y = k + ax + bx? + cx? +... 
put y-k-z 
then z=ax + bx? + cx? +... ; 
from which x may be expanded in ascending powers of z, that 
is of y — k. 
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BE Examples XXII.b. 


Expand the following expressions in ascending powers of x as far as 
3 





XU. 
1+ 2x 1- 8x 1+x 
1l. ee 2. =x- 6x? 9. 24x4 x? 
34x 1 
E 5. 1d4ax- ax? - x) 





at 
6. Find a and b so that the n“ term in the expansion of d may 


x) 
be (3n - 2) x" - !. 
7. Find a, b, c so that the coefficient of x" in the expansion of 
2 
ETT may be n? + 1. 
(1- x) 
8. If y? + 2y =x (y + 1), show that one value of y is 
1 1> 1 m 
2 8 128 
9. If cx? + ax - y = 0, show that one value of x is 





y c 3cy 126y 

e + qi 
Hence show that x = 0.00999999 is an approximate solution of 
the equation x? + 100x — 1 = 0. To how many places of decimals 
is the result correct ? 

10. In the expansion of (1 + x) (1 + ax) (1 + a’x) (1 + à?x) ...., the number 
of factors being infinite, and a « 1, show that the coefficient of x" is 
1 in 


(1-3) (1- à) (1- à?) .... (17 a^) 











11. When a « 1, find the coefficient of x" in the expansion of 
1 
(1— ax) (1— aà?x) (1— a?x) ..... to inf. 


12. If n is a positive integer, show that 











a) n" -n(n yi 20679 notte -ineent 


Q) m - (n1) ye 
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the series in each case being extended to n terms; and 





(3) I -n2" 4 y a= (AY nt; 


(4) (py =n one py + E 


the series in the last two cases being extended to n + 1 terms. 





(ntp-2y-..-n!; 


Partial Fractions 





315. In elementary Algebra, a group of fractions connected by the 
signs of addition and subtraction is reduced to a more simple form 
by being collected into one single fraction whose denominator is the 
lowest common denominator of the given fractions. But the converse 
process of separating a fraction into a group of simpler, or partial, 
fractions is often required. For example, if we wish to expand 
3-5x 
1 —4x+3x?’ 
method of Art. 314, Example 1, and so obtain as many terms as we 
please. But if we wish to find the general term of the series this 
method is inapplicable, and it is simpler to express the given fraction 


in a series of ascending powers of x, we might use the 


in the equivalent form +. + Lu Each of the expressions (1 - x)! 
-X — 3x 
and (1 - 3x)! can now be expanded by the Binomial Theorem, and 


the general term obtained. 


316. In the present chapter we shall give some examples illustrating 
the decomposition of a rational fraction into partial fractions. For 
a fuller discussion of the subject the reader is referred to Serret’s 
Cours d’Algebre Superieure, or to treatises on the Integral Calculus. In 
these works it is proved that any rational fraction may be resolved 
into a series of partial fractions; and that to any linear factor x — a 
in the denominator there corresponds a partial fraction of the form 
A 


x-a 





; to any linear factor x — b occurring twice in the denominator 


there correspond two partial fractions, MO and Gp If x — b occurs 


three times, there is an additional fraction Go and so on. To any 


quadratic factor x? + px + q there corresponds a partial fraction of 
Px+Q 


the form — 
x + px+gq 


; if the factor x? + px + q occurs twice, there is a 


Px+Q 
I l— and so on. 


second partial fraction poem 
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Here the quantities A,, By, By Bs... P, Q, P,, Qı are all independent 
of x. 
We shall make use of these results in the examples that follow. 


5x- 
Example 1. : Separate aam ep O partial fractions. 
Since the denominator 2x? + x — 6 = (x + 2) (2x - 3), we assume 
5x-1 A | B 








2xY*x-6 x42 2x-3' 
where A and B are quantities independent of x whose values have 
to be determined. 
Clearing of fractions, 
5x - 11 = A (2x - 3) + B (x + 2). 
Since this equation is identically true, we may equate coefficients 
of like powers of x; thus 
2A* B-5,-3A + 2B- - 15; 

















whence A-98,B--1. 
5x-11 — 3 1 
2x°+x-6 x42 2x-3` 
mx +n : . . 
Example 2. : Resolve (x — a) (x & b) into partial fractions. 
mxt+n A B 
Assume (x-a)(x*b) x a x«b. 
mx -*n =A (x+b)+B(x-a). ss (1) 


We might now equate coefficients and find the values of A and 
B, but it is simpler to proceed in the following manner. 

Since A and B are independent of x, we may give to x any value 
we please. 

In (1) put x - a = 0, or x =a; then 











| mactne 
ath” 
; mb —n 
putting x+b=0, or x--b,B- : 
a+b 
mx+n _ 1 matn mb —n 
(x-a)(x-b) atb\ x-a x+b J 
23x - 11x? 


Example 3. : Resolve into partial fractions. 


Qx-1)(9- x’) 
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23x - 11x? A B C 
= + + ; (1) 
(2x-1)(3+x)(3-x) 2x-1 34x 3-x 
23x-1132- A (3 + x) (3 — x) + BQx-1)(3-x)-* C Qx- 1) (3 + x). 
By putting in succession 2x - 120, 3 + x = 0, 38- x = 0, we find 
that 


A=1,B=4,C=-1. 
23x = be 1 4 1 


E + - f 
(2x-1)(9-x2) 2x-1 3+x 3-x 





Assume 





manear oa 
Kampie As Resolve- ieu PP DADOS 
3*x-2 A , B C 





+ ; 
Assume  «- 3y (1—- 2x) i-2x x-2 (x-2y 
3x2 + x-2 = A (x - 2)? + B (1 — 2x) (x - 2) + C (1 - 2x). 
1 


Let 1 - 2x = 0, then A-- -; 


let x — 2 = 0, then C -- 4. 
To find B, equate the coefficients of x”; thus 
5 
3 = A — 2B; whence us 


3x +x -2 1 5 4 


x-2y 0-2x) 3(1-2x) 3(-2) («-2y 





42 — 19x 


Example 5. : Resolve (E 1) - 4) 


into partial fractions. 
4-1 <AxtB. C . 
Assume G24) (x-4) 241 x-4' 
42 — 19x = (Ax + B) (x - 4) + C (x? + 1). 
Let x = 4, then C = - 2; 








equating coefficients of x?, 0=A+C, and A-2; 
equating the absolute terms, 42 = — 4B + C, and B = - 11, 
42 — 19x |. 2x -11 2 





+1) (x-4) x*1 x-4 


317. The artifice employed in the following example will sometimes 
be found useful. 
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Example : Resolve set E into partial fractions. 
(x-2) (x 1) 
9x° — 24x? + 48x A M f(x) 
(x-2)*(x-1  x+1 (x-2yY' 
where A is some constant, and f (x) a function of x whose value remains 
to be determined. 
9x? — 24x? + 48x = A (x - 2)! + (x + 1) f (x). 
Let x = — 1 then A = - 1. 
Substituting for A and transposing, 
(x + 1) f (x) = (x - 2)! + 9x3 — 24x? + 48x = x* + x? + 16x + 16; 








Assume 























f (x) 7» x? + 16. 
. . . . x? +16 
To determine the partial fractions corresponding to (x-29 
p= 
put x - 2 = z; 
x? +16 (z+2) +16 z°+6z°+12z +24 
then 45 4 B 4 
(x - 2) Z Z 
1 6 12 24 
z ox x z 
O1. 6 R , 2 
x-2 (x-2P (x-2y (x-2y 
9-24448x 1 1 6 , 2 , A 
(x - 2! (x +1) x41 x-2 (x-2p (x-2p (x-2y 


318. In all the preceding examples the numerator has been of lower 
dimensions than the denominator; if this is not the case, we divide 
the numerator by the denominator until a remainder is obtained 
which is of lower dimensions than the denominator. 














3 2 
Example : Resolve siue inn partial fractions. 
3x? -2x -1 
By division, 
6x? +5x° -7 8x- 4 
=z 2—.-52xt3t— à 
3x“ -2x -1 3x^-2x-1 
8kx-4 5 1. 
and — 42 2x-1 3x41 x-1 
6x? + 5x? -7 5 1 
IPTE ME OR X 34 t " 
3x^-2x-1 3x+1 x-1 
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319. We shall now explain how resolution into partial fractions 
may be used to facilitate the expansion of a rational fraction in 
ascending powers of x. 
3x!4x-2 
Example 1. : Find the general term of (x-2Y(1-2x) when expanded 
in a series of ascending powers of x. 
By Example 4, Art. 316, we have 








3x? +x-2 c 1 5 4 
«-2»0-2x) 3-2x) 3(x-2) (x-2y 
1 5 4 





30-2) 3Q-x) (2-2) 


zi yn z) E jc 
3 6, 2 2 


Hence the general term of the expansion is 














3 62 2 
74x ; : ; 
Example 2. : Expand — ——— — 7. in ascending powers of x and find 
(19 x) (19 x^) 
the general term. 
7tx _ A, Bx*C., 
Assume (l+x)(1tx?) 14x 14x?’ 





7+x=A (1+ x7) + (Bx+CO) (1 * x). 
Let 1 +x =0, then A = 3; 
equating the absolute terms, 7 = A + C, whence C = 4; 
equating the coefficients of x2, 0 = A + B, whence B = - 3. 
74x | 3 ,4-8x 
Gtx) (+x) 1+x 14x 
=3 (1+ x) + (4 - 3x) (1 + 2) 
=3 {1 -x +x- nn. + (^71) x €...) 
*(4-3x)(1-x?-x*-.... + (C 1y x... 


To find the coefficient of x’ : 








(1) If r is even, the coefficient of x” in the second series is 4(-1)?; 


therefore in the expansion the coefficient of x” is 3+4(-1)?. 


r-1 
(2) If r is odd, the coefficient of x’ in the second series is -3(-1) 2 , 
r+1 


and the required coefficient is 3(—1) 2 —3. 
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BENE Examples XXIII 


Resolve into partial fractions : 





7x -1 
l. 1- 5x + 6x? 2. 
1+ 3x 42x? 
4. 


(1-23) (1- x?) 

2x -x-x-3 

x (x - 1) (2x + 3) 

x! -3x? - 3x? + 10 
(x * 1y (x - 3) 
2x? -11x +5 

(x - 3) (x° + 2x - 5) 

5x? + 6x? + 5x 

11. G2 Det? 








10. 


46 + 13x 

12x? - 11x - 15 
x? - 10x +13 

(x - 1) (x? - 5x + 6) 

9 
(x1) (x *2y 
26x? + 208x 

(x? +1)(x+ 5) 

3x? - 8x? +10 
Qe 





Find the general term of the following expressions when expanded 


in ascending powers of x. 











1+ 3x 5x +6 
12. 1411x + 28x 13. 01x) - x) 
x +7x+3 2x-4 
14; x?--7x-10 d (1- x^) (1- 2x) 
A+ 3x + 2x? 3+ 2x—x? 
16. Gx) ae x - 2x) 17. 1 x) (1- 4x) 
4T 7x 2x *1 
18. 03x) (1 x. 19. ( -1) G2 41) 
1-x+ 2x? 1 
20. "aq-xy 21. 1- ax) 1 - bx) (1 - cx) 
3 - 2x? 
22. Q- ax «xi 
23. Find the sum of n terms of the series 
1 ; x ; x 
O aras) a«x)0«»x) AFAA 77 
x (1- ax) ax (1— a° x) 





O) Ataata) (+a) (1+ ax) (1 8x) (1 ax) 
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24. When x « 1, find the sum of the infinite series 
4 


1 l E x 
0-:-3) Q-x)0-3) -:3)-») 
25. Sum to n terms the series whose p'" term is 
x? (14- x”*') 
(isa dw Ue 
26. Prove that the sum of the homogeneous products of n dimensions 
which can be formed of the letters a, b, c and their powers is 
a" ^ (p-c)* b^? (c-a) « c" ^ (a-b) 
à (b-c)*b?(c-a)*c?(a-b) ` 
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320. A series Ug + Uy + o us... ; 

in which from and after a certain term each term is equal to the sum 
of a fixed number of the preceding terms multiplied respectively by 
certain constants is called a recurring series. 


321. In the series 
1 + 2x + 3x? + 4x? + 5x* +., 
each term after the second is equal to the sum of the two preceding 
terms multiplied respectively by the constants 2x, and — x?; these 
quantities being called constants because they are the same for all 
values of n. Thus 
5x* = 2x: Ax? + (- x?) 3x? ; 
that is, U, —2xu4- xu»; 
and generally when 7 is greater than 1, each term is connected with 
the two that immediately precede it by the equation 
Un = 2Xu, 1— X? u, 5, 
Or u,—2xu, 1 t X? u, 57 0. 
In this equation the coefficients of u,, u, .. ,, and u,,_», taken with 
their proper signs, form what is called the scale of relation. 
Thus the series 
1 + 2x + 3x2 + 4x3 + 5x^ +... 
is a recurring series in which the scale of relation is 
1 -2x + x. 








322. If the scale of relation of a recurring series is given, any term 
can be found when a sufficient number of the preceding terms are 
known. As the method of procedure is the same however many terms 
the scale of relation may consist of, the following illustration will 
be sufficient. 

2 


If 1 — px -= qx? — rx? 


is the scale of relation of the series 
2 





Ag + AX + ü5X? FAX? Posa 
we have 


ax" = px ay y VEE gea ETA ra, gx", 


Recurring Series 249 








or An = Pay —17 gan -2 + fan -3; 
thus any coefficient can be found when the coefficients of the three 
preceding terms are known. 


323. Conversely, if a sufficient number of the terms of a series be 
given, the scale of relation may be found. 


Example : Find the scale of relation of the recurring series 
2+ 5x + 13x? + 83533 +... 

Let the scale of relation be 1 — px - qx?; then to obtain p and q we 
have the equations 

13-5p-24 = 0, and 35 - 13p - 5q = 0; 
whence p= 5 and q = - 6, thus the scale of relation is 
1- 5x + 6x?. 

324. If the scale of relation consists of 3 terms it involves 2 constants, 
p and q; and we must have 2 equations to determine p and q. To 
obtain the first of these we must know at least 3 terms of the series, 
and to obtain the second we must have one more term given. Thus 
to obtain a scale of relation involving two constants we must have 
at least 4 terms given. 

If the scale of relation be 1 —- px - qx? — rx?, to find the 3 constants 
we must have 3 equations. To obtain the first of these we must know 
at least 4 terms of the series, and to obtain the other two we must 
have two more terms given; hence to find a scale of relation involving 
3 constants, at least 6 terms of the series must be given. 

Generally, to find a scale of relation involving m constants, we 
must know at least 2m consecutive terms. 

Conversely, if 2m consecutive terms are given, we may assume 
for the scale of relation 

1 = px -px?-pg -... = py X". 
325. To find the sum of n terms of a recurring series. 

The method of finding the sum is the same whatever be the scale 
of relation; for simplicity we shall suppose it to contain only two 
constants. 

Let the series be 








Ag + aix + MX? + aX? +... (1) 
and let the sum be S; let the scale of relation be 1 — px — qx?; so that 
for every value of n greater than 1, we have 


An — Pan -1 — Gay -2 = 0. 





Now S= ao + 4X ax. Fa, ax" — 1, 
- px S = - pax = pax? = ....... - pa, 5x'-l-pa, 4x", 
- qx? S = = qagx - ....... - qa, 3x" - 1 — qa, 5 x' — qa, x" *1, 


n+1 
, 


a = px — qx?) S = dg + (a, — pao) x — (pay, -1 + Gan — 2) x" — ga, -1X 
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for the coefficient of every other power of x is zero in consequence 
of the relation 
ay — Pan -1 = gay —2 = 0. 
| Ay + (A, -pm)x (p, ,*90, ,)x' *ga, X 
1- px - qx? 1- px - qx? 
Thus the sum of a recurring series is a fraction whose denominator 
is the scale of relation. 


x"! 





326. If the second fraction in the result of the last article decreases 
indefinitely as n increases indefinitely, the sum of an infinite number 


a, + (a, — PA) x 
of terms reduces to 7 — — —5— 
1- px - qx? 

If we develop this fraction in ascending powers of x as explained 
in Art. 314, we shall obtain as many terms of the original series as 
we please; for this reason the expression 

Ay + (a, — pay) x 
1-px-qx? 
is called the generating function of the series. 
327. From the result of Art. 325, we obtain 


a + (4 ~ Pay) _ " 





1-px-qx 








1- px — qx? 
from which we see that although the generating function 
fiy + (4 - pa) x 
1- px - qx? 
may be used to obtain as many terms of the series as we please, it 
can be regarded as the true equivalent of the infinite series 


Ag + AX + ax? "E agusa j 


n+1 
(pa, ,* ga, .)x" tga, X 


only if the remainder 5 
1- px - qx 





vanishes when 7 is indefinitely increased; in other words only when 
the series is convergent. 
328. When the generating function can be expressed as a group of 
partial fractions the general term of a recurring series may be easily 
found. Thus, suppose the generating function can be decomposed 
into the partial fractions 
A B C 
1-ax 1+bx (-cxy" 
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Then the general term is 
{Aa’ + (= 1)" Bb’ + (r+ 1) Cc'"] x". 
In this case the sum of 1 terms may be found without using the 
method of Art. 325. 
Example : Find the generating function, the general term, and the 
sum to n terms of the recurring series 
1-7x-x2-433 -.... 
Let the scale of relation be 1 — px - qx?; then 
-1-7p-94-0,-43*p * 74 - 0; 
whence p = 1, g = 6; and the scale relation is 
1- x - 6x?. 
Let S denote the sum of the series; then 
S = 1 -7x -x?- 4333 — ...... 





—xS = = xt 7x? 4294 00. 
— 6x25 = — 6x? + 42x3 +. 
(1 — x — 6x?) S = 1 - 8x, 
1-8x 
S= 


1- x- 6x?’ 
which is the generating function. 
1- 8x 


dcr into partial fractions, we obtain 


If we separate 


2 1. 
1-2x 1-3x 





; whence the (r + 1)" or general term is 
((- 1) 27*! — 37) xr. 
Putting r = 0, 1, 2, ...... n-1, 
the sum to n terms 
= {2 — 2? x + 28 x? — + (— 1)"71 2"x"-1} — (1 + 3x + 32x? 





Teen + 3m lyn ly 
2404) ars 1- 3"x" 
7 1+ 2x a 
329. To find the general term and sum of n terms of the recurring 
series dy + a4 + Mm +....., we have only to find the general term and sum 


of the series ag + a,x + ax? + ..., and put x = 1 in the results. 
Example : Find the general term and sum of n terms of the series 
1+6+24+ 84+... 
The scale of relation of the series 1 + 6x + 24x? + 84x? +... is 
1+x 
1 - 5x + 6x? , and the generating function is 7_5y 4 eg 





This expression is equivalent to the partial fractions 
4 3 
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If these expressions expanded in ascending powers of x the general 
term is (4-3 — 3-2") x". 

Hence the general term of the given series is 4-3" — 3-2"; and the 
sum of n terms is 2 (3* — 1) - 3 (2" - 1). 
330. We may remind the student that in the preceding article the 
generating function cannot be taken as the sum of the series 

1 + 6x + 24x? + 84x? 4 

except when x has such a value as to make the series convergent. 
Hence when x = 1 (in which case the series is obviously divergent) 
the generating function is not a true equivalent of the series. But the 
general term of 





1+6+ 24+ 84+... 
is independent of x, and whatever value x may have it will always be the 
coefficient of x” in 








1 + 6x + 24x? + 84x? +... 
We therefore treat this as a convergent series and find its general 
term in the usual way, and then put x = 1. 


EN Examples XXIV 


Find the generating function and the general term of the following 
series : 

















1. 1 + 5x + 9x? + 13:23 +... 2. 2- x + 5x?- 7X3 +... 
3. 24+ 3x + 5x? + 9x8 +... 4. 7— 6x + 9x? + 27x* * ... 
5. 3 + 6x + 14x? + 36x? + 98x4+ 276x? + ..... 








Find the n™ term and the sum to n terms of the following series: 
6. 2+54+134+ 35+... 7. —1+ 6x? + 30x +... 

8. 2 * 7x + 25x? + 913? 4 

9. 1 t 2x + 6x? + 20:2 + 66x4 + 2123? +... 














10. 4240484 M 


11. Show that the series 
12 + 22 + 324+ 47 4 ...... n?, 
18 + 23 + 334+ 43 4 00. n, 
are recurring series, and find their scales of relation. 























12. Show how to deduce the sum of the first n terms of the recurring 
series 





Ag + (x + A,X? + dax? + 
from the sum to infinity. 
13. Find the sum of 2n + 1 terms of the series 


3-1+13-9+41-53+.... 
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14. 


15. 


The scales of the recurring series 





fig + MX + Myx? + 5x9 uu ; 

bo + bix + box? + bax? su n 
are 1 * px * qx?, 1 * rx * sx?, respectively; show that the series 
whose general term is (a, + b,) x" is a recurring series whose scale 
is 




















4 


1*(p*r)x-*(q-s-pr) x? + (qr + ps) x? + qex*. 
If a series be formed having for its n term the sum of n terms 
of a given recurring series, show that it will also form a recurring 
series whose scale of relation will consist of one more term than 
that of the given series. 





Continued Fractions 








: b : : 
331. An expression of the form a+ MEC is called a continued 
C+ 
E Tuus 
fraction; here the letters a, b, c, ..... may denoted any quantities 


whatever, but for the present we shall only consider the simpler 


1 ME : 
form 4, Be— Ww v Where Ay, flo, lla, ..... are positive integers. This 





will be usually written in the more compact form 


1 
a, + —— 
ü, Ag Fu 





332. When the number of quotients a, ay, a3, .... is finite the continued 
fraction is said to be terminating; if the number of quotients is unlimited 
the fraction is called an infinite continued fraction. 

It is possible to reduce every terminating continued fraction to 
an ordinary fraction by simplifying the fractions in succession 
beginning from the lowest. 


333. To convert a given fraction into a continued fraction. 


m 
Let — be the given fraction; divide m by n, let a, be the quotient 
n 


and p the remainder; thus 





=A, 4 i. 
n’ 


B 


divide n by p, let a, be the quotient and q the remainder; thus 
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divide p by q, let a5 be the quotient and r the remainder; and so on. 
Thus 











1 1 1 
=q + p atz gp 
n a, + a,+ a, 
Ay + us 
If m is less than n, the first quotient is zero, and we put 
m 1 
non 
m 


and proceed as before. 

It will be observed that the above process is the same as that of 
finding the greatest common measure of m and n; hence if m and n 
are commensurable we shall at length arrive at a stage where the division 
is exact and the process terminates. Thus every fraction whose 
numerator and denominator are positive integers can be converted 
into a terminating continued fraction. 


251 
Example : Reduce 302 to a continued fraction. 


Finding the greatest common measure of 251 and 802 by the 
usual process, we have 


5 | 251) 802 |3 
6| 6| 494,8 
1 
and the successive quotients are 3, 5, 8, 6; hence 
251 1 1 1 1 
80 3+5+8+ 6° 


334. The fractions obtained by stopping at the first, second, third, 
.... quotients of a continued fraction are called the first, second, third, 
.... convergents, because, as will be shown in Art. 339, each successive 
convergent is a nearer approximation to the true value of the continued 
fraction than any of the preceding convergents. 

335. To show that the convergents are alternately less and greater than the 
continued fraction. 





1 1 
Let the continued fraction be 4, + —— —— ...... 
a, + a,+ 
The first convergent is a,, and is too small because the part 
1 1 "-— ; 1 
—_ —— ris omitted. The second convergent is a, +— , and is too 
3 3 a, 


great, because the denominator a, is too small. The third convergent 
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: 1 1 ' 1. 
is 4, + —— — , and is too small because a, + — is too great; and so on. 
a 


a, + a, 


When the given fraction is a proper fraction a, = 0; if in this case 
we agree to consider zero as the first convergent, we may enunciate 
the above results as follows : 

The convergents of an odd order are all less, and the convergents of an 
even order are all greater, than the continued fraction. 


336. To establish the law of formation of the successive convergents. 
Let the continued fraction be denoted by 


B, dob at 
then the first three convergents are 
a,a,+1 ^ (aa, +1) +a . 


1 


ay 
1’ a, 

and we see that the numerator of the third convergent may be formed 
by multiplying the numerator of the second convergent by the third 
quotient, and adding the numerator of the first convergent; also 
that the denominator may be formed in a similar manner. 

Suppose that the successive convergents are formed, in a similar 
way; let the numerators be denoted by pj, po, ps .... and the 
denominators by qı, 92, qs, .... 

Assume that the law of formation holds for the n™ convergent, 
that is, suppose 

Pn = AnPn-1 + Pn-2 , Gn = Ann -1 * n-z 


The (n + 1)} convergent differs from the n'" only in having the 





aa, +1 


: 1. 
quotient a, * —— in the place of a,; hence the (n + 1) convergent 


ntl 


1 
a, +—— Pat Pr- 
| + i : = 4, ,, (4, Pra P, -2) Pa -1 
A A 
[a+ 1 jenes nea S d, 1 q, 5) d, 4 

















ES 


LT 1 P, NE P, -1 
Um 1 d, + Vy, -1 
If therefore, we put 


Pn 1 = An+1Pn + Pa-1, n 1 = An+1 fn * Qn -1 


' by supposition. 
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we see that the numerator and denominator of the (n + 1)" convergent 
follow the law which was supposed to hold in the case of the n'^. But 
the law does hold in the case of the third convergent, hence it holds 
for the fourth, and so on; therefore, it holds universally. 


337. It will be convenient to call a, the n" partial quotient; the complete 


1 1 
quotient at this stage being 4, * c2 EN we shall usually 


ntl n+2 
denote the complete quotient at any stage by k. 
We have seen that 
P, = 4, Pu-17 Pa-2 
d, a, d4-,1* d, -2 


let the continued fraction be denoted by x; then x differs from Pa only 














n 
in taking the complete quotient k instead of the partial quotient a,; 
thus 
= kp, ,* Pu-2 
x =————_—_., 
k 1, sp Vn -2 
338. If Pa be the n convergent to a continued fraction, then 


n 





Pn dn-1— Pn-1 fn = (= 1)” 
Let the continued fraction be denoted by 


1 1 1 


then 
Pn Ün-1 —Pn-1 Gn = (à, Pn-1 + ps2) Gn-1 — Pn-1 (a, Gn -1 + Gn -2) 
= (- 1) (Ps 1 Gn -2 —Pn-2 Gn -1) 
= (- Ü* (Pa -2 Ün-3 = Pn -3 qu - 2) similarly, 


But pjj - pip; = (ım + 1) - m. m = 1 = C 1); 
hence Pudn-17 Pn-1 n = C7 1)". 

When the continued fraction is less than unity, this result will 
still hold if we suppose that a, = 0, and that the first convergent is 
zero. 


Note :- When we are calculating the numerical value of the successive 
convergents, the above theorem furnishes an easy test of the accuracy 
of the work. 


Corollary 1. Each convergent is in its lowest terms; for if p, and q, 
had a common divisor it would divide p, q, .4— Pn-1 Ju or unity; 
which is impossible. 
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Corollary 2. The difference between two successive convergents 
is a fraction whose numerator is unity; for 


Pa Pn-1 _ Pauci 7 Pais = 1 
1, qd, a 4, d, a ], PEE 
BEN Examples XXVaa. 


Calculate the successive convergents to 


1 1 1 11 


























1. 2 : 
6+1+1+11+2 
2 1 1 1 1 1 11 
` 2+ 24+34+14+44+ 24+ 6° 
3 1 1 1 1 1 1 
` 3+1+2+2+1+ 97 
Express the following quantities as continued fractions and find 
the fourth convergent to each. 
á 253 5 822 6 1189 7 729 
` 179 ` 159 ' 3927 ` 2318 
8. .37 9. 1.139 10. .3029 11. 4.316 


12. A metre is 39.37079 inches, show by the theory of continued 
fractions that 32 metres is nearly equal to 35 yards. 

13. Find a series of fractions converging to .24226, the excess in days 
of the true tropical year over 365 days. 

14. A kilometre is very nearly equal to .62138 miles; show that the 


fractions 2 E d are successive approximations to the 
8 29 37 108 
ratio of a kilometre to a mile. 

15. Two scales of equal length are divided into 162 and 209 equal 
parts respectively; if their zero points be coincident show that 
the 31* division of one nearly coincides with the 40" division of 
the other. 

n'-n-1 


16. If is converted into a continued fraction, show that 


n+nt+n+1 
the quotients are n — 1 and n + 1 alternately and find the successive 
convergents. 

17. Show that 

Posi Pa- Pa 


D y 
e fasi 4n-1 4, 
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(2) Pus2 1 1 Pua = In +2 1 1 ds -1 . 
P, P, +1 d, d, +1 
18. If Ps is the n'" convergent to a continued fraction, and a, the 








n 
corresponding quotient, show that 
Pn +2 Gn-2 i Pn-2 Ün «2 = An+2° In+1° An + On+2 + Ay. 


339. Each convergent is nearer to the continued fraction than any of the 
preceding convergents. 


: . P P 
Let x denote the continued fraction, and Pa SOL fo three 


1, s 1 d, 


Paio 





consecutive convergents; then x differs from only in taking the 


n+2 
complete (n + 2) quotient in the place of a, , ;; denote this by k; thus 











kp, * P, 
x =———_ ; 
k q,,4 * 4, 
LP. FO a~ P. G@n+1) _ k 
d, d, Up aut q,) 4 (kq,, 4)" 
and Pari y= Pasa In ~ Pn VPEEI E 1 
PEST ERU ERI q,) q, i naa t+ In) 





Now k is greater than unity, and q, is less than q,, 41; hence on 


both accounts the difference between Prsa 


fati 


; P, 
difference between — and x ; that is, every convergent is nearer to 


and x is less than the 


the continued Patton than the next preceding convergent, and 
therefore a fortiori than any preceding convergent. 

Combining the result of this article with that of Art. 335, it follows 
that 

the covergents of an odd order continually increase, but are always less 
than the continued fraction; 

the convergents of an even order continually decrease, but are always 
greater than the continued fraction. 


340. To find limits to the error made in taking any convergent for the continued 
fraction. 


P, P, +1 P, +2 a 
Let — — , —— be three consecutive convergents, and let k 


4 J 
d, d, +1 d, +2 
denote the complete ( + 2)" quotient; 
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k + 
then gu AD. 
kg, 4 * d, 
m m k E 1 
k + : 
4, In Fy 2 +4) AN 


Now k is greater than 1, therefore the difference between x and 


1 
Pais less than , and greater than —~____ 
d, 4, Ina d, Gui * 4,) 


n 


Again, since g,+1>9,, the error in taking Pa instead of x is less 





n 


1 
than — and greater than 


; 2q;, 


ntl 


341. From the last article it appears that the error in taking Pa 





instead of the continued fraction is less than — ———, or 
1 1 q, d, +1 
; that is, less than ———z; hence the larger a, , ; is, 
Gy (Bt In * 4, 4) a, i 


the nearer does Ps approximate to the continued fraction; 


therefore, any convergent which immediately precedes a large quotient 
is a near approximation to the continued fraction. 


1 
Again, since the error is less than —,it follows that in order to 
n 
find a convergent which will differ from the continued fraction by 


less than a given quantity a’ We have only to calculate the successive 


P 
convergents up to P where g?is greater than a. 


342. The properties of continued fractions enable us to find two 

small integers whose ratio closely approximates to that of two 

incommensurable quantities, or to that of two quantities whose exact 

ratio can only be expressed by large integers. 

Example : Find a series of fractions approximating to 3.14159. 

In the process of finding the greatest common measure of 14159 

and 1,00,000, the successive quotients are 7, 15, 1, 25, 1, 7, 4. Thus 
1 1 1 1 1 11 
7+15+1+25+1+7+4` 








3.14159 = 34 
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The successive convergents are 
3 22 333 355 


1'7 106'113' 
this last convergent which precedes the large quotient 25 is a very 
1 


near approximation, the error being less than 25x (113) and 
therefore less than a or .000004. 
25 x (100) 


343. Any convergent is nearer to the continued fraction than any other fraction 
whose denominator is less than that of the convergent. 
Pa P, -1 
"i 
r 4, 4, -1 
convergents, — a fraction whose denominator s is less than q,. 
S 


l r r 
If possible, let — be nearer to x than Pr then —must be nearer 
S s 


Let x be the continued fraction, two consecutive 


n 


to x than fasi [Art. 339]; and since x lies between Ps and Ie 


n-1 4, La 


Pa and Pid., 


7 
follows that — must lies between 
s 4, Lp -1 


: 1 
,thatis « E 





r P 
Hence -~ < 





S 
Td, T78p, 4$ —; 
n 


that is, an integer less than a fraction; which is impossible. Therefore, 


P 
Po inust be nearer to the continued fraction than -. 
s 


n 
, 


344. If ri , * be two consecutive convergents to a continued fraction x, 


r 


P is greater or less than 5 i 
q q 


pp’ 


$ 











Let k be the complete quotient corresponding to the convergent 


Hp 
kq' +q 





immediately succeeding a j then x 





1 
A {pp’ (kg + ay —qq' (kp’ + py) 
qq qq’ (kg + qy 


(pg - pq) (pd - p' 1) 
qq’ (kq' + qy 
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The factor k? p’q’ — pq is positive, since p» p, f >q, andk»1; 
pp’ 


, 





hence >or<x?, according as pq’ — p’q is positive or negative; that 


, 


is, according as Porc E. 
q q 
Corollary :- It follows from the above investigation that the 
expressions pq’ - p’q, pp’ — qq’ x2, p? - q? x?, q? x? - p? have the same 
sign. 


BN Examples XXV.b. 








1. Find limits to the error in taking Z yards as equivalent to a 
metre, given that a metre is equal to 1.0936 yards. 


2. Find an approximation to 14 RS TM VE N 
34547494 114 
which differs from the true value by less than .0001. 








99 
3. Show by the theory of continued fractions that 70 differs from 


1 
1.41421 by a quantity less than 415.5. 


a? + 6a + 13a + 10 


a* + 6a° + 14d + 15a +7 
the third convergent. 

5. Show that the difference between the first and n'^ convergents 
is numerically equal to 


1 de. X | (ay 


dd], 9s Is ^ — 4,44, 





4. Express as a continued fraction, and find 





n 


6. Show that if a, is the quotient corresponding to Bi 


n 








1 1 1 1 1 
@) — ——— 
Pa LEE +4,_,+ 4, 4 a,+ a,+ a, 
Vn 1 1 1 1 1 
(2) mE du diga 
ds 1 4,1 +4, 7+ 4,37 a, + A, 
1 1 1 1 
7. In the continued fraction — — — —— ..... , show that 


at+atat+at 


A) 8 4a Tun Fs 
(2) Pn = Qn-1: 
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10. 


11. 


12. 


13. 


je 








A 
Ion = Pos ar Fon -1 Sgp’ 


In the continued fraction — —— —— —— eese.. , show that 
a+b+a+b+ 


Pn+2 7 (ab + 2) Put Pn- 27 =0, Gn «2 — (ab + 2) Qn * n- 2 - 0. 





Show that a [s polus to 2n quotiens 





1 : 
= AX — —À sues to 2n quotients. 





If are the n'^, (n — 1)", (n — 2) convergents to the 


actions 
1 1 1 1 1 1 1 


sies 7 i5 — 
a+ a,+ a,+ a,+ a,t+a,t+ a,+ a,+ a, + 
respectively, show that M = aP + R, N = (aja; + 1) P + aR. 


1 1 1 


n 
If - is the n'® convergent to —— — —— eee 
Dn 5 atütat 


show that p, and q, are respectively the coefficients of x" in the 
2 
ax tx 


continued 


De 
, Q' S 
fr 

1 














expansion of 2 


1-ax-x 1-ax- x? 
n n 


Hence show that Pa = 9-1 = EB. ; where a, p are the roots of 
the equation P — at - 1 = 0. 


Pa. 1 1 1 1 
If is the n'" convergent to — 7 — —- 7 ces 
7 atb+ a+b+ 


show that p, and q, are respectively the coefficients of x" in the 
expansions, of 
x + bx? - x° " ax + (ab + 1) x? — x* 
1- (ab + 2) x? + x* 1- (ab + 2) x? + x* 
Hence show that i à 
a" — p^ a^ * = pt - (a”- B”) 
ap,, = bq,, ,— ab a-b” Pon+1 7 dos = a -B , 
where o, f are the values of x? found from the equation 
1 - (ab + 2) x? - x* = 0. 











CHAPTER 


26 Indeterminate Equations 
of the First Degree 





345. In Chapter 10, we have shown how to obtain the positive integral 
solutions of indeterminate equations with numerical coefficients; 
we shall now apply the properties of continued fractions to obtain 
the general solution of any indeterminate equation of the first degree. 


346. Any equation of the first degree involving two unknowns 
x and y can be reduced to the form ax * by = c, where a, b, c are 
positive integers. This equation admits of an unlimited number of 
solutions; but if the conditions of the problem require x and y to be 
positive integers, the number of solutions may be limited. 


It is clear that the equation ax + by = — c has no positive integral 
solution; and that the equation ax - by = -c is equivalent to 
by — ax = c; hence it will be sufficient to consider the equations 
ax + by =. 


If a and b have a factor m which does not divide c, neither of the 
equations ax + by = c can be satisfied by integral values of x and y; 
for ax + by is divisible by m; whereas c is not. 

If a, b, c have a common factor it can be removed by division; so 
that we shall suppose a, b, c to have no common factor, and that 
a and b are prime to each other. 

347. To find the general solution in positive integers of the equation 
ax — by = c. 


a p 
Let b be converted into a continued fraction, and let q denote 


the convergent just preceding pithen aq=bp = + 1.[Art. 338.] 


I. If aq — bp = 1, the given equation may be written 
ax — by = c (aq — bp); 
a (x - cq) = b (y - cp). 
Now since a and b have no common factor, x — cg must be divisible 
by b; hence x - cq = bt, where t is an integer, 
P A RUPES Ap. UN 
b a * 
that is, x = bt+ cq, y = at + cp; 
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from which positive integral solutions may be obtained by giving 
to t any positive integral value, or any negative integral value 


c 
numerically smaller than the less of the two quantities e ; also 
t may be zero; thus the number of solutions is unlimited. 

II. If ag — bp = - 1, we have 
ax — by = — c (aq — bp), 
a (x + eq) = b (y + cp); 


xt+cq yctcp 
b a 
hence x = bt — cq, y = at — cp; 
from which positive integral solutions may be obtained by giving 
to t any positive integral value which exceeds the greater of the two 


=t, an integer; 


C 
quantities eo thus the number of solutions is unlimited. 
a 


a 
III. If either a or b is unity, the fraction b cannot be converted 


into a continued fraction with unit numerators, and the investigation 
fails. In these cases, however the solutions may be written down by 
inspection; thus if b = 1, the equation becomes ax - y = c; whence 
y 7 ax—c, and the solutions may be found by ascribing to x any positive 


C 
integral value greater than —. 
a 


Note:- It should be observed that the series of values for x and y 
form two arithmetical progressions in which the common differences 
are b and c respectively. 
Example : Find the general solution in positive integers of 

29x — 42y = 5. 


In converting = into a continued fraction the convergent just 


before 2c is Bwe have therefore 

29 x 13 - 42 x 9 =- 1; 

29 x 65 — 42 x 45 = — 5; 
combining this with the given equation, we obtain 

29 (x + 65) = 42 (y + 45); 

x+65 y+45 

42 29 

hence the general solution is 

x = 42t — 65, y = 29t — 45. 








=t,an integer; 
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348. Given one solution in positive integers of the equation ax — by = c, to 
find the general solution. 
Let h, k be a solution of ax — by = c; then ah — bk = c. 
ax — by = ah — bk; 
a (x - h) =b (y - k); 
x-h m s k 
(P 





=t, an integer; 


pedit y =k + at; 
which is the general solution. 
349. To find the general solution in positive integers of the equation 
ax + by =c 


a 
Let p be converted into a continued fraction, and let P be the 
q 


convergent just precedin f then, ag — bp = + 1. 
8 J P 8 b q p 


I. If aq- bp = 1, we have 
ax + by = c (aq — bp); 

a (cq — x) = b (y + cp); 

cq x _ c 


b -t,an integer; 


x= 9 = “bE y = at— cp; 
inci which positive integral solutions may be obtained by giving 


to t positive integral values greater than T and less than - . Thus 


the number of solutions is limited, and if there is no integer fulfilling 
these conditions there is no solution. 
II. If aq — bp = -1, we have 
ax + by = — c (aq — bp); 
a (x + cq) = b (cp - y); 
x+cq_cp-y 
boa 
x = bt — cq, y = cp — at; 
om which positive integral solutions may be obtained by giving 


=t, an integer; 


c 
to t positive integral values greater than T and less than P As 


before, the number of solutions is limited, and there may "be no 
solution. 

III. If either a or b is equal to unity, the solution may be found 
by inspection as in Art. 347. 
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350. Given one solution in positive integers of the equation ax + by = c, to 
find the general solution. 
Let h, k be a solution of ax + by = c; then ah + bk = c. 
ax + by = ah + bk; 
a (x -h) =b (k - y); 
x-h k-y 
b a 

x=h+ bt, y= k- at; 

which is the general solution. 








=t, an integer; 


351. To find the number of solutions in positive integers of the equation 
ax + by = c. 


ü P 
Let b be converted into a continued fraction, and let q be the 


a 
convergent just preceding p then aq — bp = + 1. 
I.Let aq — bp = 1; then the general solution is 

x= cq — bt, y = at — cp [Art. 349.] 

Positive integral solutions will be obtained by giving to t positive 


c 
integral values not greater than $, and not less than P 


c c 
(i) Suppose that " and pare not integers. 





Let T mf, nag, 
a b 


where m, n are positive integers and f, g proper fractions; then the 
least value t can have is m + 1, and the greatest value is n; therefore 
the number of solutions is 


_ op £, 
EET a eg TE 








c 
Now this is an integer, and may be written uw fraction, or 


P us fraction, according as f is greater or less than g. Thus the 
: ; : c 

number of solutions is the integer nearest to p greater or less 
a 


according as f or g is the greater. 


c 
(ii) Suppose that b is an integer. 
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In this case g = 0, and one value of x is zero. If we include this, 
C 
the number of solutions is ms + f , which must be an integer. Hence 
a 
C 


c 
the number of solutions is the greatest integer in a" orp’ 


according as we include or exclude the zero solution. 


c 
(iii) Suppose that as an integer. 


In this case f = 0, and one value of y is zero. If we include this, 
the least value of t is m and the greatest is n; hence the number of 


c 
solutions is n — m + 1, or a y +1. Thus the number of solutions is 
a 


C C 
the greatest integer in ab tior” according as we include or 
ü ü 
exclude the zero solution. 
£ 
b 
In this case f = 0 and g = 0, and both x and y have a zero value. 
If we include these, the least value t can have is m, and the greatest 


(iv) Suppose that E and - are both integers. 


c 
is n; hence the number of solutionsis n-m + 1, or En + 1.If we exclude 


C 
the zero values the number of solutions is p" 


II. If aq — bp = — 1, the general solution is 
x-bt-cq,y = cp — at, 

and similar results will be obtained. 
352. To find the solutions in positive integers of the equation 
ax + by + cz = d, we may proceed as follows. 
By transposition ax + by = d — cz; from which by giving to z in 
succession the values 0, 1, 2, 3, .... we obtain equations of the form 
ax + by = c’, which may be solved as already explained. 





353. If we have two simultaneous equations 
ax+by+cz=dax+by+cz=d', 
by eliminating one of the unknowns, z say, we obtain an equation 
of the form Ax + By = C. Suppose that x = f, y = g is a solution, then 
the general solution can be written 
x= f + Bs, y = g - As, 

where s is an integer. 

Substituting these values of x and y in either of the given equations 
we obtain an equation of the form Fs + Gz = H, of which the general 
solution is 





s =h + Gt, z = k — Ft say. 
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Substituting for s, we obtain 
x =f + Bh + BGt, y = g - Ah - AGt; 
and the values of x, y, z are obtained by giving to t suitable integral 
values. 


354. If one solution in positive integers of the equations 
ax+by+cz=d,ax+WVyt+cz=d', 
can be found, the general solution may be obtained as follows. 
Let f, g, h be the particular solution; then 
af + bg + ch=d, d ft+b’gt+ch=d’. 
By subtraction, 
a (x -= f) + b (y - 8) + c (z - h) = 0, 
a (x-f +b (y-g) + e Z- h)=0; 
whence 
x-f 








| y-8 _ z-h t 

bc —-b'c ca’ -ca ab'-ab k 
where t is an integer and k is the H.C.F. of the denominators 
bc’ — b'c, ca’ — c'a, ab’ — a'b. Thus the general solution is 





ri 


t 
E 











x- f (bc vot, y=g + (ca^ ea), z-h-(ab'— a'b) 
BENE Examples XXVI 


Find the general solution and the least positive integral solution of 

1. 775x -711y- 1 2. 455x-519y - 1 3. 436x =- 393y = 5. 

4. In how many ways can £1. 19s. 6d. be paid in florins and half- 
crowns ? 








5. Find the number of solutions in positive integers of 
11x + 15y = 1031 
6. Find two fractions having 7 and 9 for their denominators, and 
. „410 
such that their sum is lo 
7. Find two proper fractions in their lowest terms having 12 and 
1 
8 for their denominators and such that their difference is 2i 
8. A certain sum contains of x pounds y shillings, and it is half of 
y pounds x shillings; find the sum. 
Solve in positive integers : 


9. 6x+ 7y + 4z=122 10. 12x - 11y + 4z= 22 
M eae d Muse 
11. 20x - 21y - 38 12. 13x + 11z = 103 
eiut supr 
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13. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


7x + 4y + 19z = 84 14. 23x + 17y + 11z = 130 

Find the general form of all positive integers which divided by 
5, 7, 8 leave remainders 3, 2, 5 respectively. 

Find the two smallest integers which divided by 3, 7, 11 leave 
remainders 1, 6, 5 respectively. 

A number of three digits in the septenary scale is represented 
in the nonary scale by the same three digits in reverse order; if 
the middle digit in each case is zero, find the value of the number 
in the denary scale. 

If the integers 6, a, b, are in harmonic progression, find all the 
possible values of a and b. 

Two rods of equal length are divided into 250 and 243 equal 
parts respectively; if their ends be coincident, find the divisions 
which are the nearest together. 

Three bells commenced to toll at the same time, and tolled at 
intervals 23, 29, 34 seconds respectively. The second and third 
bells tolled 39 and 40 seconds respectively longer than the first; 
how many times did each bell toll if they all ceased in less than 
20 minutes. 

Find the greatest value of c in order that the equation 
7x + 9y = c may have exactly six solutions in positive integers. 
Find the greatest value of c in order that the equation 
14x + 11y = c may have exactly five solutions in positive integers. 
Find the limits within which c must lie in order that the equation 
19x + 14y = c may have six solutions, zero solutions being excluded. 
Show that the greatest value of c in order that the equation 
ax + by = c may have exactly n solutions in positive integers is 
(n + 1) ab — a — b, and that the least value of c is (n — 1) ab + a + b, 
zero solutions being excluded. 


Recurring Continued 
Fractions 





355. Wehave seen in Chapter 25, that a terminating continued fraction 
with rational quotients can be reduced to an ordinary fraction with 
integral numerator and denominator, and therefore, cannot be equal 
to a surd; but we shall prove that a quadratic surd can be expressed 
as an infinite continued fraction whose quotients recur. We shall 
first consider a numerical example. 


Example : Express V19 as a continued fraction, and find a series of 


fractions approximating to its value. 


V19 = 4« (V19 - 4)=4+ 





3 
JÀ19 «4^ 






































V19 +4 J19-2 5 
=24 =2+ ; 
3 3 V19 +2 
1042 . NHS Q0 2 
5 5 J19 +3 
C a E- ; 
2 2 4/19 +3 
M943 gem o o 
5 5 419 4-2" 
Vi9+2_,,VI9-4_,, 1 : 
3 3 V19 +4 


V19 + 4=8 + (V19 -4)=8+...... 


after this the quotients 2, 1, 3, 1, 2, 8 recur; hence 


Joay LL m 
2+1+ 3+14+2+ 84 
It will be noticed that the quotients recur as soon as we come 
to a quotient which is double of the first. In Art. 361 we shall prove 
that this is always the case. 














[Explanation : In each of the lines above we perform the same series 
of operations. For example, consider the second line : 
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we first find the greatest integer in at this is 2, and the 
19-2 
remainder is = —2,that is ME . We then multiply 


numerator and denominator by the surd conjugate to 419 —2, so 


that after inverting the result xus we begin a new line with 
v19 


a rational denominator.] 
The first seven convergents formed as explained in Art. 336 are 


4 9 13 48 61 170 1421 
12'3'11'14 39” 326 ` 





1 
The error in taking the last of these is less than (826) ; and is 
1 1 
Or 
(320y . 102400 
Thus the seventh convergent gives the value to at least four places 
of decimals. 





therefore less than s and a fortiori less than 0.00001. 


356. Every periodic continued fraction is equal to one of the roots of quadratic 
equation of which the coefficients are rational. 
Let x denote the continued fraction, and y the periodic part, and 
suppose that 
" 1 1 1 11 
bec “htk+y’ 


1 1 11 


M j 
n+ utoty 
where a, b, c, ..... ,h, k, m, n, ..... , u, v are positive integers. 














and y=m + 


, 


Let E wee the convergents of x corresponding to the quotients 


h, k respectively; then since y is the complete quotient, we have 


P. YTP, whence y =P r, 
q y+tq qx-p 


y= 








d 


ror 
Let aye the convergents to y corresponding to the quotients 


, 


rytr 
s$ycts 

Substituting for y in terms of x and simplifying we obtain a 
quadratic of which the coefficients are rational. 








u, v respectively; then y= 
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The equation s’ y? - (s - 1’) y - r = 0, which gives the value of y, 
has its roots real and of opposite signs; if the positive value of y be 
substituted in TELE B on rationalising the denominator the 


, 


qy*q 





At NB 
value of x is of the form Ee , where A, B, C are integers, B being 
positive since the value of y is real. 


Example : Express 14 Bee eun as a surd. 


2+ 3+ 24+ 3+ 
Let x be the value of the continued fraction; then 


1= 1 1 
2+ 3+(x-1) 
The continued fraction is equal to the positive root of this equation, 


and is therefore, equal to = 


BN Examples XXVILa. 


Express the following surds as continued fractions, and find the 
sixth convergent to each : 


1.43 2. ds 3. Je deo ȚJ8 5. xus 6. qa 
7. J14 8. 422 9. oda 10.442 11. 3/5 12. 4/10 


T a= 1 E 16. |Z 
-Ja : 33 5. 5 Vu 
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17. Find limits of the error when 5 8 taken for J17. 








j whence 2x? + 2x -7 = 0. 











916 
18. Find limits of the error when 191 is taken for J23. 


19. Find the first convergent to \101 that is correct to five places of 
decimals. 

20. Find the first convergent to 15 that is correct to five places of 
decimals. 
Express as a continued fraction the positive root of each of the 
following equations : 

21.x7 + 2x-1=0 22.x2-4x -3=0 23. 7x? - 8x -3 =0 

24. Express each root of x? — 5x + 3 = 0 as a continued fraction. 





























274 axes Higher Algebra 
1 1 1 
25. Find th 1 f 3 +——— a... 
in e value o pee 
1 1 1 1 
26. Find the value of 7^ 2-7 ze 
1-3 + 34 
27. Find the value of 3 UNT NE NONE TE 
1+ 2+34+1+4+2+4 34 
28. Find the value of 5 Bett, Dea! ae 
1+1+1+10+ 
29. Show that 
1 1 1 1 j 212 1 1 | 
1+ 6+ 1+ 6+ 3+2+ 3+ 2+ 
30. Find the difference between the infinite continued fractions 
1 1 1 1 1 1 1 1 1 1 1 1 
14345414 3454077" 3+1+5+3+1+5+" 


*357.To convert a quadratic surd into a continued fraction. 


Let N be a positive integer which is not an exact square, and let 


a, be the greatest integer contained in VN ; then 


h 
— ay. 
Ne 
+ 
Let b, be the greatest integer contained in L; 
Wta LAN cnim p Nom y, 
n 1 n à n VN + a, 
where a, =b,r, -a and rr, - N -a;. 
N+ N= 
YN A lp, H YN fsp, + 
5 


5 


— =N-@?: 
where a, =b r, -a, and rr, =N - a5; 





VN 2a, * (J/N -4,)=4,+ 




















Similarly 


and so on; and generally 


JN aa JN - a, 


hei 


T, ,—4,., andr, _ 


itid 
b +b, +b, + by + 


where 4,-b, , 





Hence VN =a, 


and thus ./N can be expressed as an infinite continued fraction. 
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We shall presently prove that this fraction consists of recurring 
periods; it is evident that the period will begin whenever any complete 
quotients is first repeated. 

We shall call the series of quotients 


Nin Nian Nin 
yt r g 


s E 
1 5 E 


the first, second, third, fourth.... complete quotients. 





*358.From the preceding article it appears that the quantities 


a4, Tj, bi bo, bs ..... are positive integers; we shall now prove that the 
quantities dy, A3, Ay ...... , fy 13, Ty ... are also positive integers. 
, r 
PP P 


Let E , T 72 be three consecutive convergents to JN , and let 


" 


q” be the convergent corresponding to the partial quotient b,. The 


complete quotient at this stage is ME hence 
NN +a, , P i 
f r, ECT pP NÊN +a, p +r p 
N = n pae ; n n : 
NN ta, , q VN +4, g +r q 
—- f +q 











Clearing of fractions and equating rational and irrational parts, 
we have 
anp +r P= NG, On + ng = Pj 
whence a, (pq’ — p'q) = pp’ — qd N, ra (pq — p’q) = Ng? — p^. 
But pq’ - p’q = +1, and pq’ - yq, pp’ - qq’ N, Nq? — p? have the same 
sign [Art. 344]; hence a, and r, are positive integers. Since two 


N +a 
convergents precede the complete quotient ———~, this investigation 
r. 


holds for all values of n greater than 1. ? 


*359. To prove that the complete and partial quotients recur. 
In Art. 357 we have proved that r, r, =N -a} . Also r, and ry _4 


are positive integers; hence a, must be less than JN , thus a, cannot 
be greater than a,, and therefore it cannot have any values except 
1, 2, 8, ...., ay; that is, the number of different values of a, cannot exceed ay. 
Again, 4,41 = r,b, — a,, that is r,b, =a, + A, +1, and therefore r,b, can 
not be greater than 2a,; also b, is a positive integer ; hence r, cannot 
be greater than 2a,. Thus r, cannot have any values except 1, 2, 3, ....., 
2a,; that is, the number of different values of r, cannot exceed 2a. 
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Thus the complete quotient VN + ^; cannot have more than 2a? 


different values; that is, some one complete quotient, and therefore all 


subsequent ones, must recur. 


JN +a 
Also b, is the greatest integer in —— ; hence the partial quotients 


n 


must also recur, and the number of partial quotients in each cycle cannot be 
greater than 2a°. 


*360. To prove that a4 € a, + r,. 
Wehavea, 4*a,-7b, 47,4. 1; 
Ay it a, = or > fa- 


since b, _, is a positive integer; 
NN tà, » T, 4. 


2c 
ButN-a,;-rr 


1-17 
JN -a,«r,; 
a A, — An XT, 
which proves the proposition. 
*361. To show that the period begins with the second partial quotient and 
terminates with a partial quotient double of the first. 

Since, as we have seen in Art. 359, a recurrence must take place, 
let us suppose that the (n + 1)" complete quotient recurs at the 
(s + 1)*; then 

As = Ay, Ys = r,, and b, = b,; 
we shall prove that 
85.17 Ug p To o1 = Yao D = byor 
We have t, 5, =N-@=N-@=r ,r =r A5; 


n n-1 n mod 8 





Again, 
My, —-1 t Ay = by a Ty As—1 + As = b. 15-1 Da Tu 
$ gei gt fuos par 70) )1 


a -a 

n-1 ssl p b _ i 

-w o — 3 esp Zero, or an integer. 

noi 
But, by Art. 360, a, — a,_1 <1,-1 and a, — a, 4€ 1r,_4; that is 
8.3 A, _4 : 
a, — As_1 < 1,1; therefore a, _1—- a,_1 < r,. ,; hence — is less 
n-i 


than unity, and therefore, must be zero. 


Recurring Continued Fractions 277 





Thus 24, 1 = 4,1 and also b,_; = b, _4. 

Hence if the (n + 1) complete quotient recurs, the n'* complete 
quotient must also recur; therefore, the (n — 1)^ complete quotient 
must also recur; and so on. 

This proof holds as long as n is not less than 2 [Art. 358], hence 
the complete quotients recur, beginning with the second quotient 


JN +a 


1. It follows therefore that the recurrence begins with the 
r 

1 
second partial quotient bı; we shall now show that it terminates 
with a partial quotient 2a. 


JAN 


a 
Let — ——— be the complete quotient which just preceds the 


r 
à JN +a, JN +a, 


second complete quotient a when it recurs; then 7 


JN a, i i 


and-— — are two consecutive complete quotients; therefore 
Ay + 0, = Tb, rari = N- 04; 

but N -a =r; hence r, = 1. 

Again, a, — a, € r,, that is < 1; hence a, - a, = 0, that is 

Ay, = (4. 

Also a, + 4; = r, b, = b,; hence b, = 2a,; which establishes the 
proposition. 
*362.To show that in any period the partial quotients equidistant from the 
beginning and end are equal, the last partial quotient being excluded. 

JN +a 


Let the last complete quotient be denoted by ~~ then 


n 
Y, — 1, Ay = Ay, b, m 2n, 
We shall prove that 
fa -1 = 04.17 Ay b, 4 = b; 
Ty -2 = fy Ay 27 Az b,» — bo; 


We have 
= 2 = pm 

Ty -1 Tay, 07 N -a= N -ar 
Also 

An -1 + Ay = d o1 Ay — T. 1b. 1m rnb. oy; 

and a, + a) = by; 

Ay — Ay -1 = 1 (by — bs -1); 

870,4 





=b,—b,_,= zero, or an integer. 
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T A, = . f a, -1 . . 
But " « 7 , that is < ——— — , which is less than 
T n-1 
unity; thus a — a, _ 1 = 0; hence a, 4,7 a, and b, 4-7 b4. 
Similarly 1,9 = fy à, 5 = 43 b, 5 = bj; and so on. 

*363.From the results of Arts. 361, 362, it appears that when a 
quadratic surd JN is converted into a continued fraction, it must 
take the following form 


1 1 1 1 1 1 1] 











*364. To obtain the penultimate convergents of the recurring periods. 
Let n be the number of partial quotients in the recurring period; 
then the penultimate convergents of the recurring periods are the 





n^, 2n™, 35'^. .... convergents; let these be denoted by 
Pa Pon Pa respectively. 
d, VET i 
Now JN =a, E n l 1 
ins b,+b,+ b,_, + 2a,+ 


Pavia 





so that the partial quotient corresponding to is 2a); hence 


nt+1 


Pasa = 2a, P, i Pa-1 
Insi 20 a 
The complete quotient at the same stage consists of the period 


a : 


A pul m po sas 











and is therefore, equal to a, + VN; hence 
AP (a, +VN)p, T Ps. 
(a,+VN)q,+49,-1 


Clearing of fractions and equating rational and irrational parts, 
we obtain 











ay Pat Pn-1= NQw a4 Qn t 4n-1= Pn m (1) 
š Pon " Pa P, ^1 : 
Again q can be obtained from q and q by taking for the 
2n n n-1 
quotient 
2a, + T NE NE E P 
b + b, + b 
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which is equal to 4, + Thus 


n 





[^ ^r. Pu-1 Ng, + P^, 
Pon 














= In = * from (1) ; 
Ion P E 
a a - P, + ` q, 
| 1 q, | Vn Vn 1 q, 








Pon = 1 E f Ng, 


Ian 2\Gn Pa ada) 


p 
In like manner we way prove that if "S the penultimate 
cn 


convergent in the c'^ recurring period, 


ay Pen T Pen ed Ngeow ay Yen + Yen d — Pen , 


and by using these equations, we may obtain Pon ee € 


3n Van 





successively. 
It should be noticed that equation (2) holds for all multiples of n; 


Pon = 1 (b } d * 
T» 2 Gon Pa 
the proof being similar to that already given. 





thus 


*365.In Art. 356, we have seen that a periodic continued fraction 
can be expressed as the root of a quadratic equation with rational 
coefficients. 

Conversely, we might prove by the method of Art. 357 that an 





expression of the form , Where A, B, C are positive integers, 


and B not a perfect square, can be converted into a recurring continued 
fraction. In this case the periodic part will not usually begin with 
the second partial quotient, nor will the last partial quotient be 
double the first. 

For further information on the subject of recurring continued 
fractions we refer the student to Serret's Cours d' Algebre Superieure, and 
to a pamphlet on The Expression of a Quadratic Surd as a Continued Fraction, 
by Thomas Muir, M.A., F.R.S.E. 
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Express the following surds as continued fractions, and find the 
fourth convergent to each : 


1. „la +1 2. Joa 3. .fa?-1 
4. airt 5. e+ b geese 

a b n 
7. Prove that 


J9 +3 2 3a4 -—— — — j 
2a + 6a + 2a+ 6a + 


and find the fifth convergent. 


8. Show that 
2 1 1 1 1 
PEM -Ap + 4p. 


"1+ p+i1t+pti+ 




















9. Show that 


001 1 1 LG 1.1 
p a, t ee | = pa, T aden 
pqa, + a, + pqa, + qa,+ past ga, 


10. If |i +1 be expressed as a continued fraction, show that 











2 (a? + 1) Qn = Pn-1 t Paty 2Pn= Qa -1* dni 














11. If x = ee OS: sig 
ac A, + A +t a, + 
A4 1 1 1 
2a, + 2a, + 2a, + 2a, * 77 
oe  4*. * 4 
3a, + 3a, + 3a, + 3a 

















show that x (y2 — z?) + 2y (2 - x?) + 3z (x? - y?) = 0. 
12. Prove that 


E 1 1 1 1 1 1 1 d 
bracbeac 7 b+atb+at 77 b 


13. If x=a+ LILLE 
b+b+a+a 


adt 
poss c pa T 


show that (ab? + a + b) x — (a°b + a + b) y = @ - b. 
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14. 


15. 


16. 


17. 


18. 


19. 


P, 
If — be the n' convergent to ,/a?+1,show that 


pi +p; + Kaat PPri Pabera HP 
pog Pastaa Masila d 


wat p od dodo ee 
a+b+ct+ 7 b+atct 1+ab` 


1 
, show that 














p 
If — denote the r'^ convergent to 


Y 








Pa t Ps t e. + Pon-1= P2n Pa 93 + Q5 +  * Qon 217 Q2n— 92- 
Show that the difference of the infinite continued fractions 
1 1 1 1 1 1 a-b 








p"! is equal to PU. 


If JN is converted into a continued fraction, and if n is the number 
of quotients in the period, show that 

2g = 2p, In, P2n = 2p; * (- 1) T 
If JN be converted into a continued fraction, and if the 
penultimate convergents in the first, second, .... k'^ recurring 


periods be denoted by 1, ny ..... n, respectively, show that 


n +VN _ ne NT) 
sen EN 





CHAPTER 


28 Indeterminate Equations 
of the Second Degree 





*366.The solution in positive integers of indeterminate equations of 
a degree higher than the first, though not of much practical 
importance, is interesting because of its connection with the Theory 
of Numbers. In the present chapter we shall confine our attention of 
equations of the second degree involving two variables. 


*367.To show how to obtain the positive integral values of x and y which 
satisfy the equation 
ax? + 2hxy + by? + 29x + 2fy + c= 0, 
a, b, c, f, g, h being integers. 
Solving this equation as a quadratic in x, as in Art. 127, we have 


ax + hy + g= (I? - ab) y? + 2 (hg — af) y + (g? — ac) ww (1) 
Now in order that the values of x and y may be positive integers, 
the expression under the radical, which we may denote by 
py? + 2qy + r, must be a perfect square, that is 
py? + 2qy + r = ZZ, suppose. 
Solving this equation as a quadratic in y, we have 


py*q-tqq -pr + pz’; 
and as before the expression under the radical must be a perfect 
square, suppose that it is equal to £^; then 
Ê= pz? + q0? - pr, 

where t and z are variables, and p, q, r are constants. 

Unless this equation can be solved in positive integers, the original 
equation does not admit of a positive integral solution. 
We shall return to this point in Art. 374. If a, b, h are all positive, it 
is clear that the number of solutions is limited, because for large 
values of x and y the sign of the expression on the left depends upon 
that of ax? + 2hxy + by? [Art. 269], and thus cannot be zero for large 
positive integral values of x and y. 

Again, if h? — ab is negative, the coefficient of y? in (1) is negative, 
and by similar reasoning we see that the number of solutions is 
limited. 
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Example : Solve in positive integers the equation 
x?- Axy + 6y? — 2x - 20y = 29. 
Solving as a quadratic in x, we have 


x= 2y+1+./30+ 24y - 24°. 

But 30 + 24y - 24? = 102 - 2 (y - 6)? ; hence (y — 6)? cannot be greater 
than 51. By trial we find that the expression under the radical becomes 
a perfect square when (y — 6)?= 1 or 49; thus the positive integral 
values of y are 5, 7, 13. 

When y = 5, x = 21 or 1; when y = 7, x = 25 or 5; when y = 13, 
x = 29 or 25. 

*368. We have seen that the solution in positive integers of the equation 
ax? + 2hxy + by? + 2gx + 2fy+c=0 
can be made to depend upon the solution of an equation of the form 
xX + Ny =a, 
where N and a are positive integers 

The equation x? + Ny? = — a has no real roots, whilst the equation 
x? + Ny? = a has a limited number of solutions, which may be found 
by trial; we shall therefore confine our attention to equations of the 
form x? — Ny? = x a. 





*869. To show that the equation x? - Ny? = 1 can always be solved in positive 
integers. 


Let JN be converted into a continued fraction, and let 


p p p” 
g'g qr bs any three consecutive convergents; suppose that 


q q 
VN +a, p” 


is the complete quotient corresponding to qg’ then 

T, (pq -p q)  Nq? - p? [Art. 358.] 

But r, = 1 at the end of any period [Art. 361.] 
pP? -Ng ?= pq- pi ; 


a 


f, being the penultimate convergent of any recurring period. 


a 


If the number of quotients in the period is even, 7; is an even 
convergent, and is therefore greater than VN, and therefore greater 
than E thus p'q-— pq = 1. In this case p? — Ng”? = 1, and therefore 
x p',y 7 q is a solution of the equation x? — Ny? = 1. 

Since e is the penultimate convergent of any recurring period, 


the number of solutions is unlimited. 
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If the number of quotients in the period is odd, the penultimate 
convergent, in the first period is an odd convergent, but the 
penultimate convergent in the second period is an even convergent. 

Thus integral solutions will be obtained by putting 


x=p’,y=q', where P is the penultimate convergent in the second, 
fourth, sixth, ..... recurring periods. Hence also in this case the number 
of solutions is unlimited. 
*370.To obtain a solution in positive integers of the equation 
xX- Ny? =— 1. 
As in the preceding article, we have 
pP? — Ng? = pq- pq’ 


If the number of quotients in the period is odd, and if ais an odd 


# 


penultimate convergent in any recurring period, < T , and therefore 


PERCHE 
In this case p? — Ng” = - 1, and integral solutions of the equation 


x? - Ny? = - 1 will be obtained by putting x = p’, y = q/, where Eds 
y yY P 8 p: y5q q 


the penultimate convergent in the first, third, fifth recurring periods. 
Example : Solve in positive integers x? — 13y? = +1. 
1111 1 


19 mu ee 
We can show that V13 14+1+14+1+6+ 


Here the number of quotients in the period is odd; the penultimate 





18 
convergent in the first period is “5 “hence x = 18, y = 5 is a solution 


of x? - 13y? = - 1. 
By Art. 364, the penultimate convergent in the second recurring 


18 180 ’ 


hence x = 649, y = 180 is a solution of x? - 133? - 1. 

By forming the successive penultimate convergents of the 
recurring periods we can obtain any number of solutions of the 
equations 


period is 3 É + = x i5 , that is, oa, 


x? - 134? = - 1, and xà - 13y? = + 1. 
*371. When one solution in positive integers of x? - Ny? = +1 has been 
found we may obtain as many as we please by the following method. 
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Suppose that x = h, y = k is a solution, h and k being positive 
integers; then (h? - Nk*)" = 1, where n is any positive integer. 


Thus x? — Ny? = (h? - NIP. 
(x+y VN)(x-y VN)=(h+kVNY!' (h-k NY". 
Put x+y NN-(h*k4Ny,(x-y AN)- (h-k4Ny'; 


2x = (hk Ny (h -k VN)’; 
2y4N =(h+k 4N} - (h-k4Ny . 


The values of x and y so found are positive integers, and by 
ascribing to n the values 1, 2, 3, .... , as many solutions as we please 
can be obtained. 

Similarly if x = h, y =k is a solution of the equation 

x?- Ny? = - 1, and if n is any odd positive integer, 
x?- Ny? = (I? - Ny. 

Thus the values of x and y are the same as already found, but 

n is restricted to the values 1, 3, 5, ... 





*372.By putting x = ax’, y = ay’ the equations x? — Ny? = + a2 become 
y P 8 y = ay q y 
x? — Ny? = +1, which we have already shown how to solve. 


*373.We have seen in Art. 369 that 


p? - Ng? =< ty (pq! - pq) = £r, 
Hence if a is a denominator of any complete quotient which occurs 


g is the convergent 


obtained by stopping short of this complete quotient, one of the 
equations x? - Ny? = + a is satisfied by the values x = p', y = g. 


in converting JN into a continued fraction, and if 


Again, the odd convergents are all less than JN , and the even 


re 
convergents are all greater than /N ; hence if Fa is an even convergent, 


x=p’, y=q’ is a solution of x - Ny? = a; and if T is an odd convergent, 
x =p’, yq is a solution of x? - Ny? = — a. 

*374. The method explained in the preceding article enables us to 
find a solution of one of the equations x? — Ny? = + a only when a is 
one of the denominators which occurs in the process of converting 
JN into a continued fraction. For example, if we convert J/7 into a 
continued fraction, we shall find that 
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and that the denominators of the complete quotients are 3, 2, 3, 1. 
The successive convergents are 
2 3 5 8 37 45 82 127 
1'1'2'3'14'17'31' 48 ' 
and if we take the cycle of equations 
x)- 7 = - 3, X? - 74? = 2, xX? - 7P = - 3, X}? - 7? = 1, 
we shall find that they are satisfied by taking 
for x the values 2, 3, 5, 8, 37, 45, 82, 127, .... 
and for y the values 1, 1, 2, 3, 14, 17, 31, 48, ... 


*375.It thus appears that the number of cases in which solutions in 
integers of the equations x? - Ny? = + a can be obtained with certainty 
is very limited. In a numerical example it may, however, sometimes 
happen that we can discover by trial a positive integral solution of 
the equations x? — Ny? = +a, when a is not one of the above mentioned 
denominators; thus we easily find that the equation x? — 7y? = 53 is 
satisfied by y = 2, x = 9. 

When one solution in integers has been found, any number of 
solutions may be obtained as explained in the next article. 





*376. Suppose that x = f, y = g is a solution of the equation x? — Ny? = a; 
and let x = h, y = k be any solution of the equation x? - Ny? = 1; then 
x? - Ny? = (f? - Ng?) (I? - Nk?) 
= (fh + Ngk}? — N (fk + gh). 
By putting x = fh + Ngk, y = fk + gh, 
and ascribing to h, k their values found as explained in Art. 371, we 
may obtain any number of solutions. 


*377.Hitherto it has been supposed that N is not a perfect square; 
if, however, N is a perfect square the equation takes the form 
x? — ny? = a, which may be readily solved as follows. 

Suppose that a = bc, where b and c are two positive integers of 
which b is the greater; then 

(x + ny) (x - ny) = bc. 

Put x + ny = b, x — ny = c; if the values of x and y found from these 
equations are integers we have obtained one solution of the equation; 
the remaining solutions may be obtained by ascribing to b and c all 
their possible values. 

Example : Find two positive integers the difference of whose squares 
is equal to 60. 
Let x, y be the two integers; then x? — y? = 60; that is, 
(x + y) (x - y) = 60. 
Now 60 is the product of any of the pair of factors 
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1, 60; 2, 30; 8, 20; 4, 15; 5, 12; 6, 10; 
and the values required are obtained from the equations 
x+ y= 30, x + y= 10, 
x-y-2;x-y-6 
the other equations giving fractional values of x and y. 
Thus the numbers are 16, 14; or 8, 2. 
Corollary :- In like manner we may obtain the solution in positive 
integers of 





ax? + 2hxy + by? + 29x + 2fy * c - k, 

If the left-hand member can be resolved into rational linear factors. 
*378.1f in the general equation a, or b, or both; are zero, instead of 
employing the method explained in Art. 367 it is simpler to proceed 
as in the following example. 

Example : Solve in positive integers 
2xy — 4x? + 12x - 5y = 11. 
Expressing y in terms of x, we have 








Ax? - 12x +11 6 
ELS Meme 2x = 1 + . 
2x -5 2x-5 
6 
In order that y may be an integer 2x-5 must be an integer; 


hence 2x — 5 must be equal to + 1, or + 2, or + 3, or + 6. 
The cases + 2, + 6 may clearly be rejected; hence the admissible 
values of x are obtained from 
2x -5- £1,2x -5- € 3 
whence the values of x are 3, 2, 4, 1. 
Taking these values in succession we obtain the solutions 
Xx-3,9211;x-22,4—--3;x-49-9;x-lLy--L 
and therefore the admissible solutions are 
x-3,y-1l;x-4,y-9. 











*379. The principles already explained enable us to discover for what 
values of the variables given linear or quadratic functions of x and 
y become perfect squares. Problems of this kind are sometimes called 
Diophantine Problems because they were first investigated by the Greek 
mathematician Diophantus about the middle of the fourth century. 
Example 1. : Find the general expressions for two positive integers 
which are such that if their product is taken from the sum of their 
squares the difference is a perfect square. 
Denote the integers by x and y; then 
x? - xy + y? = z? suppose; 
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x(x-y)22-y. 
This equation is satisfied by the suppositions 
mx-n(z*y,n(x-y)-m(z-y) 
where m and n are positive integers. 
Hence mx — ny - nz = 0, nx + (m — n) y - mz = Q. 
From these equations we obtain by cross multiplication 
x y z 


= 1 
2mn-n? m-n? m -m+n 





and since the given equation is homogeneous we may take for the 
general solution 
x=2mn- n’, y= m- n?,z=m -mn + n. 
Here m and n are any two positive integers, m being the greater; 
thus if m = 7, n = 4, we have 
x = 40, y = 33, z = 37. 
Example 2. : Find the general expression for three positive integers 
in arithmetic progression, and such that the sum of every two is a 
perfect square. 
Denote the integers by x — y, x, x * y; and let 
2x-y-pL2x-q?,2x +y = r5 
then p? + r= 20? 
or Dm-g-gq-p. 
This equation is satisfied by the suppositions, 
m (r-q)=n (q-p)} n (r=+q)=m (q+ p), 
where m and n are positive integers. 
From these equations we obtain by cross multiplication 


P f r 


n? +2mn-m m+n m +2m-n?` 


2 








Hence we may take for general solution 


2+ n? r=m? + 2mn — n?; 





p-n«2mn-m^,q-m 
whence x= (me? tmy,y-Amn(m -n), 


and the three integers can be found. 

From the value of x it is clear that m and n are either both even 
or both odd; also their values must be such that x is greater than 
y, that is, 

(m? + n? > 8mn (m? — n?) 
Or m? (m — 8n) + 2m? n? + 8mn3 + n* > 0; 
which condition is satisfied if m » 8n. 

If m = 9, n = 1, then x = 3362, y = 2880, and the numbers are 482, 
3362, 6242. The sums of these taken in pairs are 3844, 6724, 9604, 


Indeterminate Equations of the Second Degree 289 





which are the squares of 62, 82, 98 respectively. 
BENE Examples XXVIII 


Solve in positive integers : 
1. 5x? - 10xy + 7y? = 77. 2. 7x? = 2xy + 3y? = 27. 
3. y- 4xy + 5x? - 10x - 4. 4. xy -2x-y=8. 





5. 3x + 3xy — 4y = 14. 6. 4x? - y? = 315. 
Find the smallest solution in positive integers of 
7. x? - 14y? = 1. 8. x? - 19y? = 1. 9. x? = 41y? - 1. 


10. x? - 61y2+5=0. 11. xX? - 74? -9 = 0. 

Find the general solution in positive integers of 

12. x? — 34? = 1. 13. x? — 5y? = 1. 14. x? - 17y? = - 1. 

Find the general values of x and y which make each of the following 

expressions a perfect square : 

15. x? - 3xy + 3y?. 16. x? + 2xy + 2y?. 17. 5x? + y?. 

18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 

19. Find a general formula for three integers which may be taken 
to represent the lengths of the sides of a right-angled triangle. 

20. Find a general formula to express two positive integers which 
are such that the result obtained by adding their product to the 
sum of their squares is a perfect square. 

21. "There came three Indians of my acquaintance to see me, being 
lately married; they brought their wives with them. The men's 
names were Ram, Gopal, and Amit; the women's Jaya, Uma, and 
Sujata : but I forgot the name of each man's wife. They told me 
they had been at market to buy sheep; each person bought as 
many sheep as they gave rupees for one sheep; Ram bought 23 
sheep more than Uma; and Gopal bought 11 more than Jaya; 
likewise, each man laid out 63 rupees more than his wife. I desire 
to know the name of each man's wife." (Miscellamy of Mathematical 
Problems, 1743.) 

22. Show that the sum of the first n natural numbers is a perfect 
square, if n equal to Kk? or k? — 1, where k is the numerator of an 
odd, and k’ the numerator of an even convergent to 42. 
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380. Examples of summation of certain series have occurred in 
previous chapters; it will be convenient here to give a synopsis of 
the methods of summation which have already been explained. 

(i) Arithmetical Progression, Chapter 4. 

(ii) Geometrical Progression, Chapter 5. 

(iii) Series which are partly arithmetical and partly geometrical, 
Art. 60. 

(iv) Sums of the powers of the Natural Numbers and allied Series, 
Arts. 68 to 75. 

(v) Summation by means of Undetermined Coefficients, 
Art. 312. 

(vi) Recurring Series, Chapter 24. 

We now proceed to discuss methods of greater generality; but 
in the course of the present chapter it will be seen that some of the 
foregoing methods may still be usefully employed. 


381. If the r"' term of a series can be expressed as the difference of 
two quantities one which is the same function of r that the other is 
of r - 1, the sum of the series may be readily found. 
For let the series be denoted by 
Uy + Ug + Ug +... + Uy 
and its sum by S,, and suppose that any term u, can be put in the 
form v, — v, _1; then 
S, = (vi a Vo) T (v2 ~ 01) Test (v, 1 = Un 2) T (On = Un -1) = Va — Vo. 
Example : Sum to n terms the series 
1 1 1 
(1+ x)(1+2x) (042x)043x) (1+ 3x)(1+ 4x) | 
If we denote the series by 
Uy + Ug + Ug +... ctu 





: "TENE saif ee | 
we nave el dae 1+2x) ^ xlit2x 1+3x)’ 


1 1 1 
u, = - " 
x\14+3x 1+4x 
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Q2 [2 1 
"^ x(10nx 14n41x] 


by addition, S, - 1 | 1 1 | 














x{1+x 14+n+1-x 
n 





(l+x)(l+n+1-x)_ 
382. Sometimes a suitable transformation may be obtained by 
separating u, into partial fractions by the methods explained in 
Chapter 23. 
Example : Find the sum of 
1 + ú + a + 
(+x) (1+ax) (L+ax)(1+ax) (1+ax)(1+a°%x) "tn terms. 





n-1 
The n'^ term = 2 a — i 2 suppose; 
(1-2  x)(ü-ax) 1+a" x 1+a'"x 
a"-1= A (1 +a") + B (1+ à - 1). 


By putting 1 + 2" ^! x, 1 + a"x equal to zero in succession, we obtain 














aq " a 
1-a’ 1-a 
= 1 1 00 
Hence 1 1-al1ex 1+ax)’ 





Ee _ 1 ü a? 
similarly, u, z 














_ 1 1 a" 
" 1-al1ox 1+a'x) 
383. To find the sum of n terms of a series each term of which is composed of 
r factors in arithmetical progression, the first factors of the several terms being 
in the same arithmetical progression. 
Let the series be denoted by u, + uz + u3 + .... + Uy, Where 


u,=(a+nb)(a+n+1-b)(a+n+2-b)...(a+n+r-1-b). 











Replacing n by n — 1, we have 
u,_,=(atn-1-b) (a+nb)(a+n+ 1-b)... (a+ n r 2-b); 
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(a+n—1-b)u,=(a+nt+r—1-b)u,_,=0,, say. 
Replacing n by n * 1 we have 





(a-ner-b)u,-9,,, 
therefore, by subtraction, 
(r + 1) b-u, = 0,.4— Vn 
Similarly, (r + 1) b-u,_1= 0, - 9, y 
(r + 1) bu, = 03 - V2, 
(r + 1) b-u, = 9; — 04. 





By addition, (r + 1) b-5,2 0,44 — 04; 


20,,470 
"o (r+1)b 
_(a+n+r-b)u 
| (r+Db 
where C is a quantity independent of n, which may be found by 
ascribing to n some particular value. 

The above result gives us the following convenient rule: 

Write down the n" term, affix the next factor at the end, divide by the 
number of factors thus increased and by the common difference, and add a 
constant. 


that is, 





A = a 
(r+1)b (r+1)b 
better not to quote this result, but to obtain C as above indicated. 








It may be noticed that C= u,; it is however 


Example : Find the sum of n terms of the series 
1-3-54+3-5-7+5-7-9+..., 
The n' term is (2n — 1) (2n + 1) (2n + 3); hence by the rule 
_ 2n-1) (2n + 1) 2n * 3) Qn * 5) | C 
4-2 7 
To determine C, put n = 1; then the series reduces to its first term, 


I9 es whence C =B, 








S, 


and we have 15= 





ç .Qn- DOn * DQn +3) Qn * 5) | 15 


n 


8 8 
=n (21? + 8n? + 7n — 2), after reduction. 





384. The sum of the series in the preceding article may also be found 
either by the method of Undetermined Coefficients [Art. 312] or in 
the following manner. 

We have u, = (2n - 1) 2n + 1) 2n + 3) = 8n? + 12n? - 2n - 3; 
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s S, = 8Xn? + 12Zn? - 2Xn - 3n, 
using the notation of Art. 70; 
$,- 2n? (n + 1)? + 2n (n + 1) Qn + 1) - n (n + 1) - 3n 
= n (2n? + 81? + 7n — 2). 
385. It should be noticed that the rule given in Art. 383 is only 
applicable to cases in which the factors of each term form an 
arithmetical progression, and the first factors of the several terms 
are in the same arithmetical progression, 
Thus the sum of the series 
1.3.5-*42.4.6-*43.5.7-*... to n terms, 
may be found by either of the methods suggested in the preceding 
article, but not directly by the rule of Art. 383. Here 
u,=n(n+2)(n+4)=n(n+1+1)(n+2+ 2) 
=n (n+1)(n+2)+2n (n+1)+n (n+ 2)+2n 
=n (n+ 1) (n+ 2) + 3n (n * 1) + 3n. 
The rule can now be applied to each term; thus 



































$n F1) (n * 2)(n * 3) * n (n4 1)01*2)*5n(161) 0 


1 
a" n (n * 1) (n * 4) (n t 5), the constant being zero. 





386. To find the sum of n terms of a series each term of which is composed of 
the reciprocal of the product of r factors in arithmetical progression, the first 
factors of the several terms being in the same arithmetical progression. 

Let the series be denoted by u, + ug + u3 + .... + Uy 
where 





: - (a * nb) (a+ n 1: b) (a H n2-b)...(a* n4 r—1-b). 


Replacing n by n - 1, 











- (a*n—-1-b)(a nb) (a n4 1:D) (a nr -2-b); 





Ws 


(a+n+r-1b)u,=(a+n-1b)u,_;=0, say 
Replacing n by n + 1, we have 
(a * nb) Uy = Uni; 
therefore, by subtraction, 
(r-1)b- u, = 0, - Vy 41. 
Similarly (r-1)b-u, 1799, .1- Vw 
(r-1)b * Ug = U — V3, 
(r-1)b-. Uy = 01 — 0». 
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By addition, (r- 1) b- S, = v1 - Va +1; 
979,44. (a * nb) u, 
(r-1)b (r-1)b 
where C is a quantity independent of n, which may be found by 
ascribing to n some particular value. 

1 1 


(r-1)5 (a*n1-b)...(a*nr-—1.b) 





that is S, = 


, 





Thus $, -C- 


Hence the sum may be found by the following rule : 

Write down the n" term, strike off a factor from the beginning, divide by 
the number of factors so diminished and by the common difference, change the 
sign and add a constant. 

| v — atrb 

The value of C Gb Gd) 

case to determine C by ascribing to n some particular value. 





u ;but it is advisable in each 


Example 1. : Find the sum of n terms of the series 











1 1 . 1 , 
1-2-3-4 2-3.4.5 8-4-5.6 7 
1 
h : ; 
The n™ term i$ 5 (n & 1) (n t 2) (n 4 3) 


hence, by the rule, we have 











S, =C E : 
" 3(n+1)(n+2)(n+ 3) 

Put n = 1, then 1 =C 1 ; whence C m 
1-2-3-4 3-2-3-4 18 


gal 1 
" 18 3(n+1)(n+2)(n+ 3) 





By making n indefinitely great, we obtain S. aa 


Example 2. : Find the sum to n terms of the series 

guck e. vb. 

12-4 2.8:5 3-4-6 

Here the rule is not directly applicable, because although 1, 2, 

osse , the first factors of the several denominators, are in arithmetical 

progression, the factors of any one denominator are not. In this 
example we may proceed as follows : 


n2 (n+2y 


Yt n(nel)(ne3)  n(n+D(n+2) (43) 
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n(n+1)+3n+4 
n(n+1)(n+2)(n+3) 
1 ; 3 4 
(n+2)(n+3) (n+1)(n+2)(n+3) n(n+1)(n+2)(n+3) 
Each of these expressions may be taken as the n™ term of a series 

to which the rule is applicable. 

-C 1 3 4 . 
r n+3 2(n+2)(n+3) 3(n+1)(n+2)(n+3)” 
put n = 1, then 























3 xcd. 8 d os "m 
1-2-4 4 234 32.34 58e get 
2 1 3 4 


S 





" 86 n+3 2(n+2)(n+ 3) 3(n+1)(n+2)(n+3) 

387. In cases where the methods of Arts. 383, 386 are directly 

applicable, instead of quoting the rules we may always effect the 

summation in the following way, which is sometimes called ‘The 

Method of Subtraction.’ 

Example : Find the sum of n terms of the series 
2-54+5-8+8-11+11-14+.... 

The arithmetical progression in this case is 

2, 5, 8, 11, 14, ....... 

In each term of the given series introduce as a new factor the 
next term of the arithmetical progression; denote this series by S', 
and the given series by 5; then 

S’=2-5-8+5-8-11+8-11-14+... 
+ (3n — 1) (3n + 2) (8n + 5); 
S’-2-5-8=5-8-11+8-11-14+11-14-17+.... to (1 — 1) terms. 
By subtraction, 
-2.5.8-29[5.8 48. I1 * 11 - 14 * .... to (n — 1) terms] 
- (8n — 1) (3n + 2) (8n + 5), 
-2.5.8-29[S-2.5] - (3n - 1) (3n + 2) Bn + 5), 
9S = (8n - 1) (3n + 2) (8n * 5) -2-. 5.842. 5.9, 
S =n (8n? + 6n + 1). 
388. When the n™ term of a series is a rational integral function of 
n it can be expressed in a form which will enable us readily to apply 
the method given in Art. 383. 

For suppose 6 (n) is a rational integral function of n of p dimensions, 
and assume 

9 (1) * A + Bn + Cn (n + 1) * Dn (n * 1) (n * 2) * .... ; 
where A, B, C, D, .... are undetermined constants p * 1 in number. 
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This identity being true for all values of n, we may equate the 
coefficients of like powers of n; we thus obtain p + 1 simple equations 
to determine the p + 1 constants. 

Example : Find the sum of n terms of the series whose general term is 


nt + 61? + 5n?. 
Assume 
nt + 6n? + 5n? = A+ Bn + Cn (n +1) + Dn (n+ 1) (n+ 2) 
+ En (n + 1) (n + 2) (n + 3); 
Equating coefficients of like powers of n, since this is an identity, 
gives 











A=0,B=0, C=-6, D=0, E =1. Thus 
nt + 6n? + 5n*=n (n + 1) (n + 2) (n + 3) - 6n (n + 1). 








Hence Sn F1) (n * 2) (n 3) (n * 4) - 2n (n * 1) (n+ 2) 





-inq +1) (n +2) (m * 7n +2). 
POLYGONAL AND FIGURATE NUMBERS 


389. If in the expression n + - n (n — 1) b, which is the sum of n terms 


of an arithmetical progression whose first term is 1 and common 
difference b, we give to b the values 0, 1, 2, 3, .... , we get 





n, : n(n*1,n, ; n (3n - 1) ,...., 
which are the n'* terms of the Polygonal Numbers of the second, 
third, fourth, fifth, ..... orders; the first order being that in which 
each term is unity. The polygonal numbers of the second, third, 
fourth, fifth, .... orders are sometimes called linear, triangular, square, 
pentagonal, .... 


390. To find the sum of the first n terms of the r" order of polygonal numbers. 


The n™ term of the r^ order is n+ i n(n-1)(r-2); 


S, - Xn (r-22(0- 2n 





= —n (n * 1)4 AG 2)n-1)n(n-1) [Art. 383.] 








= =n(n+1){((r-2)(n-1) +3} 
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391. If the sum of n terms of the series 
TE TC Ed e. 
be taken as the n'™ term of a new series, we obtain 
1,2; 3,4, 5, am 
n (n * 1) 


If again we take wd which is the sum of n terms of the last 


series, as the n term of a new series, we obtain 
1, 3, 6, 10, 15, ... 

By proceeding in this way, we obtain a succession of series such 
that in any one, the n'^ term is the sum of n terms of the preceding 
series. The successive series thus formed are known as 
Figurate Numbers of the first, second, third, ...... orders. 


392. To find the n term and the sum of n terms of the r order of figurate 
numbers. 
The n'^ term of the first order is 1; the n™ term of the second order 


1 
is n; the n'^ term of the third order is En, that is s np the 


+ 
n'^ term of the fourth order is SOO") au is (n dE); 
1.2.3 
the n'* term of the fifth order is y" * D(* 2) that is 
1-2-3 


n(n+1)(n+2)(1+3) : and so on. 
41 : 


Thus it is easy to see that the n' term of the r^ order is 
n (n 1) (n * 2) ......... (n+ r-2) s (n*r-2)! 
(r-1)! ^ (n-D!(r-1l 
Again, the sum of r terms of the r order is 
n (n * 1) (n * 2) ......... (n*r-1) 
r! 

which is the 1'^ term of the (r + 1)'^ order. 

Note:- In applying the rule of Art. 383 to find the sum of n terms 
of any order of figurate numbers, it will be found that the constant 
is always zero. 











393. The properties of figurate numbers are historically interesting 
on account of the use made of them by Pascal in his Traite du triangle 
arithmetique, published in 1665. 
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The following table exhibits the Arithmetical Triangle in its simplest 
form 


1 1 1 1 1 1 1 1 1 Yo ue 
1 2 3 4 5 6 Zo 4A 090 — uus 

1 3 6 10 15 21 28 36 s 

1 4 1020 35 56 84 .. 

1 5 15 35 70 126 ... 

1 6 21 56 126 .. 

1 7 28 84 .. 

1 8 36 .. 

1 9  . 


1. 
Pascal constructed the numbers in the triangle by the following rule : 

Each number is the sum of that immediately above it and that immediately 
to the left of it; 
thus 15 = 5 + 10,28 = 7 + 21, 126 = 56 + 70. 

From the mode of construction, it follows that the numbers in 
the successive horizontal rows, or vertical columns, are the figurate 
numbers of the first, second, third, ... orders. 

A line drawn so as to cut off an equal number of units from the 
top row and the left-hand column is called a base, and the bases are 
numbered beginning from the top left-hand corner. Thus the 
6" base is a line drawn through the numbers 1, 5, 10, 10, 5, 1; and 
it will be observed that there are six of these numbers, and that they 
are the coefficients of the terms in the expansion of (1 + x)*. 

The properties of these numbers were discussed by Pascal with 

great skill : in particular he used his Arithmetical Triangle to develop 
the theory of Combinations, and to establish some interesting 
propositions in Probability. The subject is fully treated in Todhunter's 
History of Probability, Chapter 2. 
394. Where no ambiguity exists as to the number of terms in a 
series, we have used the symbol £X to indicate summation; but in 
some cases the following modified notation, which indicates the 
limits between which the summation is to be effected, will be found 
more convenient. 


Let 0(x) be any function of x, then bs $ (x) denotes the sum of 
x-l 


the series of terms obtained from ọ(x) by giving to x all positive 
integral values from ! to m inclusive. 

For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 
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(p - 1) (p - 2) ...... (p -r) 


r! 





by giving to p all integral values from r * 1 to p inclusive. 
Writing the factors of the numerator in ascending order, 





PEP (y B 7 
the required sum = Y (p-r)p-r*1).(p-1) 


perta r! 


2— [1-2-3-.r742-8- 4, (r4 
: 


e.t(p-r)p-r-*1)...(p-1) 
_1 (p-r)p-r*1)...(p 
r! r+1 
-(qp-D(p-2-(p-r) 
(r - 1)! 
Since the given expression is zero for all values of p from 1 to r 
inclusive, we may write the result in the form 


y (p-)(p-2)——(p-r prp(p-0)(p-2) .-.(p-r) 
= r! (r+1)! : 


BEN Examples XXIX.a. 


Sum the following series to n terms : 











p 
; [Art. 383.] 
































d 529.840.8.4 9-8 does 
85 4123.53 93.3. 4 45 435, 5.84. 
3. 109 4-437105 710-18 +... 
4. dod 425.8 4 eO us 
5. 1-9 3.5 10-5 de TTE +... 
Sum the following series to n terms and to infinity : 
1 1 1 1 1 1 
—— ns 7. t t IEEE 
12 53 34 14 47 7-10 
i 1 1 1 " 1. GE 2 04 
© 735 357 579 °° © 14-7 4-7-10 7-10-13 
uc 5 6 RIZ oC 
123 234 345 T 13-445 456 567 7 
1 3 5 7 
12. ——— er 7 dus 














12-9 2-3-4 3-45 456 
Find the sum of n terms of the series : 
13.1.3.22«42.4.32«43.5.4?« .... 
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14. (n? — 1?) + 2 (n? -22) + 3 (n? - 32) + .... 
Find the sum of n terms of the series whose n'^ term is 








15. i? (i? - 1) 16. (n? + 5n + 4) (n? + 5n + 8). 
n^ (m —1) nt + 2n? +n? -1 
i 18, ————_ 
4n^ —1 n +n 
n? +3n? + 2n+2 nt+n? +1 
19. 2 | FS 
n^ +2n n +n 


21. Show that the n'^ term of the r'^ order of figurate numbers is 
equal to the r^ term of the n™ order. 
22. If the n'* term of the r'^ order of figurate numbers is equal to the 
(n + 2)^ term of the (r — 2)" order, show that r= n + 2. 
23. Show that the sum of the first n of all the sets of polygonal numbers 
from the linear to that of the 7'^ order inclusive is 
(r-1)n(n 1) 
12 
SUMMATION BY THE METHOD OF DIFFERENCES 


395. Let u, denote some rational integral function of n, and let 
Uy, Ur, U3, Ug .... denote the values of u, when for n the values 1, 2, 3, 





(rn - 2n — r +8). 


4, .... are written successively. 

We proceed to investigate a method of finding u, when a certain 
number of the terms 1, Uy, Uz, Uy ..... are given. 

From the series u4, Uz, U3, Ug, Us, ..... obtain a second series by 
subtracting each term from the term which immediately follows it. 

The series 


Uy — Uy, lla — Uo, Ug — Ux, Hs — Uy, s... 
thus found is called the series of the first order of differences, and may be 
conveniently denoted by 

A uy, A Uo, A U3, A Uy, .... 
By subtracting each term of this series from the term that 
immediately follows it, we have 

A ug — A ug, A us — A Uy, A u4 — A Ug, .... 
which may be called the series of the second order of differences, and 
denoted by 





Ay Uy, Ao lo, As Uz, ... 

From this series we may proceed to form the series of the third, 
fourth, fifth, .... orders of differences, the general terms of these series being 
Azu, Aqu,, Asti, ... respectively. 

From the law of formation of the series 
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Uy, Uy, Ux 
Au, All», Alla, 
Ast, Atiy 
Aat, Azu, 





it appears that any term in any series is equal to the term immediately 
preceding it added to the term below it on the left. 
Thus u, = uy + At, and Au, = Au + Azu. 
By addition, since u, + Au; = uz we have 
Ha = U + 2Au + Azti 
In an exactly similar manner by using the second, third, and 
fourth series in place of the first, second, and third, we obtain 
Alla = Au, + 2A5u4 + Azt. 
By addition, since u3 + Au3= u, we have 
Ug = Uy + 3Au, + 3A; + Azu. 
So far as we have proceeded, the numerical coefficients follow 
the same law as those of the Binomial theorem. We shall now prove 
by induction that this will always be the case. For suppose that 


n(n-1) d 
12 Aw, +t "CAM, + ..tA, 14; 


then by using the second to be (n + 2)" series in the place of the first 
to the (n + 1)" series, we have 











— L i 
U,., =u, +n Au, + 














n(n—-1 
Au, ,,=Au, t n Aju, d - ) Adr Pau, QAGA tPA, Ud 
By addition, since u, +1 + Au, +1 = Uy+2, we obtain 

Hy 427 U1 + (n + 1) Au, t ("C "C, 1) Aun +... + Ap +111. 

-r+1 +1 

But ce [EP a)ene,.,-* x'"C, 4 
r r 
(n 1) n (n - 1)..... (n*1-r*1 c 


1:2:3....(r - 1)r 

Hence if the law of formation holds for u,,,; it also holds for 

11, +2, but it is true in the case of u, , therefore it holds for us, and 
therefore universally. Hence 


+ uu ae 2) A Ju, + FA, 
396. To find the sum of n terms of the series 
Uy, Uy, Uz, Uy sss 
in terms of the differences of 1. 
Suppose the series 1, Uz, 15, .... is the first order of differences of 
the series 





u, =u *(n-1)Au, 
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U1, 05, Ua, Us ..... 








then 9,417 (0,41 — Un) + (On — 04 1) + .... + (v2 — vı) + v; identically; 
y Un 41 = Up Ma iy t. t Ug + Uy +U. 
Hence in the series 
0, 05, U3, 04, Uy rsrsrs 
uy, uo, 15, UTE 
Au, Au, AU; ists 
the law of formation is the same as in the preceding article; 
n(n—-1 
v..,=O+nu,4 ( Die Haack Dake 
n+1 1 1:2 1 n 1^ 


that is, u4 + Ug + U3 +... +U 


n(n-1) ,n(n-1)(n-2) 
1, + 21 Au, 3 31 AL usus H Ath- 


n 








The formulae of this and the preceding article may be expressed 
in a slightly different form, as follows: if a is the first term of a given 
series, dy, do, ds, ..... the first terms of the successive orders of differences, 
the n'* term of the given series is obtained from the formula 

a (n — 1) d, + p Dore) d, + Lio apo LC ON Feary 
2! 3! 





and the sum of n terms is 

ae HD ,n(-0(0-2), n(n-T)(n-2)n-3), "T 

2! T 3! 4! : 
Example : Find the general term and the sum of n terms of the series 
12, 40, 90, 168, 280, 432, ... 
The successive orders of difference are 
28, 50, 78, 112, 152: p 
22; 28, 34, | | Pe 





Hence the n term 
22(n-1)(n-2)  6(n-1)(n-2)(n-3) 


= 12+ 28(n - 1)4 21 31 





= n? 5n? + 6n. 
The sum of n terms may now be found by writing down the 
value of En? + 52n? + 6Xn. Or we may use the formula of the present 
article and obtain 


28n(n-1) _ 22n(n- 1) (n-2) , 6n(n- 1) (n - 2) (n - 3) 


S =12n+4 
: 21 3! 4! 





Summation of Series 303 





- — (Bn? + 26n + 69n + 46), 











=— n(n+1)(3n? + 23n + 46). 
12 

397. It will be seen that this method of summation will only succeed 
when the series is such that in forming the orders of differences we 
eventually come to a series in which all the terms are equal. This 
will always be the case if the n™ term of the series is a rational 
integral function of n. 

For simplicity we will consider a function of three dimensions; 
the method of proof, however, is perfectly general. 

Let the series be 

Uy t+ Ut U3 Feasa + Uy + Ugg t upsa Y Ug ag te 

where u,- An? + Bn? + Cn + D, 
and let v,, w,, Zn denote the n term of the first, second, third orders 
of differences; 














then U,7 Un +1 — Up= A (3n? + 3n + 1) B (2n + 1) + C; 
that is, U, = 3An? + (BA + 2B) n+ A+B+C; 

Similarly Wy = Un +1 — 0,7 3A (Qn + 1) + 3A + 2B 

and Z, = Wp +1- Wy = 6A. 


Thus the terms in the third order of differences are equal; and 
generally, if the n™ term of the given series is of p dimensions, the 
terms in the p'^ order of differences will be equal. 

Conversely, if the terms in the p^ order of differences are equal, 
the n'^ term of the series is a rational integral function of n of p 
dimensions. 

Example : Find the n term of the series 
- 1, - 3, 3, 23, 63, 129, ....... 
The successive orders of differences are 
- 2, 6, 20, 40, 66, ........ 
8, 14, 20, 26235 
6, 6, 6, ius 

Thus the terms in the third order of differences are equal; hence 
we may assume u, = A + Bn + Cn? + Dn, 
where A, B, C, D have to be determined. 

Putting 1, 2, 3, 4 for n in succession, we have four simultaneous 
equations, from which we obtain A = 3, B =- 3, C=-2, D=1; 


hence the general term of the series is 3 — 3n — 2n? + n’. 





398. lfa,is a rational integral function of p dimensions in n, the series 
üg + ü4X + ax? 4 Faux" 
is a recurring series, whose scale of relation is (1 — xy * !. 
Let S denote the sum of the series; then 
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S (1 - x) = ag + (a4 — ag) x + (a5 — a4) X? + ..... *t(a,—a, )x —-ax"*! 

= ag + bix + byx? + ...... + b,x" — aux" *!, say; 

here b, = à, — a, _1, so that b, is of p — 1 dimensions in n. 

Multiplying this last series by 1 — x, we have 

S (1 - x)? = ag + (by — ag) x + (b; — by) x? + ..... + (b, — b, 1) x" 
= (a, + b,) x"*lz4a aa" +2 
= fly + (by — ag) x + CX? + cy + uuu 
+ cx" — (a, + b) x"*! aat say ; 
here c, = b, — b,_ 4, so that c, is of p — 2 dimensions in n. 

Hence it follows that after the successive multiplications by 
1 - x, the coefficients of x" in the first, second, third, ..... products are 
general terms in the first, second, third, .... orders of differences of 
the coefficients. 

By hypothesis a, is a rational integral function of n of p dimensions; 
therefore after p multiplications by 1 — x we shall arrive at a series 
the terms of which, with the exception of p terms at the beginning, 
and p terms at the end of the series, form a geometrical progression, 
each of whose coefficients is the same. [Art. 397.] 

Thus S (1 — x) =k (xP + xP * 13 +... + x") + f(x), 
where k is a constant, and f (x) stands for the p terms at the beginning 
and p terms at the end of the product. 


E0771, fe 








S(I-xy = 


kr ü-x"*5-ü0-x)f(x). 
-x 





that is, S 


thus the series is a recurring series whose scale of relation is 
(1 - xy*!. [Art. 325.] 

If the general term is not given, the dimensions of a, are readily 
found by the method explained in Art. 397. 
Example : Find the generating function of the series 

3 + 5x + 9x? + 15x? + 23x* + 3935  .... 

Forming the successive orders of differences of the coefficients, 

we have the series 





2,2,2/2, «us ; 
thus the terms in the second order of differences are equal; hence a, 
is a rational integral function of n of two dimensions; and therefore 
the scale of relation is (1 — x)’. We have 
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S = 3 + 5x + 9x? + 15x? + 23x* + 33x5 .... 
— 3xS = — 9x — 15x? — 27x? — 45x* — 69x° — ..... 





3x?S = 9x? + 15x? + 27x* + 45x? + ..... 
= 735 = = 3x3 — 5x*- 9x5 -...... 
By addition, (1 - x? S =3 - 4x + 3x7; 
_ 3- 4x + 3x? 
(1- xy 


399. We have seen in Chapter 24, that the generating function of a 
recurring series is a rational fraction whose denominator is the scale 
of relation. Suppose that this denominator can be resolved into the 
factors (1 — ax) (1 — bx) (1 - cx) ..... ; then the generating function can 
be separated into partial fractions of the form 
Ho. B 2 UR 
1l-ax 1-bx 1-cx 
Each of these fractions can be expanded by the Binomial Theorem 
in the form of a geometrical series; hence in this case the recurring 
series can be expressed as the sum of a number of geometrical series. 
If however the scale of relation contains any factor 1 — ax more 
than once, corresponding to this repeated factor there will be partial 
A, A, 
(1- ax)” (1- ax)’ ’ 
by the Binomial Theorem do not form geometrical series; hence in 
this case the recurring series cannot be expressed as the sum of a 
number of geometrical series. 











fractions of the form 773» m Age] ; which when expanded 


400. The successive orders of differences of the geometrical 
progression 
a, ar, ar, ar’, ar^, ar? , .... 
are a(r-1,a(r-1)ra(r-1)95,a(r-1)r$, .... 
a (r-1), a(r-1y r,a(r - 12, 
which are themselves geometrical progressions having the same 
common ratio r as the original series. 


401. Let us consider the series in which 
Uy = ar" -! + $ (n), 
where 6 (n) is a rational integral function of n of p dimensions, and 
from this series let us form the successive orders of differences. 
Each term in any of these orders in the sum of two parts, one 
arising from terms of the form a7" - !, and the other from terms of the 
form 6$ (n) in the original series. Now since ọ (n) is of p dimensions, 
the part arising from ọ (n) will be zero in the (p + 1)^ and succeeding 
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orders of differences, and therefore these series will be geometrical 
progressions whose common ratio is r [Art. 400.] 

Hence if the first few terms of a series are given, and if the p'^ 
order of differences of these terms form a geometrical progression 
whose common ratio is r, then we may assume that the general term 
of the given series is ar" - ! + f (n), where f(n) is a rational integral 
function of n of p — 1 dimensions. 

Example : Find the n™ term of the series 
10, 23, 60, 169, 494, ...... 
The successive orders of differences are 
13, 37, 109, 335, nss: 
24, 72, 216, .... 

Thus the second order of differences is a geometrical progression 
in which the common ratio is 3; hence we may assume for the general 
term 

u,=a-3"-1+bn+c. 
To determine the constants a, b, c make n equal to 1, 2, 3 











successively; 
then a+b+c=10, 3a + 2b + c = 23, 9a + 3b + c = 60; 
whence a=6,b=1,c=3. 

Thus U,= 6-3" -14+n4+3 52.3" 4+ n+ 3. 


402. In each of the examples on recurring series that we have just 
given, on forming the successive orders of differences we have obtained 
a series the law of which is obvious on inspection, and we have thus 
been enabled to find a general expression for the n' term of the 
original series. 

If, however, the recurring series is equal to the sum of a number 
of geometrical progressions whose common ratios are a, b, c, .... , its 
general term is of the form Aa"-! + Bb"-! + Cc"-!, and therefore the 
general term in the successive orders of differences is of the same 
form; that is all the orders of differences follow the same law as the 
original series. In this case to find the general term of the series we 
must have recourse to the more general method explained in 
Chapter 24. But when the coefficients are large the scale of relation 
is not found without considerable arithmetical labour; hence it is 
generally worth while to write down a few of the orders of differences 
to see whether we shall arrive at a series the law of whose terms 
is evident. 


403. We add some examples in further illustration of the preceding 
principles. 
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Example 1. : Find the sum of n terms of the series 


51,7 1,9 1,1 1, 


L2 3 289 343 453 
2n+3 1 











u = mde 

Here n n(n41) gn 
i 2n+3 A B 

Assuming ane). n n+l’ 


we find A=3,B=-1. 
3 Lj- 1 1 1 





Hence u. | 











n n+1)3" n 3 n+1 3" 
and therefore S =1- 1 E. 
ý n+1 3" 
Example 2. : Find the sum of n terms of the series 
1,3 €.. 7 = 
8 mx gya Seria 5 
E . 2n-1 
en termis 3.7.11... (41-5) (4n-1)` 
2n-1 |. A(n+1)+B An+ B 





Asume G7 nn. anA Fa 
2n — 1 = An + (A + B) - (An + B) (4n - 1). 

On equating coefficients we have three equations involving the 
two unknowns A and B, and our assumption will be correct if values 
of A and B can be found to satisfy all three. 

Equating coefficients of n?, we obtain A = 0. 


Equating the absolute terms, - 1 = 2B; that is B= - and it 
will be found that these values of A and B satisfy the third equation. 


xcd. 1 1 1 . 
" 2 3-7..(4n-5) 2 83.7..(4n-5)(4n- 1)" 





.1 1 1 
* 2 2 3-7-11.. (41-1) 
Example 3. : Sum to n terms the series 
6-9 + 12-21 + 20-37 + 30-57 + 42-81 + .... 
By the method of Art. 396 or that of Art. 397, we find that the 
1^ term of the series 6, 12, 20, 30, 42, ... is r? + 3n +2, and the n“ term 
of the series 


hence S 








9, 21, 37, 57, BI, ..... is 2n? + 6n + 1. 
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Hence U, = (n + 1) (n + 2) {2n (n + 3) + I} 
- 2n (n + 1) (n + 2) (n + 3) + (n + 1) (n + 2); 








S,-in( F 1) (n + 2) (n + 3) (n + 4) 
1 


3 
Example 4. : Find the sum of n terms of the series 
2-2+6-4+12-8+20-16+30-32+...... 
In the series 2, 6, 12, 20, 30, ....... the n' term is n?2+ n; 
hence u, = (n? + n) 2". 
Assume (n? + n) 2^- (An? + Bn + C) 2"— {A (n- 1? + B(n- 1) + C} 27-5 
dividing out by 2"-! and equating coefficients of like powers of n, 
we have 2=A,2=2A+B,0=C-A+B; 
whence A=2,B=-2,C=4. 
u, = Qn? - 2n + 4) 2"— {2 (n - 12 - 2 (n - 1) + 4} 27-5; 
and S,- (2n? -2n + 4) 2^ -4 = (n -n +2) 2^*1 - 4, 


BEN Examples XXIX.b. 


Find the n'^ term and the sum of n terms of the series : 
1. 4, 14, 30, 52, 80, 114, .... 2. 8, 26, 54, 92, 140, 198, .... 
3. 2, 12, 36, 80, 150, 252, ..... 4. 8, 16, 0, — 64, — 200, - 432, ..... 
5. 30, 144, 420, 960, 1890, 3360, ..... 
Find the generating functions of the series : 
6. 14+ 3x + 7x? + 132? + 21x4 + 31x° + ..... 
7. 1+ 2x + 9x? + 20x3 + 35x* + 54x5 + 0... 
8. 2 + 5x + 10x? + 173? + 26x* + 37x5 + .... 
9. 1- 3x + 5x? — 7x3 + Ox* — 11x? + 0... 
10. 1* + 24x + 3*2 + 4*3? + 5*x* + une 
Find the sum of the infinite series; 
1:2 2-3 3.4 4.5, 
3 9» s»? s" 
2 2 2 2 2 
12. P- Z +o Sta ME 
Find the general term and the sum of n terms of the series : 
13. 9, 16, 29, 54, 103, .... 14. — 3, — 1, 11, 39, 89, 167, ..... 
15. 2, 5, 12, 31, 86, ... 16. 1, 0, 1, 8, 29, 80, 198, .... 
17. 4, 13, 35, 94, 262, 755, ... 








(n 4-1) (n+ 2) (n 3) - 2. 



























































11. 
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Find the sum of n terms of the series : 


18 


20. 


21. 


22 


23. 
24. 


25 


26. 


27 
28 


29. 


30. 


31. 


32. 


214+ 2x + 332 + 4x3 + 5x4 +... 19.1 + 3x + 6x? + 10x? + 15x4 + .... 











3 1 4 1 5 1 6 1 


122 232 34 2 45 24 
2 2 2 2 

T E E d o 
24d ^ 34 4-5 

.3.448.11 * 15.20 € 24. 81 +35. 44+... 
1.3 

1-5 














Ase On 15 9 1501 4-95 Si es 
9.1543 .314 4.5394 5. 81+... 
f... 2 3 | 4 . 
Ua 1:35 13-57 13-5-7-9. 
Lo. OF 0. apost 
31 4l 5! él 
.2+4-4+7.8 4 11, 16 + 16. 32 us 
.3+3.32+5.33+7.34+9.35+.... 


1 1.3 1.3.5 1.3.5.7 


2-4 24.6 2-4-6-8 2-4-6-8-10 
2 2:3 quB. e I 
12 33^ 3 4-5 
4 1 5 1. 6 1 


12-3 3 5354 y 3453 
1.5 1,19. 


3! 4! 5! 6! 
19 1. 28 1 39 1 5 1 


























a2 
ae 











3g. 














33. i T k T 2 T 7 Pss 
12:3 4 23:4 8 3.4.5 16 4-5-6 32 


40 
un 


4, There are many series the summation of which can be brought 
der no general rule. In some cases a skilful modification of the 


foregoing methods may be necessary; in others it will be found that 
the summation depends on the properties of certain known 
expansions, such as those obtained by the Binomial, Logarithmic, 


an 


d Exponential Theorems. 


Example 1. : Find the sum of the infinite series 


2,228 50,7, 
11 2! 8! 4! 5p 
The n' term of the series 2, 12, 28, 50, 78, .... is 3n? + n — 2; hence 
P | 3m +n-2_ 3n(n-1)*4n-2 


n 








n! n! 
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| 8 4 2 
(n-2)) (n-1! n! 
Put n equal to 1, 2, 3, 4, .... in succession; then we have 



































4 2 3 4 2 
u,=4 ju,=34 ; M4 =— + 3 
i gr 1! 21' * 1! 2! 3! 
and so on. 
Whence S, = 3e + 4e — 2 (e — 1) = 5e + 2. 
Example 2. : If (1 + x)"= cg + cx + ex? + .... + c,x", find the value of 
1c + 2? cy + 320, +... + n? c, 
As in Art. 398, we may easily show that 
+ 
Pasos ga r hoa E 
(1- x) 
Also c, * €, 4X * an cx" 7? eux" 7!  cax" = (1 + x)". 
Multiply together these two results; then the given series is equal 
av. 0x! . .Q-1-xy'! 
to the coefficient of x" ‘in (xy that mar an: MM 
(1- x) (1- x) 
The only terms containing x"-! in this expansion arise from 
+1 
2 0-3?-0«02 0-348 Cd xy"; 
the given series 
-tI y. n (n 4 1) 2" , (n * D i-i 
21 21 
=n (n + 1) 2"-?, 





Example 3. : If b= a + 1, and n is a positive integer, find the value of 


p" -(n-1)ab" ? j (n - 2) (n - 3) ab" ~* (n-3)(n-4)(n1—5) anc E 
21 3! 





By the Binomial Theorem, we see that 
(n—3)(n-2) (n—5)(n— 4)(n- 3) 





1n-1, ? n 
2! 3! 
are the coefficients of x", x"~2, x74 x"-6 n.. in the expansions of 
(1-xy', (0-x)y?,(1- xy ?,(1- xy 5, ..... respectively. Hence the sum 


required is equal to the coefficient of x" in the expansion of the series 
1 ax? a^x* ax? 
n zt 3 at 
1-bx (1-bxy (1-bxy (1-bx) 
and although the given expression consists only of a finite number 
of terms, this series may be considered to extend to infinity. 
But the sum of the series 
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1 ax? 1 
(nm = 
1- bx (1- bx)} 1-bx+ ax? 





1- (a+1)x+ax?” since b =a+ 1. 





1 
Hence the given series = coefficient of x" in (1— x) (1- ax) 
fficient of x" i : E di 
= coefficient of x" in scaddcame dox» Ed 
Example 4. : If the series 
x? 6 x4 x? 2 5 8 
14+—+—+.,.... „X + —cLulee yo +— +t — t+. 
3! 6! 4! 7! 21 ! ! 


are denoted by a, b, c respectively, show that 
a+b? + 3 —3abc = 1. 
If œ is an imaginary cube root of unity, 
a + D? + c — 3abc = (a +b + c) (a + ob + oc) (a + ob + œc). 
2 x? x* x? 
Now a+b+c=1+x+—+4+—+—4+—4...=6; 
2! 3! 4! 5! 
j Qu? «qx  o'x* o% 
and a+a@b+wm‘c=1+ wx + + + + Toce 
2! 3! 4! 5! 


eo 7 
Similarly a+b +c =e"* 


, : 2y ss 
@ +b +e —3abe = ehe eo = eb toro D2 
- 1, since 1 + œ + w? = 0. 











405. To find the sum of the yh powers of the first n natural numbers. 
Let the sum be denoted dd -i then 








S, — 1' 4 ME +n”. 
Assume that 
S, = Aon" * ! + Ayn” + Agn’-!+Agn"~2 + an Am +A we (1) 
where Ag, Ay, A5, Az, .... are quantities whose values have to be 
determined. 


Write n + 1 in the place of n and subtract; thus 
(n + 7 Ag {(n +17 +1- 11} + A, (n Dy - m] 
+ A; {(n + 1) 71 — n" 1} + A; {(n + 1) 72- n"?} +... + A, (2) 
Expand (n + 1) * !, (n + 1)", (n + 1y-! ,.... and equate the coefficients 
of like powers of n. By equating the coefficients of n' , we have 


12A, (r +D), so that A, 7 ——. 
r 


By equating the coefficients of n'-!, we have 
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A, (r * D)r 
r= GNU RS 
Equate the coefficients of n"~?, substitute for Ay and A, and 
multiply both sides of the equation by 
p! ' 
r(r—- 1(r-2)..(r-p*1)' 
we thus obtain 
Es pha gE 4 ROG DIES, "- (3) 
pt+1 2 r r(r-1) r(r-1)(r-2) UO 
In (1) write n — 1 in the place of n and subtract; thus 
n -Ag(n'*!-(n-1y*S + A, {n"-(n -1)} + A; (7! -(n- 1y-9) +... 
Equate the coefficients of n' "^", and substitute for Ay, Aj thus 
Sc cla A,P( D, 4 P(»-D(p-2) "T d) 
p+1 2 r r (r - 1) r(r-1)(r-2) 22 
From (3) and (4), by addition and subtraction, 
l1 d 0p..v99-069-2). 


+ A,r; whence A, = * . 
2 

















2 pHi ^r *rer-Na-2 vele) 
o-a PO -D, 4A pr -0D(p-2(p-9 
?r(r-2) r(r-0Q69-2(-3 ^" 77 (6) 


By ascribing to p in succession the values 2, 4, 6, ...., we see 
from (6) that each of the coefficients A5, As, Az, .... is equal to zero; and 
from (5) we obtain 




















1 r 1 r(r-1)(r-2) 
jaien ps $ ; 
6 2! 30 4! 
pe" 1 re-De-23r-3r-4., 
6735 6l Sands 
By equating the absolute terms in (2), we obtain 
1 = Ao + A; + A; + A3 t... tA, 
and by putting n = 1 in equation (1), we have 
1 = Ao tA tA, + Ag+... +A,+ Aug; 
thus A, +1 = 0. 


406. The result of the preceding article is most conveniently expressed 
by the formula, 


s +=n'+B,—n gg POSES?) ues 
r+1 2 2! 7 4! 
p, € 1 an 3)(r - 4) n-a. 











m 


Summation of Series 313 





1 1 1 1 5 
where mmy ap Ps a! Pec agr Pa 6677 
The quantities B,, B3, Bs, .... are known as Bernoulli's Numbers ; for 
examples of their application to the summation of other series the 


advanced student may consult Boole's Finite Differences. 











Example : Find the value of 15 + 25 + 35 + ..... * n. 
6 5 
We have § =" +" +B, Sog e 3 a 4C, 
" 6 2 21 ? 4! 





the constant being zero. 
BEN Examples XXIX.c. 


Find the sum of the following series : 









































EX VE ANE QE 
— 4+ 4+ 4 NL S LAM pall 
te 31 51 7! 2. 12 2. = 1^ 
"A m 2 T ee 
? p! ol * 4. bo Ged! (42) 7 
2-1 Ż dix" 45-4 x 
5. 14+2x+ . t O— + E EU 
2! 1 3! 2 AY 3 
r r-1 ř-2 >. r-3 3 
fi P 4, P of + P 4 + 7 
9- Án (0-011 €-2121 (0-841301 7 Vl EE 
n+x) n(n-T) 14+2x  n(n-D(n-2) 1+ 3x T 
"tnx 2! (Lenxy 3! (l+nxy C77 DU 
2041 | _(2n+1) 
8. 1+3 + F... to n terms. 
2n-1 2n-1 
2 2 2 42 2 2 42 2 52 
9. je - T P eU o PM to n * 1 terms. 
1+2? le 
10. (1+2)log, 2+ z (log, 2? + 3 (log, 2) 4... 
2 3 6 11 18 
E E 12. +> EL — 
1.2.8. 3-4-5 5-6-7 1! 2! 3! 4! 5! 
2 a 4 B 6 
13. 142€ x VIX _ 23x , 2h B 


2! 3! 4| 5! 6! 
14. Without assuming the formula, find the sum of the series : 


(1) 16+ 26+ 36+ .... 9 n° (2) 17-27 € 37 * .... n". 
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a 3 3 
15. Find the sum of 05 72 CANI PE MPR on 
21 3! 4! 


x 


16. Show that the coefficient of x” in the expansion of -x 


y-e is 








3! 5! 7! 
17. If n is a positive integer, find the value of 
(n-2)0-3 yg 
2! 


sp Ete aeo, DI, " l 


2" — (n-1)2"7? + 


(n-3)(n-4)(n-5) 
3! 





-6 
QU TE s 7 


and if n is a multiple of 3, show that 


ingens” 2e ae deme 3) ss edi 


18. If n is a positive integer greater than 3, show that 


"T gn 2y n (n - 1) (n - 2) (n - 3) 
2! 4! 


=n? (n + 3) 2"-4, 
19. Find the sum of n terms of series : 
1 2 3 


Q) yaaa 122242 143243 














(n — Ay tu 








5 3 9 7 B 0 7 
L2 2-3 34 45 56 67 78 





Q) 


= 1)" + ly" 
rs : th ; . 
20. Sum to infinity the series whose n" term is 7 (41042) 





21. If (1 +x)" 2 cg + cx + Cox? + ex? + ..... + cux", n being a positive integer, 
find the value of (n - 1)? c + (n - 3? c3 + (n — 5)? eg + ..... 
22. Find the sum of n terms of the series : 
2 4 8 16 2322 
15 5.7 7-17 17-31 31-65 
7 17 31 49 71 


C) 123 234 345 456 567 | 





(1) 
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23. Prove that, if a < 1, (1 + ax) (1 + a?x) (1 + a) ... 
ax a^x? aux 
1+ + Ilt + 
1-24 (-2)üü-«4) -s)0-a5 (0-245) 
24. If A, is the coefficient of x” in the expansion of 


; (xy (x Y (x Y 
COCOR 


2? 1072 
A,_,+A,_,),and A, =——. 
2-1 tef = 4 315 
25. If n is a multiple of 6, show that each of the series 


n(n-1(n-2) , n(n-1)(0-2)(n-3)(1-4) y 








prove that A, = 




















em  —MÓ r 
n(n-1(n-2) 1, n(n-1)(n-2)(n-3)(n-4) 1 
8! 3 5! gu ree 


is equal to zero. 


26. If n is a positive integer, show that 
(n-2)(n-3) 5, 


























(rq -o-Dpq(p*qy ^ —3,— rq say 
n*l — +1 
is equal to P 
27. If P, (n-r)(n-r+1)(n-r+ 2) ..... (n-r*p-1) 
Q,^ r(r * 1) (r * 2) ...... (r+q-1), 
show that 
P1Qy + P0; + P3Q3 t... + P4. 1Q, i 
pig tn-1*p*4)! 
(p *q * 1)! (n - 2)! 
28. If n is a multiple of 3, show that 
1-7 3 (n-4)n-5) (-5)(n-6)(n-7), 
21 — 3! 4! I 
;-101-7r-1T)(n-r- 2)... n-2r «1 
+ (-1) E X 2 ( T" 
r! 
1 1 
is equal to a Tz according as n odd or even. 
29. If x is a proper fraction, show that 
ee Q2 0X 00 00 x Q X Q X Q. 
1-x! 1-x$ 1-x9 U 1ex? 14x? 14x? 7 
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407. In this chapter we shall use the word number as equivalent in 
meaning to positive integer. 

A number which is not exactly divisible by any number except 
itself and unity is called a prime number, or a prime; a number which 
is divisible by other numbers besides itself and unity is called a 
composite number; thus 53 is a prime number, and 35 is a composite 
number. Two numbers which have no common factor except unity 
are said to be prime to each other; thus 24 is prime to 77. 


408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition 
of a prime that they may be regarded as axioms. 

(i) If a number a divides a product bc and is prime to one factor b, 
it must divide the other factor c. 

For since a divides bc, every factor of a is found in bc; but since 
a is prime to b, no factor of a is found in b; therefore all the factors 
of a are found in c ; that is, a divides c. 

(ii) If a prime number a divides a product bcd ...., it must divide 
one of the factors of that product; and therefore if a prime number 
a divides b", where n is any positive integer, it must divide b. 

(iii) If a is prime to each of the numbers b and c, it is prime to the 
product bc. For no factor of a can divide b or c; therefore the product 
bc is not divisible by any factor of a, that is, a is prime to bc. Conversely 
if a is prime to bc, it is prime to each of the numbers b and c. 

Also if a is prime to each of the number b, c, d, .... , it is prime to 
the product bcd.....; and conversely if a is prime to any number, it is 
prime to every factor of that number. 

(iv) If a and b are prime to each other, every positive integral 
power of a is prime to every positive integral power of b. This follows 
at once from (iii). 


a a" 
(v) If a is prime to b, the fractions b and y are in their lowest 


a c 
terms, n and m being any positive integers. Also if b and d are any 
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a 
two equal fractions, and b is in its lowest terms, then c and d must 


be equimultiples of a and b respectively. 


409. The number of primes is infinite. 

For if not, let p be the greatest prime number; then the product 
2.3.5.7.11.... p, in which each factor is a prime number is divisible 
by each of the factors 2, 3, 5, ...... p; and therefore the number formed 
by adding unity to their product is not divisible by any of these 
factors; hence it is either a prime number itself or is divisible by 
some prime number greater than p; in either case p is not the greatest 
prime number, and therefore the number of primes is not limited. 


410. No rational algebraical formula can represent prime numbers only. 

If possible, let the formula a + bx + cx? + dx? + ...... represent prime 
numbers only, and suppose that when x = m the value of the expression 
is p, so that 





p =a+ bm + cm? + dm? +... ; 
when x= m + np the expression becomes 
a+b (m+ np)+c (m+ np * d (m * np * ...., 
that is, a + bm + cm? + dm? + .... + a multiple of p, 
Or p + a multiple of p, 
thus the expression is divisible by p, and is therefore not a prime number. 

















411. A number can be resolved into prime factors in only one way. 
Let N denote the number; suppose N = abcd .... , where a, b, c, d, 

. are prime numbers. Suppose also that N = ayó...... , where 

a, D, y, 8 ....; are other prime numbers. Then 
abcd ..... = oyó...... ; 

hence & must divide abcd... ; but each of the factors of this product 
is a prime, therefore œ must divide one of them, a suppose. But & and 
a are both prime; therefore œ must be equal to a. Hence bed... Byó ...; 
and as before, D must be equal to one of the factors of bcd; and so on. 
Hence the factors in a'pyà.... , are equal to those in abcd ...., and therefore 
N can only be resolved into prime factors in one way. 


412. To find the number of divisors of a composite number. 





Let N denote the number, and suppose N = abie ..... , where 
BO; € A , are different prime numbers and p, q, r, .... are positive 
integers. Then it is clear that each term of the product 

(1 +a+a €. Hal) (1 btb P(A eE hran tc). 


is a divisor of the given number, and that no other number is a 
divisor; hence the number of divisors is the number of terms in the 
product, that is, 


(p*1)(qg*1)(r* 1)... 
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This includes as divisors, both unity and the number itself. 


413. To find the number of ways in which a composite number can be resolved 
into two factors. 

Let N denote the number and suppose N = ab'c' ...., where 
a, b, c, .... are different prime numbers and p, q, r ... are positive integers. 
Then each term of the product 

(1*a* d) e. tay (Ebt a t bN (Ltct tut co). 
is a divisor of N; but there are two divisors corresponding to each 
way in which N can be resolved into two factors; hence the required 
number is 








1 
z P F 1) (q * 1) (r +1)... 
This supposes N not a perfect square, so that one at least of the 
quantities p, q, r .... is an odd number. 
If N is a perfect square, one way of resolution into factors is 


VN x VN, and to this way there corresponds only one divisor JN. If 
we exclude this, the number of ways of resolution is 

1 

5 v F 1) (g +1) (r * 1) ...... 1), 


and to this we must add the one way /N x JN; thus we obtain the 





required number 


2p 06060 des F1]. 
414. To find the number of ways in which a composite number can be resolved 
into two factors which are prime to each other. 

As before, let the number N = a?bic’.... . Of the two factors one 
must contain a’, for otherwise there would be some power of a in 
one factor and some power of a in the other factor, and thus the two 
factors would not be prime to each other. Similarly b^ must occur 
in one of the factors only; and so on. Hence the required number is 
equal to the number of ways in which the product abc ... can be 
resolved into two factors; that is, the number of ways is 








1 
2 (1 1) (1 1) (19 1) ...... or 2"-! , where n is the number of different 
prime factors in N. 
415. To find the sum of the divisors of a number. 
Let the number be denoted by a?bic’ ..... , as before. Then each 


term of the product 
(1-298. + aP) (1 +b +b? +... +b) (1 +et et. H e) .. 
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is a divisor, and therefore the sum of the divisors is equal to this 
product; that is, 
p*1 q*1 rd 
the sum required M sic M ddr M E MM 
a-1 b-1 c-1 
Example 1. : Consider the number 21600. 

Since 21600 = 69. 102 = 22. 35. 22. 52 = 25. 33. 52 
the number of divisors = (5 + 1) (3 + 1) (2 + 1) = 72; 

28-1 34-1 5°-1 
2-1 3-1 5-1 
= 63 x 40 x 31 = 78120. 

Also 21600 can be resolved into two factors prime to each other 
in 2%!, or 4 ways. 

Example 2. : If n is odd show that n (n? — 1) is divisible by 24. 

We have n (n? — 1) = n (n — 1) (n + 1). 

Since n is odd, n — 1 and n + 1 are two consecutive even numbers; 
hence one of them is divisible by 2 and the other by 4. 

Again n — 1, n n * 1 are three consecutive numbers; hence one of 
them is divisible by 3. Thus the given expression is divisible by the 
product of 2, 3 and 4 that is by 24. 

Example 3. : Find the highest power of 3 which is contained in 100!. 

Of the first 100 integers, as many are divisible by 3 as the number 
of times that 3 is contained in 100, that is 33; and the integers are 
3, 6, 9, .... 99. Of these, some contain the factor 3 again, namely 9, 18, 
27, ... 99, and their number is the quotient of 100 divided by 9. Some 
again of these last integers contain the factor 3 a third time, namely 
27, 54, 81, the number of them being the quotient of 100 by 27. One 
number only, 81, contains the factor 3 four times. 

Hence the highest power required = 33 + 11 + 3 + 1 = 48. 

This example is a particular case of the theorem investigated in 
the next article. 

416. To find the highest power of a prime number a which is contained in 
nl. 











the sum of the divisors = 








1, 2, 3, .... n, there are I " | which contain a at least once, namely the 
a 
- n . : 
numbers a, 2a, 3a, 4a, .... Similarly there are I B which contain a? 
a 


320 Higher Algebra 





n i : 
at least once, and I = which contain a? at least once; and so on. 
a 


Hence the highest power of a contained in n ! is 


(e) 


417. In the remainder of this chapter, we shall find it convenient 
to express a multiple of n by the symbol M (n). 





418. To prove that the product of r consecutive integers is divisible by r !. 
Let P, stand for the product of r consecutive integers, the least 
of which is n; then 








P, -n(n-*1)(n-*2)... (n *r-1) 
and  DP,, 7 (n + 1) (n + 2) (n + 3) ..... (n + r), 
x: nPar =(nt+r)P,=nP,+7P,; 





P, 
Prt g P, v n xr 
- r times the product of r — 1 consecutive integers. 

Hence if the product of r - 1 consecutive integers is divisible by 

(r - 1) !, we have 
P,,1- P, * rM (r- 1)! 
=M (r)! 

Now P; =r !, and therefore P, is a multiple of r !; therefore also 
P5, Py, .... are multiples of r !. We have thus proved that if the product 
of r — 1 consecutive integers is divisible by (r — 1) !, the product of 
r consecutive integers is divisible by r !; but the product of every two 
consecutive integers is divisible by 2 !; therefore the product of every 
three consecutive integers is divisible by 3 !; and so on generally. 

This proposition may also be proved thus : 

By means of Art. 416, we can show that every prime factor is 
contained in (n + r) ! as often at least as it is contained in n ! r !. 

This we leave as an exercise to the student. 


419. Ifp isa prime number, the coefficient of every term in the expansion of 
(a + b)", except the first and last, is divisible by p. 

With the exception of the first and last, every term has a coefficient 
of the form 


pp-0D(p-2)..(p-r-*1) 
r! 





where r may have any integral value not exceeding p — 1. Now this 
expression is an integer; and since p is prime no factor of r ! is a 
divisor of it, and since p is greater than r it cannot divide any factor 
ofr !; that is, (p- 1) (p-2) ....(p- r + 1) must be divisible by r !. Hence 
every coefficient except the first and the last is divisible by p. 
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420. Ifp isa prime number, to prove that 
(atb+ct+dt+... P=aP+ bP +c + dh +...+M (p). 
Write B for b + c + ...... ; then by the preceding article 
(a + By = a? + BP + M (p) 
Again p? = (b * c * d * ....' = (b + y suppose; 
= bP + yh +M (p). 
By proceeding in this way we may establish the required result. 








421. [Fermat’s Theorem.] If p is a prime number and N is prime to p, then 
N?-1—1 is a multiple of p. 

We have proved that 

D qe pida Pc d? * M (py 
let each of the quantities a, b, c, d, ... be equal to unity, and suppose 
they are N in number; then 
N'-N«M (p); 

that is, N (N" -! — 1) - M (p). 

But N is prime to p, and therefore N” -! — 1 is a multiple of p. 

Corollary :- Since p is prime, p - 1 is an even number except when 


p-2. 
pc get 
[x 2 EL E -1] = M (p). 
p-d H 


Therefore 
Hence either N ? +lor N 2 -1is a multiple of p, that is 





p-1 

N ? =Kp+1, where K is some positive integer. 
422. It should be noticed that in the course of Art. 421 it was shown 
that N’ —- N = M (p) whether N is prime to p or not; this result is sometimes 
more useful than Fermat's theorem. 
Example 1. : Show that n” - n is divisible by 42. 

Since 7 is a prime, n” - n = M (7); 
also n? - n =n (n - 1) =n (n * 1) (n — 1) (n* +n? + 1). 

Now (n - 1)n (n + 1) is divisible by 3!; hence n” — n is divisible by 
6 x 7, or 42. 
Example 2. : If p is a prime number, show that the difference of the 
p" powers of any two numbers exceeds the difference of the numbers 
by a multiple of p. 

Let x, y be the numbers; then 

x? —x = M (p) and y - y = M (p), 

that is, x? — y’ (x - y) - M (py 
whence we obtain the required result. 
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Example 3. : Prove that every square number is of the form 5n or 
5n t 1. 


If N is not prime to 5, we have N? = 5n where n is some positive 


integer. If N is prime to 5 then Nt- 1 multiple of 5 by Fermat's theorem; 
thus either N? - 1 or N? +1 is a multiple of 5; that is, N? = 5n x 1. 


BEEN Examples XXX.a. 


1. 








Find the least multipliers of the numbers 3675, 4374, 18375, 74088 
respectively, which will make the products perfect squares. 
Find the least multipliers of the numbers 7623, 109350, 539539 
respectively, which will make the products perfect cubes. 

If x and y are positive integers, and if x — y is even, show that 
x? - y? is divisible by 4. 

Show that the difference between any number and its square is 
even. 

If 4x — y is a multiple of 3, show that 4x? + 7xy — 2y? is divisible 
by 9. 

Find the number of divisors of 8064. 

In how many ways can the number 7056 be resolved into two 
factors ? 

Prove that 2*' — 1 is divisible by 15. 

Prove that n (n * 1) (n * 5) is a multiple of 6. 


. Show that every number and its cube when divided by 6 leave 


the same remainder. 


. If 1 is even, show that n (n? + 20) is divisible by 48. 

. Show that n (1?- 1) (8n + 2) is divisible by 24. 

. If n is greater than 2, show that n> — 5n? + 4n is divisible by 120. 
. Prove that 3?" + 7 is a multiple of 8. 

. If is a prime number greater than 3, show that n? — 1 is a multiple 


of 24. 


. Show that n° — n is divisible by 30 for all values of n, and by 240 


if n is odd. 


. Show that the difference of the squares of any two prime numbers 


greater than 6 is divisible by 24. 


. Show that no square number is of the form 3n - 1. 
. Show that every cube number is of the form 9n or 9n +1. 
. Show that if a cube number is divided by 7, the remainder is 0, 


1 or 6. 
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21. If a number is both square and cube, show that it is of the form 
7n or 7n + 1. 

22. Show that no triangular number can be of the form 3n — 1. 

23. If 2n + 1is a prime number, show that 1?, 22, 32, .... n? when divided 
by 2n * 1 leave different remainders. 

24. Show that a* + a and a* - a are always even, whatever a and x 
may be. 

25. Prove that every even power of every odd number is of the form 
8r +1. 

26. Prove that the 12 power of any number is of the form 13n or 
13n « 1. 

27. Prove that the 8" power of any number is of the form 17n or 
17n + 1. 

28. If n is a prime number greater than 5, show that n* — 1 is divisible 
by 240. 

29.]f n is any prime number greater than 3, except 7, show that 
n5 — 1 is divisible by 168. 

30. Show that n% — 1 is divisible by 33744 if n is prime to 2, 3, 19 and 
37. 

31. When p + 1 and 2p + 1 are both prime numbers, show that 
x?" — 1 is divisible by 8 (p + 1) (2p + 1), if x is prime to 2, p + 1, and 
2p * 1. 


32. If p is a prime, and x prime to p, show that x" ^" ' — 1is divisible 


by p". 
33. If m is a prime number, and a, b, two numbers less than m, 

prove that 

qu -2 EE qn -3 b+ a" - ^p? RETE bn-? 

is a multiple of m. 
423. If a is any number, then any other number N may be expressed 
in the form N = aq + r, where q is the integral quotient when N is 
divided by a, and r is a remainder less than a. The number a, to 
which the other is referred, is sometimes called the modulus; and to 
any given modulus a there are a different forms of a number N, each 
form corresponding to a different value of r. Thus to modulus 3, we 
have numbers of the form 34, 3q + 1, 3q + 2; or, more simply, 
3q, 3q + 1, since 3q + 2 is equal to 3 (g + 1) - 1. In like manner to 
modulus 5 any number will be one of the five forms 5g, 5q + 1, 5q + 2. 


424. If b, c are two integers, which when divided by a leave the 
same remainder, they are said to be congruent with respect to the 
modulus a. In this case b — c is a multiple of a, and following the 
notation of Gauss we shall sometimes express this as follows : 
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b = c (mod a), or b - c = 0 (mod a). 
Either of these formulae is called a congruence. 


425. If b, c are congruent with respect to modulus a, then pb and pc are 
congruent, p being any integer. 


For, by supposition, b — c = na, where n is some integer; therefore 
pb — pc = pna; which proves the proposition. 
426. If ais prime to b, and the quantities 
a, 2a, 3a, .... (b - 1) a 
are divided by b, the remainders are all different. 
For if possible, suppose that two of the quantities ma and m'a 
when divided by b leave the same remainder r, so that 
ma = qb + r, m'a- q'b +1; 
then (m- m)a-(q-q)b; 
therefore b divides (m — m^) a; hence it must divide m — m’, since it is 
prime to a; but this is impossible since m and m’ are each less than b. 
Thus the remainders are all different, and since none of the 
quantities is exactly divisible by b, the remainders must be the terms 
of the series 1, 2, 3, .... b - 1, but not necessarily in this order. 
Corollary :- If a is prime to b, and c is any number, the b terms 
of the A.P. 








6 C FG. C+ 280, s ,c*(b-1)a, 
when divided by b will leave the same remainders as the terms of the series 

Cr OP TU CS 2, uus c * (b — 1), 
though not necessarily in this order; and therefore the remainders 
will be 0, 1, 2, ....., b - 1. 
427. If by, b, bs, ...... are respectively congruent to Cy, C», C5,...... with regard 
to modulus a, then the products bjbjbs....... , C12C5...., are also congruent. 

For by supposition, 
by — cy = ma, by — Cy = nya, bz — Cz = nga,..... 














where 14, Ng, Ng... are integers; 
^ by bob; n = (c ! nia)(c2 t nA) (C3 ! nza) — 
= C1€5€3 ........ * M(a), 


which proves the proposition. 

428. We can now give another proof of Fermat's Theorem. 
If p be a prime number and N prime to p, then N?- — 1 is a multiple of p. 
Since N and p are prime to each other, the numbers 


N,2N,3N,.(p-1)N .  —— ——»^" (1) 
when divided by p leave the remainders 
12,3,..(p-1  — l (2) 


though not necessarily in this order. Therefore the product of all the 
terms in (1) is congruent to the product of all the terms in (2), p being 
the modulus. 
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That is, (p — 1)! N-! and (p - 1) ! leave the same remainder when 

divided by p; hence 
(p - 1) ! (NP =! - 1) = M(py 
but (p — 1) ! is prime to p; therefore it follows that 
NP-1-1=M(p). 

429. We shall denote the number of integers less than a number a 
and prime to it by the symbol o(a); thus 0(2) = 1; 0(13) = 12; 
(18) = 6; the integers less than 18 and prime to it being 1, 5, 7, 11, 
13, 17. It will be seen that we here consider unity as prime to all 
numbers. 


430. To show that if the numbers a, b, c, d..... are prime to each other, 
6 (abcd .....) = O(a) - 6 (b) - 6 (c) ...... 
Consider the product ab; then the first ab numbers can be written 
in b lines, each line containing a numbers; thus 





1, De xiv E. ues a, 

a * 1, MEQ Gas. WK usse ata, 

2a * 1, 28 *2, oii 208 tk, ..... 2a +a, 
(b-1)a*1, (b-1)a-*2, .... (b-l)atk, .... (b—-1)a*a 











Let us consider the vertical column which begins with k; if k is 
prime to a all the terms of this column will be prime to a; but if k 
and a have a common divisor, no number in the column will be 
prime to a. Now the first row contains ó(a) numbers prime to a; 
therefore there are ọ (a) vertical columns in each of which every 
term is prime to a; let us suppose that the vertical column which 
begins with k is one of these. This column is an A.P., the terms of 
which when divided by b leave remainders 0, 1, 2, 3, b-1 
[Art. 426 Cor.]; hence the column contains Q(b) integers prime to b. 

Similarly, each of the ọ (a) vertical columns in which every term 
is prime to a contains $ (b) integers prime to b; hence in the table 
there are 6 (a) - ọ (b) integers which are prime to a and also to b, and 
therefore to ab; that is 

9 (ab) 

Therefore 6 (abcd....) 


= (a) - 6 (D). 
= $ (a) - ọ (bcd...) 
= $ (a) - 6 (b) - 6 (cd.....) 
= (a) - 6 (b) - 6 (c) - 6 (d)..... . 
431. To find the number of positive integers less than a given number, and 
prime to it. 

Let N denote the number, and suppose that N = abc ..... , Where 
By DEG}. us are different prime numbers, and p, q, r...... positive integers. 
Consider the factor a’; of the natural numbers 1, 2, 3, ...... a? — 1, æ, 
the only ones not prime to a are 

a, 20, 3a,...... (a? -! — 1) a, (a? - )a 
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and the number of these is a? ~t; hence 
o(a”) =a” =d lg’ (1-2) 

a 
Now all the factors a”, b’, c", .... are prime to each other; 


Q (a? bic"......) 7 0 (aP) - Q (b?) - O (c?)........ 

















feeds a(N)=N (1 JE JE 1) EN 
a b c 


Example : Show that the sum of all the integers which are less than 


1 
N and prime to it is NON). 


If x is any integer less than N and prime to it, then N — x is also 
an integer less than N and prime to it. 
Denote the integers by 1, p, q, r,....., and their sum by S; then 
S-l*ptgtrt*..-(N-r)*(N-q)*(N-p)* (N-1) 
the series consisting of ọ (N) terms. 
Writing the series in the reverse order, 
S-(N-1)*(N-p)*(N-q)* (N-r)*t ..*r*q*p*t 
by addition, 25 - N+ N* N * ... to ọ (N) terms; 








1 
S-ZN6(N) 


432. From the last article it follows that the number of integers 
which are less than N and not prime to it is 


"EHE 


QN 
that is, + + Fanin Se + bains 
a b c ab ac bc abc 








N 
Here the term s gives the number of the integers 
N 
a, 2a, 3a,.....—- 
a 
; ; N X 
which contain a as a factor; the term ap Bi ves the number of the 


N 
integers ab,2ab, 3ab, -a which contain ab as a factor, and so on. 
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Further, every integer is reckoned once, and once only; thus, each 
multiple of ab will appear once among the multiples of a, once among 
the multiples of b, and once negatively among the multiples of ab, 
and is thus reckoned once only. Again, each multiple of abc will 


N 
pe terms which are multiples of a, b, c 


N 
appear among the P 


NNN 
respectively; among the bb atte which are multiples of ab, 


N 

ac, bc respectively; and among the abe Multiples of abc; that is, since 
3-3 +1=1, each multiple of abc occurs once, and once only. Similarly, 
other cases may be discussed. 

433. [Wilson's Theorem.] If p be a prime number, 1 + (p — 1) ! is divisible 
by p. 

By Example 2, Art. 314 we have 
(7 D -2) 
1:2 





(p-Diep-) -op-)ge-3 - (p-3! 


(p-D(p-2(p-9) 
81 


and by Fermat's Theorem each of the expressions (p - 1)" - !, 
(p-2y-L(p-3y-!, ..... is of the form 1 + M (p); thus 





(p- 4)’ '+.... to p — 1 terms; 


=M (p) I Dep Dr- 
- M (p) - 1, since p - 1 is even. 

Therefore 1 + (p- 1)! = M (p). 

This theorem is only true when p is prime. For suppose p has a 
factor q; then q is less than p and must divide p — 1 hence 1 + (p - 1)! 
is not a multiple of q, and therefore not a multiple of p. 

Wilson's theorem may also be proved without using the result 
quoted from Art. 314, as in the following article. 
434. [Wilson's theorem.] If p be a prime number, 1 * (p — 1) ! is divisible 
by p. 

Let a denote any one of the numbers 

L2,3,4,..(p-1) .  —  . (1) 
then a is prime to p, and if the products 
1-42-a4,3-4,...(p—-l1)a 

are divided by p, one and only one of them leaves the remainder 1. 
[Art. 426.] 
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Let this be the product ma; then we can show that the numbers 
m and a are different unless a = p — 1 or 1. For if à? were to give 
remainder 1 on division by p, we should have 

a -1 =0 (mod p), 
and since p is prime, this can only be the case when a + 1 = p, or 
a — 1 = 0; that is, whena-p- 1 or 1. 

Hence one and only one of the products 2a, 3a, .... (p — 2) a gives 
remainder 1 when divided by p; that is, for any one of the series of 
numbers in (1), excluding the first and last, it is possible to find one 
other, such that the product of the pair is of the form M (p) + 1. 

Therefore the integers 2, 3, 4, .... (p — 2), the number of which is 
even, can be associated in pairs such that the product of each pair 
is of the form M (p) * 1. 

Therefore by multiplying all these pairs together, we have 

2-3-4... (p-2)=M(p)+1; 
that is, 1-2-3-4.... (p-1)=(p-1){M p)+1}; 
whence (p - 1)!=M (p)+p-1; 
or 1+ (p - 1) ! is a multiple of p. 

Corollary :- If 2p + 1 is prime number (p!)? + (- 1)? is divisible by 
2p * 1. 

For by Wilson's theorem 1 + (2p)! is divisible by 2p + 1. 

Put n = 2p + 1, so that p + 1 = np — p; then 
(Qp)!=1-2-3-4..p(p+1) (pt 2)... (n — 1) 
-1(n-1)2(n-2)3(n-3) ..p(n—-p) 
=a multiple of n + (- 1)" (p !)?. 

Therefore 1 + (- 1)? (p !)? is divisible by n or 2p + 1, and therefore 

(p !? + (- 1)? is divisible by 2p + 1. 
435. Many theorem relating to the properties of numbers can be 
proved by induction. 
Example 1. : If p is a prime number, x? — x is divisible by p. 
Let x? — x be denoted by f (x); then 
f(x+1)-f(@) =+- (x1) - Qr" a) 


p(p-1 o, 
1.2 
= a multiple of p, if p is prime [Art. 419.] 
f(x*1)-2f(x)* a multiple of p. 
If therefore f (x) is divisible by p, so also is f (x * 1); but 
f(2)=2?-2=(1+1)-2, 

and this is a multiple of p when p is prime [Art. 419]; therefore f(3) 
is divisible by p, therefore f (4) is divisible by p, and so on; thus the 
proposition is true universally. 

This furnishes another proof of Fermat's theorem, for if x is prime 
to p, it follows that x"^-! — 1 is a multiple of p. 





=p" 4 esc px 


Theory of Numbers 329 





Example 2. : Prove that 5?" *2— 24n — 25 is divisible by 576. 
Let 5?" +2 — 24n — 25 be denoted by f (n); 
then f(n*1) 25?**—24 (n + 1) - 25 
= 52. 52" +2 _ 24n — 49; 
f (n * 1) - 25 f (n) = 25 (24n + 25) - 24n - 49 
= 576 (n + 1). 

Therefore if f (n) is divisible by 576, so also is f (n + 1); but by trial 
we see that the theorem is true when 7 - 1, therefore it is true when 
n = 2, therefore it is true when n = 3, and so on; thus it is true 
universally. 

The above result may also be proved as follows: 

5n *? — 24n — 25 = 25" * ! — 24n — 25 
= 25 (1 + 24)" - 24n — 25 
=25+25-n-24+M (24?) - 24n - 25 
= 576n + M (576) = M (576). 


BEN Examples XXX.b. 


Show that 10" + 3.4" *? + 5 is divisible by 9. 

Show that 2-7" + 3.5" — 5 is a multiple of 24. 

Show that 4-6"+ 5" *! when divided by 20 leaves remainder 3. 

Show that 8-7" + 4" *? is of the form 24 (2r - 1). 

If p is prime, show that 1 + (2p — 3)! is a multiple of p. 

Show that a‘’*! — a is divisible by 30. 

Show that the highest power of 2 contained in (2' - 1)! is 

2!—q—1. 

Show that 3% *? + 5?! *! is a multiple of 14. 

Show that 3?" *5 4 1605? — 56n — 243 is divisible by 512. 

10. Prove that the sum of the coefficients of the odd powers of x in 
the expansion of (1 + x + x? + x? + x4)""! when n is a prime number 
other than 5, is divisible by n. 

11. If n is a prime number greater than 7, show that n° — 1 is divisible 
by 504. 

12. If n is an odd number, prove that n° + 3n* + 7n? — 11 is a multiple 
of 128. 

13. If p is a prime number, show that the coefficients of the terms 
of (1 + x)"-! are alternately greater and less by unity than some 
multiple of p. 

14. If p is a prime, show that the sum of the (p — 1)" powers of any 

p numbers in arithmetical progression, wherein the common 

difference is not divisible by p, is less by 1 than a multiple of p. 











NGF FF B® WN 
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15. 
16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Show that 4'? — b?? is divisible by 91, if a and b are both prime to 91. 
If p is a prime, show that (p — 2r) ! (2r — 1) ! - 1 is divisible by p. 
If n — 1, n * 1 are both prime numbers greater than 5, show that 
n (n? — 4) is divisible by 120, and n? (n? + 16) by 720. Also show 
that n must be of the form 30t or 30t + 12. 

Show that the highest power of n which is contained in 


n-nrtr-]1. 
n' - 1)!is equal to — — — —— 

(n - 1)!is equ a-i 

If p is a prime number, and a prime to p, and if a square number 

c? can be found such that c? — a is divisible by p, show that 
1 
5€ 

a2 


-1) 
—1 is divisible by p. 
Find the general solution of the congruence 
98x — 1 = 0 (mod 139). 
Show that the sum of the squares of all the numbers less than 
a given number N and prime to it is 


Ney. 1 1 1 N 
5 E JE Jfa 3 — KS 0-90-5)- o. 


and the sum of the cubes is 


“(1 JE Dfa : ai H N'a a) (1- b) (0-7 c) ....., 
ü 4 








4 b c 
a, b, C 4. being the different prime factors of N. 
If p and q are any two positive integers, show that pq ! is divisible 


by (p 0! - q ! and by (q !)?- p !. 
Show that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of x in the 


expansion of z7 and that the square numbers which 


1-6x+x 
are also pentagonal by the coefficients of the powers of x in the 


expansion of Todi 


Show that the sum of the fourth powers of all the numbers less 
than N and prime to it is 


2 E JE 7 E 1) "m H N'a a) (1— b) (1 — c) ..... 
ü b c 3 








Sa PGA y us 


a, b, c, ... being the different prime factors of N. 
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25. If ọ (N) is the number of integers which are less than N and 
prime to it, and if x is prime to N, show that 
x) — 1 =0 (mod N). 
26. If dj, do, d3, .... denote the divisors of a number N, then 
o (di) + 6 (d2) + 6 (d3) * ...... =N. 
Show also that 





i x 2. x(-2x) 
pe. is" — ad inf. = >. 





x x 
OD cU E 


The General Theory of 
Continued Fractions 





*436.In Chapter 25, we have investigated the properties of Continued 


1 1 M 
Fractions of the form 4, * —— —— ..., where a, az, ...., are positive 
a, + a, F 
integers, and a, is either a positive integer or zero. We shall now 
consider continued fractions of a more general type. 
b, b, b, 


*437. The most general form of a continued fraction is a tata t7 





where 44, dy, ts, ..... , Dy, bo, bay, iess represent any quantities whatever. 


The fractions a'a a ae called components of the continued 
He Ho Wa 
fraction. We shall confine our attention to two cases; 
(i) that in which the sign before each component is positive; 
(ii) that in which the sign is negative. 
*438. To investigate the law of formation of the successive convergents to the 


continued fraction 








ata +a t 
The first three convergents are 
b, a b, a, -a,b + b, -b, 
, F * 
a, +b, a, (a,a,+b,)+b,-a, 





a, 


We see that the numerator of the third convergent may be formed 
by multiplying the numerator of the second convergent by a3, and 
the numerator of the first by b; and adding the results together; also 
that the denominator may be formed in like manner. 

Suppose that the successive convergents are formed in a similar 
way; let the numerators be denoted by pj, po, ps .... , and the 
denominators by qy 92, qs .... 

Assume that the law of formation holds for the n convergent; 
that is suppose 


Pn” AnPn -1 T bp.» Qn = Anin -1 * bagn -2- 
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The (n+1)" convergent differs from the n'^ only in having 


b 

a,+—“*in the place of a,; hence the (n + 1) convergent 
a 
n+1 























Bis +b Bos 
at 4 
n A. Pa-1 uai. P, ma 071 
b, uu b q i 
E + n n- 
a, d, Qd, -4 nin-2 Gist 1 


= 8,41 P, Bad P. i 
LEE d, tb, VPE 
If therefore we put 
Pn+1> An +1 Pn + Dis Pn—w Gn+1 = An+1 Gn + brisi Qn -17 
we see that the numerator and denominator of the (n + 1)} convergent 
follow the law which was supposed to hold in case of the n™. But 


the law does hold in the case of the third convergent; hence it holds 
for the fourth; and so on; therefore it holds universally. 








*439.In the case of the continued fraction 


4747 4- 
we may prove that 
Pu7 AnPn-1 = Uupuy ds = Anga i = bnn- 
a result which may be deduced from that of the preceding article by 
changing the sign of b,. 


*440.In the continued fraction 


we have seen that 
Pn m AP n -1 + bp, -2 Yn = Ann -1 * bg, -2: 


Pret D, (4, ., P, TÉ P, 14, -= (4,44, TB q, 1) P, 











ds i4 4, ds «1, 
Bit In—1 D, Pu-1 T 
d, ei d, d, 1 i 

baii In-i Bit In 1 


but 





, 
Wns 8,,10, t net In—1 


334 Higher Algebra 





Pasa mE 


and is therefore a proper fraction; hence is numerically 


PEE! d, 


Pa I P, -1 
d, n-1 

By reasoning as in Art. 335, we may show that every convergent 
of an odd order is greater than the continued fraction, and every 
convergent of an even order is less than the continued fraction; hence 
every convergent of an odd order is greater than every convergent 
of an even order. 





less than ,and is of opposite sign. 


Ponsi Pu. 


Pon- 
is positive and less than amt _ Por; hence 


Fon +1 on Fon e d», 


Thus 


Pons , Pi 








i4 on —4 








p H-— P “os m H-— n- 
Also ~= -—* is positive and less than ie eae ; hence 
Fon =f Fon Fon E. on xb 
P». Pu-2 
Fon — 122-2 


Hence the convergents of an odd order are all greater than the 
continued fraction but continually decrease, and the convergents of 
an even order are all less than the continued fraction but continually 
increase. 

Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, and 
the convergents of an even order must also tend to some finite limit; 
if these limits are equal the continued fraction tends to one definite 
limit; if they are not equal, the odd convergents tend to one limit, 
and the even convergents tend to a different limit, and the continued 
fraction may be said to be oscillating; in this case the continued fraction 
is the symbolical representation of two quantities, one of which is 
the limit of the odd, and the other that of the even convergents. 


b, b 
*441. To show that the continued fraction —— —-— —- ..... has a definite value 
a+ a, + a, + 
if the limit green tl when n is infinite is greater than zero. 


n1 
The continued fraction will have a definite value when 7 is infinite 


and P” i 


if the difference of the limits of —— um is equal to zero. 


n4l n 
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Now 
4, +1 4, VPE Vy, Vn -1 


whence we obtain 
uy Pen Ment bd, bg, bg (2 3 


Pa Pa _ b dle 2 a) 





Pis. Peces CL. 
qs +1 d, d, +1 d, J4 13 


baii n-i basi In 1 E 1 " 
But J 
Wn +1 8,39, 5,40, 4 8,41, +1 


b 


nada A 


Hsc An 4,444, q, 1t 5,9,. 2) 8,8, 11 r By Pralna. 
eeg 7 b "ba b i 
+1 4n-1 tt 04-1 n+1 n+1fa-1 


also neither of these terms can be negative; hence if the limit of 


fiat 4, 


is greater than zero so also is the limit of 1, ' in which 
nti In-1 








a, 4, 


b 


ntl 





ntl 
Dy +1 In- p 
case the limit of a is less than 1; and therefore PEE. Pa is 
1, +1 4, +1 Vn 
the limit of the product of an infinite number of proper fractions, 


and must therefore be equal to zero; that is Deo aud Pn tend to the 


d, +1 d, 

same limit; which proves the proposition. 

For example, in the continued fraction 

P 2? 3 n 
3454747 2n +1+ 77 
a, ü 

Lim — = Lim Mund Cin PN 
b, uu (n * 1) 


and therefore the continued fraction tends to a definite limit. 








i 


b b, b 
*442. In the continued fraction —L. 2. = sees , if the denominator of every 
H7 A,- 04 — 
component exceeds the numerator by unity at least, the convergents are positive 


fractions in ascending order of magnitude. 


ao b, b, b, n TERE 
By supposition —, —, ~ ,..... are positive proper fractions in each 
a, a, a 
1 2 3 
of which the denominator exceeds the numerator by unity at least. 
b 
1 





The second convergent is ,and since a, exceeds b, by unity at 


b 
a 


2 


2 
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b b 
least, and 2 18 a proper fraction, it follows that 4, 7 is greater 
2 


2 
than bj; that is, the second convergent is a positive proper fraction. 








b 
In like manner it may be shown that E is a positive proper 
a — L3 
2 
a; b 
fraction; denote it by f;, then the third convergent is z F ,and is 
1 J1 


therefore a positive proper fraction. Similarly we may show that 


b, b, b 
P d a is a positive proper fraction; hence also the fourth convergent 
2 3 4 
Je MR 
a ~ d» 3 4 


is a positive proper fraction; and so on. 
Again, Pn = 4nPn-1 — b, Pu -2 n7 4 In -1— b, dn -27 


Pret mrtafa Ba), 


—ü.—u 





PERI qn PEE! Vn, Vn-4 i 








h Past P, and Ps Pa-1 " b . 
ence ave the same s ; 
i VPE! Lp qd, VPEE x 18n 
a,b b, bb 
But Po Elo t=- and is therefore positive; 


d, d, a-b, a, qq, 
E. Pa, Po Pa, Ps 
d; i da fh f4 fz 

Corollary :- If the number of the components is infinite, the 
convergents form an infinite series of proper fractions in ascending 
order of magnitude; and in this case the continued fraction must 
tend to a definite limit which cannot exceed unity. 

*443.From the formula 

Pn = An Pn-1 T b, Pn-2 (s = Anin -1 B b, dn -2 
we may always determine in succession as many of the convergents 
as we please. In certain cases, however, a general expression can be 
found for the n'^ convergent. 





hence ; and so on; which proves the proposition. 


6 
Example : To find the n" convergent to — — —— ee.. 


We have p, = 5p, -1 — 6p, -2; hence the numerators form a recurring 
series any three consecutive terms of which are connected by the relation 
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Pn = 5p, = * 6p, .». 














Let S = p, + pox + py € t px! lo uu. ; 
then, as in Art. 325, we have S ce PA 
1- 5x + 6x? 
: 30 
But the first two convergents are =,—~; 
5 19 
|| 6 _ 18 12 
1-5x+6x? 1-3x 1-2x' 
whence pa = 18 -3"-1- 12. 2"-1= 6 (3^ — 2n). 
Similarly if S’ = qy + qox + qax? + t qux" c uu 
5— 6x 9 4 
find “= = š 
um 1-5x-6x 1-3x 1-2x 
whence q,79.9"-1-4.2"»-1o2gn*1-2n*l 


p, 6(9-2) 


q ar rin J" +1° 
This method will only succeed when a, and b, are constant for 


b b b 
all values of n. Thus in the case of the continued fraction — —- —- ers 
a+a+a+ 
we may show that the numerators of the successive convergents 
b 


are the coefficients of the powers of x in the expansion of toa” 


and the denominators are the coefficients of the powers of x in the 
: a+ bx 
expansion of cue cp" 


*444. For the investigation of the general values of p, and q, the student 
is referred to works on Finite Differences; it is only in special cases 
that these values can be found by Algebra. The following method 
will sometimes be found useful. 
12 3 

Example : Find the value of 1151 34 777 

The same law of formation holds for p, and q,; let us take u, to 
denote either of them ; then zu, = nu, 4 + nu, » 


or Up — (n+ 1) u,_1 = - (Up _1 — nu, _ 2). 





Similarly, W q nu, ,-—-(u, ,-n-1u, ,). 


U3 — 4u = — (u5 — 3u); 
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whence by multiplication, we obtain 


Un = (n * 1) Wg-17 (- je (uy = 3u). 


1 2 
The first two convergents are 1'4/ hence 


Pn- (n + 1) Pn-17 (- 1"-! Ju- (n * 1) Qn-1 = (- Ly, 

Thus Ph tet A wn a ED 
(n+1)! n! (ne1!/ (n+1)! n! (n+D!’ 
Py 1 Ps» (p? la -1 a-2 CD? 








D 0 145g, _1 


























Pp _ 1 _1_ 1 
21 21/21 2 24^ 
whence, by addition 
po 01 1,1. íi 
(n-1! 2! 8! 41 7^ (n+1)!’ 
p n-2 
fn ee eee — Nu a 
(n - 1)! 2! 3! 4! (n4 1)! 


By making 7 infinite, we obtain 


Lim E - Lus j- ! ; 
Gq, € ej e-1 
which is therefore the value of the given expression. 


b, b, b, 
*445. If every component of — — 
a, + a,+ a, + 











e is a proper fraction with integral 


numerator and denominator, the continued fraction is incommensurable. 


For if possible suppose that the continued fraction is 


B 
commensurable and equal to A' where A and B are positive integers; 





then —= 1— where fı denotes the infinite continued fraction 
A at f, 
b, b Ab,-Ba, C 
—— —À- ,......; hence f, = —1_—1 -— suppose. Now A, B, a, b, are 
a, + A, + B B 


integers and f, is positive, therefore C is a positive integer. 
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C b 
Similarly — =——*— ; where f; denotes the infinite continued fraction 
B mtf 
b, b Bb, — D 
— wes hence f, B cu Na suppose; and as before, it 
ü,tü,t C C 
follows that D is a positive integer; and so on. 
B 
Again, CM dizias are proper fractions; for — is less than 
ABC A 
C b, D b 
— , which is a proper fraction; — is less than — ;— is less than ~ ; 
a, B a, a, 
and so on. 
Thus A, B, C, D, ...... form an infinite series of positive integers in 


descending order of magnitude; which is absurd. Hence the given 
fraction cannot be commensurable. 

The above result still holds if some of the components are not 
proper fractions, provided that from and after a fixed component 
all the others are proper fractions. 


b 
For suppose that Ps and all the succeeding components are proper 


n 
fractions; thus, as we have just proved, the infinite continued fraction 


b 
beginning with —* is incommensurable; denote it by k, then the 
a 


n 


. k 
complete quotient corresponding to a 1S 1' and therefore the value 


n 











is P ý eq kp, ., 
of the continued fraction is ———————. 
di. kq,,_» 
a P, mp. o P, =2 A 
This cannot be commensurable unless = ;and this 
VPEE VPE 


P...» _ P. Pn-3 _Pn-a 


condition cannot hold unless ; 
VPE ds -3 d, 5 VPE 





finally P2 = P1. that is b,b, = 0, which is impossible; hence the given 


5 1 
fraction must be incommensurable. 


b b 
*446.Ifevery component of a re ys --- is a proper fraction with integral 
1 2 3 


numerator and denominator, and if the value of the infinite continued fraction 
beginning with any component is less than unity, the fraction is 
incommensurable. 

The demonstration is similar to that of the preceding article. 
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BN "Examples XXXl.a. 


1. 


10. 








Show that in the continued fraction 
b, b, b, 
UT seco 


B7 8,7 84 — 


Pn = AnPn -1 — by Pn» Gn E Ann -1 — by Gu —2 











2 
Convert E into a continued fraction with unit numerators. 
2x 
Show that 
b b b b 
2 L — L 2 — 
(1) a ESBL T oa ys (2) Ja -b =a poro ce 
b, b, b, 
In the continued fraction aone ga if the denominator of 
1 2 


every component exceed the numerator by unity at least, show 
that p, and q, increase with n. 


If ay, dy, ds, ..... a, are in harmonical progression, show that 








2 2 
Show that (as 1 1 | |: 1 - | =2a°, 














2a 2a4' 2a- 2a- 
| i 1 I 1 1 )- 5 d 3 
and |a+ ani dim — uus a — TT 
2a+ 2a + 2a — 2a — 2a? - 2a* - 
b b b 
In the continued fraction uai er Pd show that p, +1 = bq,, bq, +4 
m AP nv = p Qn -1- 
b b b B a” -— B* : 
Show that mous pn Lp / X being the number of 


components, and o, B the roots of the equation k? -ak -b= 0. 
Prove that the product of the continued fractions 








b sb e d guck. i to 
"atu de ga” ^ du bta} age isequalto-1. 
Show that 


14 9 64 (0-10 _ (n+ 1) (n+ 2) (2n+ 3) 
1-5-13-25- " m «(n«1yY 6 ` 
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11. — —— ..... 
1-5-7-  2n«1 2 
+ s 
ee eee OEE o Ug bio 
2-3-4 n+1-n+2 
i i 1i 2 3. n-1 -— 
ICE E "ERES : 
ig, 4 5. 8 2n+2 _ 2(g-1) 
Xa ga po PEE 
15 3-33.483.5 3(n-2) _ 6(2e° +1) 
re rare M ao sing 
16. If 0,77 E h TOUT 
U, =>, Uu, = yu, = RAM » 
A i= pe page eO each successive fraction being 


formed by taking the denominator and the sum of the numerator 
and denominator of the preceding fraction for its numerator and 
45-1 
Ez 


denominator respectively, show that u, = 


17. Prove that the n'^ convergent to the continued fraction 








r r r .r-y 
UN is — ; 
r-tl1-r-1-r-1 F -1 
a a a 








. 1 
18. Find the value of à i1-a i-a £i UH 
f, A Az ... being positive and greater than unity. 


19. Show that the n™ convergent to 1- m is equal to the 
-— obs 
(2n — 1)" convergent to 5o Fe ras 


20. Show that the 3n'^ convergent to 


1 1 11 1 1 1 is 2 
5-2-1-5-2-1-5-"" 3n-«1' 








1 2 3 3-e . 
21. Show that E ;hence show that e lies between 
24 34 44 e-2 








ge and 28, 
3 11 
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CONVERSION OF SERIES INTO CONTINUED FRACTIONS 


*447. 


It will be convenient here to write the series in the form 

















1,1,1 ,1 
T T ~~ T oes] T . 
u, y U, u 
J 1 1 
Put 7 
u, LE u, + x, 
then (ú, + x,) (uj 44* Uy) = Uy Uy a, 
jd 
Ex r 
"^ atu 
rtl 
1 1 w 
Hence E—- c= 1 
u ds [s uU, — u, +u 
u; = 
u =u, 
2 
" 1 " 1 1 A 1 1 ui 
Similarly, = = . 
1 Uy, y Uy U, +X, W= U +u, +x, 
2 2 
_ 1 un uy 





, 
u= U tu, = u, +u, 


and so on; hence generally 




















2 2 2 
u 
T 1,1, 1.1 ui u, n 
L L 
Hs u, Us U, WQ — uU +u,- u, +u, u, Qu 
Example 1. : Express as a continued fraction the series 
i. z x? x" 
pus F(-1) 
Ay AA AAA, Ay M seses a, 
1 x 1 | 
Put = 7 
A, a, +1 A, + Y, 
then (a, + Ya) (à, +17 x) = Ayan +17 
" a,x 
: à 
A, +1 x 
1 x 1 1 a x 
Hence = . 
A At - à, + Js EX 
1 x " x? _1 x 
Again B T 
A) Af aaa, A A (4, +y) 
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1 x x +(-1)" x" 
and generally A, du E. ——— AAA, suse a 








Example 2. : Express log (1 + x) as a continued fraction. 


x? 3 4 
We h 1 1+x)=x-—+—-—+ 
e have log ( ) M Ue 
The required expression is most simply deduced from the 
continued fraction equivalent to the series 














x x S x 
—-—+—-—+4.,, 
a, a, a, a, 
1 x 1 
B uttin ~ ~ 
y P 5 A, Hs i1 a, + V, 
ax 
we obtain V, "NS. 
nt+1 n 
hence we have 
X wx Eo ant aix aix 
t P. hun ————— —— xen 
a, a, a, da a, + a, ~= a,x + a, — a,x + a,—axd 
x Tx 2x 3x 
log (1+ x) = — ———— ——_ ———— 





1+ 2-x+ 3-2x+ 4-3x 


*448. In certain cases we may simplify the components of the continued 
fraction by the help of the following proposition : 
The continued fraction 


b, b, b, b, 


A +t A, + A, + A+ 





cb, cc,b, ccb, C,C,b 
is equal to the continued fraction —- —— —— -222 ss 








CA + CA, + CA, + Cu, + 
where Cy, Cy €, Cay ...... are any quantities whatever. 


b, b, 
Let f; denote —- —- .…...; then 
2t ay 


b cb 


11 


the continued fraction = —1— = à 
atf, cato, 





= cb, = ceb, 
a +f, Cf, +C fy 








f 
I t d t m th n C 
e h enote e 
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stars eh ug hence th ition i 
imilarly, = —*++=—;and so on; whence the proposition is 
y, “sto c4, + c.f, prop 
established. 
BENE "Examples XXXI.b. 
Show that 
1 1.1 1 1 
1. H Faries t(- 1)" 
Uy U, U, ds u, 
_ 1 u u? WU, d 
Ug + U, — y + U, — Ud U, U, 
1 x x? x" 1 AX a,x a, X 
2 + = EM 
Ay gy AA, AAi, wu, d, — a, 4 a, + a,+x 
Par Pe, 7+2 
3 r-2 r- rt1-r42- "7 
2n 1 1 1 1 . 
4. aud 1-4-1240 to n quotients. 
1 1 1 1 1 4 9 n? 
5. 1+ ++... Se ss à 
2 3 n+1 1-3-5-7- 2n 4*1 
1 1 1 1 T n* 
€ qm m+ q-P.2Z-7789 (y 
7. č=1+% m 2 Ln 
x+2-x+3-x+4 
8 1 1,1 1, 1 ü b C 
` a ab ab abd 77 a+b-1+c-1+d-14 
9 P tea SPO N 1 r y? fe 
y y" r r“ r-r41-5)41-741-77 
di cA eee: El E lm 
a +a, + A, + a, 1+a +a +a + 4-4 
ii oS. Oe 
a+b+c b+c+d+ 
show that P (a+ 1 + Q)=a+ Q. 
1 x x? x) R : 
12. Show that + Faso is equal to the continued 





d hh Ifs 444 


T -x* x x 


fraction —- —— —— te here gi, Go, G3, o.. re the 
On ata ta tat Tv d» d» a 





denominators of the successive convergents. 
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449. Definition : If an event can happen in a ways and fail in b 
ways and each of these ways is MM likely, the probability, or the 


chance, of its happening is ———~, and that of its failing is up 


at 7 
For instance, if in a lottery there are 7 prizes and 25 blanks, the 


7 
chance that a person holding 1 ticket will win a prize is 32' and his 


"m s 
chance of not winning is ay 


450. The reason for the mathematical definition of probability may 
be made clear by the following considerations: 

If an event can happen in a ways and fail to happen in b ways, 
and all these ways are equally likely, we can assert that the chance 
of its happening is to the chance of its failing as a to b. Thus if the 
chance of its happening is represented by ka, where k is an 
undetermined constant, then the chance of its failing will be 
represented by kb. 

chance of happening + chance of failing = k (a + b) 

Now the event is certain to happen or to fail; therefore the sum 
of the chances of happening and failing must represent certainty. If 
therefore we agree to take certainty as our unit, we have 


ete. ER 
a 


+ p 
ü 
the chance that the event will happen is eb 
b 
and the chance that the event will not happen is 5, 


Corollary :- If p is the probability of the happening of an event, 
the probability of its not happening is 1 — p. 

451. Instead of saying that the chance of the happening of an event 
ü 
a+b 
event, or b to a against the event. 


is |, ,'it is sometimes stated that the odds are a to b in favour of the 
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452. The definition of probability in Art. 449 may be given in a 
slightly different form which is sometimes useful. If c is the total 
number of cases, each being equally likely to occur, and of these a 
are favourable to the event, then the probability that the event will 


happen is 2 and the probability that it will not happen is i 


Example 1. : What is the chance of throwing a number greater than 
4 with an ordinary die whose faces are numbered from 1 to 6 ? 

There are 6 possible ways in which the die can fall, and of these 
two are favourable to the event required; 


2 1 
therefore the required chance = e 3 


Example 2. : From a bag containing 4 white and 5 black balls a man 

draws 3 at random; what are the odds against these being all black ? 
The total number of ways in which 3 balls can be drawn is °C,, 

and number of ways of drawing 3 black balls is °C3; therefore the 

chance of drawing 3 black balls 

°C, 543 5 

^C, 9-8-7 42` 

Thus the odds against the event are 37 to 5. 

Example 3. : Find the chance of throwing at least one ace in a single 
throw with two dice. 

The possible number of cases is 6x6, or 36. 

An ace on one die may be associated with any of the 6 numbers 
on the other die, and the remaining 5 numbers on the first die may 
each be associated with the ace on the second die; thus the number 
of favourable cases is 11. 





11 
Therefore the required chance is z7. 


Or we may reason as follows : 
There are 5 ways in which each die can be thrown so as not to 
give an ace; hence 25 throws of the two dice will exclude aces. That 


: . 25 
is, the chance of not throwing one or more aces is 367 so that the 


chance of throwing one ace at least is 1 <2) or = 


36” 
Example 4. : Find the chance of throwing more than 15 in one throw 
with 3 dice. 

A throw amounting to 18 must be made up of 6, 6, 6, and this 
can occur in 1 way; 17 can be made up of 6, 6, 5 which can occur in 
3 ways; 16 may be made up of 6, 6, 4 and 6, 5, 5 each of which 
arrangements can occur in 3 ways. 
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Therefore the number of favourable cases is 
1+3+3+4+3, or 10. 
And the total number of cases is 6? , or 216; 
10 5 


therefore the required chance = — = —. 
216 108 


Example 5. : A has 3 shares in a lottery in which there are 3 prizes 
and 6 blanks, B has 1 share in a lottery in which there is 1 prize and 
2 blanks : show that A's chance of success to B's as 16 to 7. 

A may draw 3 prizes in 1 way; 


he may draw 2 prizes and 1 blank in T ways; 


he may draw 1 prize and 2 blanks in 3x22 ways; 


the sum of these numbers is 64, which is the number of ways 





8-7 
in which A can win a prize. Also he can draw 3 tickets in 1.2.3’ 
or 84 ways; 
therefore A’s chance of success = bsc - I 
84 21 
1 
B's chance of success is clearly 37 
, ; 16 1 
therefore A's chance : B's chance EUM 16 : 7. 
-5-4 
Or we might have reasoned thus : A will get all blanks in 1.72.37 
20 ; the ch f dite TE 
ways; the chance of which is 34” 21 
, 5 16 
therefore A's chance of success = 1- — =—. 
21 21 
453. Suppose that there are a number of events A, B, C, ..., of which 
one must, and only one can, occur; also suppose that a, b, c, ..... are 


the numbers of ways respectively in which these events can happen, 
and that each of these ways is equally likely to occur; it is required 
to find the chance of each event. 

The total number of equally possible ways is a + b + c + ..., and 
of these the number favourable to A is a ; hence the chance that A 


will happen is . Similarly the chance that B will happen 
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454. From the examples we have given it will be seen that the solution 
of the easier kinds of questions in Probability requires nothing more 
than a knowledge of the definition of Probability, and the application 
of the laws of Permutations and Combinations. 


BENE Examples XXXII.a. 


1. 


10. 


12. 


13. 


14. 








In a single throw with two dice find the chances of throwing 
(1) five, (2) six. 

From a pack of 52 cards two are drawn at random; find the 
chance that one is a knave and the other a queen. 

A bag contains 5 white, 7 black, and 4 red balls : find the chance 
that three balls drawn at random are all white. 

If four coins are tossed, find the chance that there should be two 
heads and two tails. 

One of two events must happen : given that the chance of the 
one is two-thirds that of the other, find the odds in favour of the 
other. 

If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 

Thirteen persons take their places at a round table, show that 
it is five to one against two particular persons sitting together. 
There are three events A, B, C, one of which must, and only one 
can, happen; the odds are 8 to 3 against A, 5 to 2 against B : find 
the odds against C. 

Compare the chances of throwing 4 with one die, 8 with two 
dice, and 12 with three dice. 

In shuffling a pack of cards, four are accidentally dropped; find 
the chance that the missing cards should be one from each suit. 


. A has 3 shares in a lottery containing 3 prizes and 9 blanks; 


B has 2 shares ina lottery containing 2 prizes and 6 blanks ; 
compare their chances of success. 

Show that the chances of throwing six with 4, 3, or 2 dice 
respectively are as 1 : 6 : 18. 

There are three works, one consisting of 3 volumes, one of 4, and 
the other of 1 volume. They are placed on a shelf at random; 
prove that the chance that volumes of the same works are all 


3 
ther is ——. 
together 1s 140 


A and B throw with two dice; if A throws 9, find B's chance of 
throwing a higher number. 
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15. The letters forming the word CLIFTON are placed at random in 
a row. What is the chance that the two vowels come together? 

16. In a hand at whist what is the chance that the 4 kings are held 
by a specified player? 

17. There are 4 rupees and 3 ten nP.'s placed at random in a line. 
Show that the chance of the extreme coins being both ten nP.'s 


1 
is 7 Generalize this result in the case of m rupees and n ten nP.’s. 


455. We have hitherto considered only those occurrences which in 
the language of Probability are called Simple events. When two or 
more of these occur in connection with each other, the joint occurrence 
is called a Compound event. 

For example, suppose we have a bag containing 5 white and 
8 black balls, and two drawings, each of three balls, are made from 
it successively. If we wish to estimate the chance of drawing first 
3 white and then 3 black balls, we should be dealing with compound 
event. 

In such a case the result of the second drawing might or might 
not be dependent on the result of the first. If the balls are not replaced 
after being drawn, then if the first drawing gives 3 white balls, the 
ratio of the black to the white balls remaining is greater than if the 
first drawing had not given three white; thus the chance of drawing 
3 black balls at the second trial is affected by the result of the first. 
But if the balls are replaced after being drawn, it is clear that the 
result of the second drawing is not in any way affected by the result 
of the first. 

We are thus led to the following definition : 

Events are said to be dependent or independent according as 
the occurrence of one does or does not affect the occurrence of the 
others. Dependent events are sometimes said to be contingent. 


456. If there are two independent events the respective probabilities of which 
are known, to find the probability that both will happen. 

Suppose that the first event may happen in a ways and fail in 
b ways, all these cases being equally likely; and suppose that the 
second event may happen in a’ ways and fail in b’ ways, all these 
ways being equally likely. Each of the a + b cases may be associated 
with each of the a’ + b’ cases, to form (a + b) (a' + b’) compound cases 
all equally likely to occur. 

In aa’ of these both events happen, in bb’ of them both fail, in ab’ 
of them the first happens and the second fails, and in a’b of them the 
first fails and the second happens. Thus 
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z 




















E is the chance that both events happen; 
bb’ 
(a+b) (a +b’) $ the chance that both events fail; 
ME is the eines that the first happens and the 
, second fails, 
Gib wae) is the chance that the first fails and the 


second happens. 

Thus if the respective chances of two independent events are 
p and p’, the chance that both will happen is pp’. Similar reasoning 
will apply in the case of any number of independent events. Hence 
it is easy to see that if py, po, px ..... are the respective chances that a 
number of independent events will separately happen, the chance 
that they will all happen is pipops ..... ; the chance that the two first 
will happen and the rest fail is pip; (1 — ps) (1 — pa) ..... ; and similarly 
for any other particular case. 


457. If p is the chance that an event will happen in one trial, the 
chance that it will happen in any assigned succession of r trials is p'; 
this follows from the preceding article by supposing 

pi = pops. =p. 

To find the chance that some one at least of the events will happen 
we proceed thus : the chance that all the events fail is (1 — pi) (1 - po) 
(1 — p3) ....., and except in this case some one of the events must happen; 
hence the required chance is 

1 — (1- p) (L- ps) (1 - py)... 
Example 1. : Two drawings, each of 3 balls, are made from a bag 
containing 5 white and 8 black balls, the balls being replaced before 
the second trial : find the chance that the first drawing will give 3 
white, and the second 3 black balls. 

The number of ways in which 3 balls may be drawn is "C; 

see SWIG as cnc atte erit train enden E 


Therefore the chance of 3 white at the first trial 
5-4 13.1211 5. 
b2 12-3 143 


8.7.6 133211 28. 


143 qex 4H 
5 28 | 140 
143 143 20449° 





and the chance of3 black at the second trial — 





therefore the chance of the compound event - 
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Example 2. : In tossing a coin, find the chance of throwing head and 
tail alternately in 3 successive trials. 
Here the first throw must give either head or tail; the chance 


1 
that the second gives the opposite to the first is 2' and the chance 


1 
that the third throw is the same as the first is 2 


Therefore the chance of the compound event = ; x i - T 
Example 3. : Supposing that it is 9 to 7 against a person A who is now 
35 years of age living till he is 65, and 3 to 2 against a person B now 
45 living till he is 75; find the chance that one at least of these persons 


will be alive 30 years hence. 


9 
The chance that A will die within 30 years is 16’ 


3 
the chance that B will die within 30 years is 5/ 


9 3 27 
—x—,or—; 

16 5 80 
therefore the chance that both will not be dead, that is that one 


at least will be alive, is 1— 2 oi 55 
80 80 

458. By a slight modification of the meaning of the symbols in 
Art. 456, we are enabled to estimate the probability of the concurrence 
of two dependent events. For suppose that when the first event has happened, 
a’ denotes the number of ways in which the second event can follow, 
and b' the number of ways in which it will not follow; then the 
number of ways in which the two events can happen together is aa’, 


therefore the chance that both will die is 


a 


aa 
(a+b) (a! € b^). 

Thus if p is the probability of the first event, and p' the contingent 
probability that the second will follow, the probability of the 
concurrence of the two events is pp'. 

Example 1. : In a hand at whist find the chance that a specified player 
holds both the king and queen of trumps. 

Denote the player by A; then the chance that A has the king is 


and the probability of their concurrence is 


clearly = ; for this particular card can be dealt in 52 different ways, 
13 of which fall to A. 
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The chance that, when he has the king, he can also hold the queen 


12 
is then gg fo! the queen can be dealt in 51 ways, 12 of which fall 


to A. 


Therefore the chance required = = x E. EN 
52 51 17 

Or we might reason as follows : 

The number of ways in which the king and the queen can be 
dealt to A is equal to the number of permutations of 13 things 2 at 
a time, or 13-12. And similarly the total number of ways in which 
the king and queen can be dealt is 52-51. 

Therefore the chance = oe en as before. 

52-51. 17 
Example 2. : Two drawings, each of 3 balls, are made from a bag 
containing 5 white and 8 black balls, the balls not being replaced 
before the second trial. Find the chance that the first drawing will 
give 3 white and the second 3 black balls. 

At the first trial, 3 balls may be drawn in °C; ways; and 3 white 
balls may be drawn in ?C4 ways; 

5.4 13.12.11 5 
1.2 1.2.3 143 

When 3 white balls have been drawn and removed, the bag 
contains 2 white and 8 black balls; 

therefore at the second trial 3 balls may be drawn in C, ways; 
and 3 black balls may be drawn in *C4 ways; 

therefore the chance of 3 black at the second trial 

8.7.6 10.9.8 7. 
1.2.8. 1.2.3 15' 





therefore the chance of 3 white at first trial = 





D. oo us od 
therefore the ch f th d t=—~X—=—. 
erefore the chance of the compound event = -73 * 15 7 755 
The student should compare this solution with that of Example. 1, 
Art. 457. 


459. Ifan event can happen in two or more different ways which are mutually 
exclusive, the chance that it will happen is the sum of the chances of its 
happening in these different ways. 

This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, however, 
be proved as follows : 

Suppose the event can happen in two ways which cannot concur; 


a, a 
and let ,— be the chances of the happening of the event in these 
1 2 
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two ways respectively. Then out of bb; cases there are a,b, in which 
the event may happen in the first way, and a,b, ways in which the 
event may happen in the second; and these ways cannot concur. 
Therefore in all, out of b,b cases there are a,b) + a,b; cases favourable 
to the event; hence the chance that the event will happen in one or 
other of the two ways is 


a,b, + a,b, mu ! a, 


bb, b, b, 

Similar reasoning will apply whatever be the number of exclusive 
ways in which the event can happen. 

Hence if an event can happen in n ways which are mutually 
exclusive, and if py, p» ps, ..... p, are the probabilities that the event 
will happen in these different ways respectively, the probability 
that it will happen in some one of these ways is 

PrEP EPpy F a Pr 
Example 1. : Find the chance of throwing 9 at least in a single throw 
with two dice. 





9 can be made up in 4 ways, and thus the chance of throwing 9 is E 
3 
10 can be made up in 3 ways, and thus the chance of throwing 10 is 36 


2 
11 can be made up in 2 ways, and thus the chance of throwing 11 is 36" 


12 can be made up in 1 way, and thus the chance of throwing 12 is 36 
Now the chance of throwing a number not less than 9 is the sum 
of these separate chances; 
4+3+2+1 5 
36 18` 
Example 2. : One purse contains 1 rupee and 3 nP’.s, a second purse 
contains 2 rupees and 4 nP’.s, and a third contains 3 rupees and 1 
nP. If a coin is taken out of one of the purses selected at random, find 
the chance that it is a rupee. 
Since each purse is equally likely to be taken, the chance of selecting 





the required chance = 


1 1 
the first is 37 and the chance of then drawing a rupee is gj hence 


the chance of drawing a rupee so far as it depends upon the first 


1.1 1 
purse is 3 x 4* Or 1 Similarly the chance of drawing a rupee so far 
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14.2 1 
as it depends on the second purse is 5 X 7 ,0r —; and from the third 


3 6 9 
: . 1,3. 1 
purse the chance of drawing a rupee is Parce 
the required chance = ET + x + i. = 
129 4 9 


460. In the preceding article we have seen that the probability of 
an event may sometimes be considered as the sum of the probabilities 
of two or more separate events; but it is very important to notice 
that the probability of one or other of a series of events is the sum 
of the probabilities of the separate events only when the events are 
mutually exclusive, that is, when the occurrence of one is incompatible 
with the occurrence of any of the others. 

Example : From 20 tickets marked with the first 20 numerals, one is 
drawn at random ; find the chance that it is a multiple of 3 or of 7. 


6 
The chance that the number is a multiple of 3 is 207 and is chance 


2 
that it is a multiple of 7 is 0° and these events are mutually exclusive, 


hence the required chance is 
6 2 2 


—+— ore. 

20 20 5 
But if the question had been : find the chance that the number is a 
multiple of 3 or of 5, it would have been incorrect to reason as follows: 


6 
Because the chance that the number is a multiple of 3 is 0’ and 


4 
the chance that the number is a multiple of 5 is 2g / therefore the 


4 1 
chance that it is a multiple of 3 or 5 is 20 T 20' or y For the number 


on the ticket might be a multiple both of 3 and of 5, so that the two 
events considered are not mutually exclusive. 


461. It should be observed that the distinction between simple and 

compound events is in many cases a purely artificial one; in fact it 

often amounts to nothing more than a distinction between two 

different modes of viewing the same occurrence. 

Example : A bag contains 5 white and 7 black balls; if two balls are 

drawn what is the chance that one is white and the other black ? 
(i) Regarding the occurrence as a simple event, the chance 
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35 

sx) "C= |. 

(5x7) a 

(ii) The occurrence may be regraded as the happening of one or 


other of the two following compound events : 


(1) drawing a white and then a black ball, the chance of which is 
5 7 35 
-—X-—— or—_; 
12 11 132 
(2) drawing a black and then a white ball, the chance of which is 
7 5 35 
— X — ,or —. 
12 11 132 
And since these events are mutually exclusive, the required chance 
85 35 385 
132 132 66 
It will be noticed that we have here assumed that the chance of 





drawing two specified balls successively is the same as if they were 
drawn simultaneously. A little consideration will show that this 
must be the case. 


BEN Examples XXXII.b. 


1. 








What is the chance of throwing an ace in the first only of two 
successive throws with an ordinary die ? 

Three cards are drawn at random from an ordinary pack : find 
the chance that they will consist of a knave, a queen, and a king. 
The odds against a certain event are 5 to 2, and the odds in favour 
of another event independent of the former are 6 to 5: Find the 
chance that one at least of the events will happen. 

The odds against A solving a certain problem are 4 to 3, and the 
odds in favour of B solving the same problem are 7 to 5 : what 
is the chance that the problem will be solved if they both try ? 
What is the chance of drawing a rupee from a purse one 
compartment of which contains 3 nP.'s and 2 rupees, and the 
other 2 rupees and 1 nP. ? 

A bag contains 17 counters marked with the numbers 1 to 17. 
A counter is drawn and replaced; a second drawing is then made: 
what is the chance that the first number drawn is even and the 
second odd ? 

Four persons draw each a card from an ordinary pack : find the 
chance (1) that a card is of each suit, (2) that no two cards are 
of equal value. 

Find the chance of throwing six with a single die at least once 
in five trials. 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


The odds that a book will be favourably reviewed by three 

independent critics are 5 to 2, 4 to 3, and 3 to 4 respectively; 

what is the probability that of the three reviews a majority will 

be favourable ? 

A bag contains 5 white and 3 black balls, and 4 are successively 

drawn out and not replaced; what is the chance that they are 

alternately of different colours ? 

In three throws with a pair of dice, find the chance of throwing 

doublets at least once. 

If 4 whole numbers taken at random are multiplied together 

show that the chance that the last digit in the product is 1, 3, 7, 
. 1 

or 9 is 605 

In a purse are 10 coins, all five nP.’s except one which is a rupee; 

in another are ten coins all five nP.’s. Nine coins are taken from 

the former purse and put into the latter, and then nine coins are 

taken from the latter and put into the former : find the chance 

that the rupee is still in the first purse. 

If two coins are tossed 5 times, what is the chance that there will 

be 5 heads and 5 tails ? 

If 8 coins are tossed, what is the chance that one and only one 

will turn up head ? 

A, B, C in order cut a pack of cards, replacing them after each cut, 

on condition that the first who cuts a spade shall win a prize: 

find their respective chances. 

A and B draw from a purse containing 3 rupees and 4 nP.’s; find 

their respective chances of first drawing a rupee, the coins when 

drawn not being replaced. 

A party of n persons sit at a round table, find the odds against 

two specified individuals sitting next to each other. 

A is one of horses 6 entered for a race, and is to be ridden by one 

of two joekeys B and C. It is 2 to 1 that B rides A, in which case 

all the horses are equally likely to win; if C rides A, his chance 

is trebled : what are the odds against his winning ? 

If on an average 1 vessel in every 10 is wrecked, find the chance 

that out of 5 vessels expected 4 at least will arrive safely. 


462. The probability of the happening of an event in one trial being known, 
required the probability of its happening once, twice, three times, ...... exactly 
in n trials. 


Let p be the probability to the happening of the event in a single 


trial, and let q = 1 - p; then the probability that the event will happen 
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exactly r times in n trials is the (r + 1)" term in the expansion of 
(q + py". 

For if we select any particular set of r trials out of the total 
number n, the chance that the event will happen in every one of these 
r trials and fail in the rest is p' g” ^" [Art. 456.], and as a set of r trials 
can be selected in "C, ways, all of which are equally applicable to the 
case in point, the required chance is 

"Cp gn 
If we expand (p + q)" by the Binomial Theorem, we have 
prt "Cy pt tq + "Cy pe rg uuu. ENC aap g T Pai +q"; 
thus the terms of this series will represent respectively the 
probabilities of the happening of the event exactly n times, n — 1 
times, n — 2 times, ..... in n trials. 


463. If the event happens 7 times, or fails only once, twice, ..... 
(n — r) times, it happens r times or more; therefore the chance that 
it happens at least r times in n trials is 

pit "Cy prt gq + "Cy gE t ee £C, Qp'qn, 
or the sum of the first n — r + 1 terms of the expansion of (p + q)". 
Example 1. : In four throws with a pair of dice, what is the chance 
of throwing doublets twice at least ? 


6 1 
In a single throw the chance of doublets is 367°" 6’ and the 


5 
chance of failing to throw doublets is g Now the required event 


follows if doublets are thrown four times, three times, or twice; 
therefore the required chance is the sum of the first three terms of 


4 
the expansion of 1 + 5 : 
6 6 


Thus the chance 2l rael. 
6 144 

Example 2. : A bag contains a certain number of balls, some of which 
are white; a ball is drawn and replaced, another is then drawn and 
replaced; and so on : if p is the chance of drawing a white ball in 
a single trial. Find the number of white balls that is most likely to 
have been drawn in n trials. 

The chance of drawing exactly r white balls is "C,p'g" 7", and we 
have to find for what value of r this expression is greatest. 


Now nCyp'q" -" > "Ciz pta q"-e-0, 
so long as (n -r*1)p»?rq, 
or (n+ 1) p» (p * q) r. 


But p + q = 1; hence the required value of r is the greatest integer 
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in p (n * 1). 
If n is such that pn is an integer, the most likely case is that of 
pn successes and qn failures. 


464. Suppose that there are n tickets in a lottery for a prize of £x; 
then since each ticket is equally likely to win the prize, and a person 
who possessed all the tickets must win, the money value of each 


ticket is £~ ;in other words this would be a fair sum to pay for each 


n 
ticket; hence a person who possessed r tickets might reasonably expect 


£ as the price to be paid for his tickets by any one who wished 
n 


to buy them; that is, he would estimate £xas the worth of his 
n 


chance. It is convenient then to introduce the following definition: 

If p represents a person's chance of success in any venture and 
M the sum of money which he will receive in case of success, the sum 
of money denoted by pM is called his expectation. 


465. In the same way that expectation is used in reference to a person, 
we may conveniently use the phrase probable value applied to things. 
Example 1. : One purse contains 5 shillings and 1 sovereign : a second 
purse contains 6 shillings. Two coins are taken from the first and 
placed in the second : then 2 are taken from the second and placed 
in the first : find the probable value of the contents of each purse. 

The chance that the sovereign is in the first purse is equal to the 
sum of the chances that it has moved twice and that it has not moved 
at all; 

that is, the chance = 11 24-2, 

34 3 4 
the chance that the rupee is in the second purse =<. 


Hence the probable value of the first purse 


3 of Rs. 1.05 nP. + | of 6 nP’ s = 80 Í nP? s. 
4 4 4 


the probable value of the second purse 





111 nP.’s — 80 : nP/s - 30 i nP ’s. 


Or the problem may be solved as follows : 
The probable value of the coins removed 
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- i of 105 nP/s = 35 nP"s. 


the probable value of the coins brought back 
- 1 of (6nP.’s + 35 nP^s) - 10 i nP's. 


the probable value of the first purse 





=| 105- 35-4 10 1) nP.’s = 80 : nP.’s, as before. 


Example 2. : A and B throw with one die for a stake of Rs. 11 which 
is to be won by the player who first throws 6. If A has the first 
throw, what are their respective expectations? 

1 


In his first throw A's chance is L; in his second it is x : x s 


because each player must have failed once before A can have a second 


4 
throw, in his third throw his chance is 3) x because each player 


must have failed twice; and so on. 
Thus A's chance is the sum of the infinite series 


FEE- 


Similarly B's chance is the sum of the infinite series 


Gg 


A's chance is to B's as 6 is to 5; their respective chances are therefore 








£ and =, and their expectations are Rs. 6 and Rs. 5 respectively. 
466. We shall now give two problems which lead to useful and 
interesting results. 

Example 1. : Two players A and B want respectively m and n points 
of winning a set of games; their chances of winning a single game 
are p and q respectively, where the sum of p and q is unity; the stake 
is to belong to the player who first makes up his set : determine the 
probabilities in favour of each player. 

Suppose that A wins in exactly m + r games; to do this he must 
win the last game and m — 1 out of the preceding m +r - 1 games. The 
chance of this is ™*"~!C,,_, p"-lgrp, or "*7-!C, , p"g'. 

Now the set will necessarily be decided in m + n — 1 games, and 
A may win his m games in exactly m games, or m + 1 games, ..... , Of 
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m * n — 1 games; therefore we shall obtain the chance that A wins 
the set by giving to r the values 0, 1, 2, ...... ,n — 1 in the expression 
m*r-1Q, 4 pq’. Thus A's chance is 





p*A13ang 1508 * D a, Pan H Eu e area j 
1-2 (m — 1)! (n — 1)! 
Similarly B's chance is 


phism CD pr — manaa 28 
1:2 (m — 1)! (n - 1)! 

This question is known as the "Problem of Points", and has engaged 
the attention of many of the most eminent mathematicians since the 
time of Pascal. It was originally proposed to Pascal by the 
Chevalier de Mere in 1654, and was discussed by Pascal and Fermat, 
but they confined themselves to the case in which the players were 
supposed to be of equal skill : their results were also exhibited in a 
different form. The formulae we have given are assigned to Montmort, 
as they appear for the first time in a work of his published in 1714. 
The same result was afterwards obtained in different ways by 
Lagrange and Laplace, and by the latter the problem was treated 
very fully under various modifications. 


Example 2. : There are n dice with f faces marked from 1 to f; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p ? 

Since any one of the f faces may be exposed on any one of the n 
dice, the number of ways in which the dice may fall is f". 

Also the number of ways in which the numbers thrown will have 
p for their sum is equal to the coefficient of x? in the expansion of 

(x) + x2 4+ 6st xf) 

for this coefficient arises out of the different ways in which n of the 
indices 1, 2, 3, ...... , f can be taken so as to form p by addition. 

Now the above expression = x" (1 + x + x?« .... x£- 


(x 
=x ; 
1-x 


We have therefore to find the coefficient of x?~" in the expansion of 
(1-x»(0-xy". 








Now (1- x/y' 21- nx/ 4 








n(n-1 vos n(n-D(n-2) s i; 
1.2 1-2-3 
n(n+1) Pa 
1-2 :243 
Multiply these series together and pick out the coefficient of 
x?-" jin the product; we thus obtain 


and (1- x)" 21-4 nx 4 p MuR 
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n (n 4 1) ....... (p -1) 10 0 a (p- f-1) 








(p-n)! © (p-n-f)! 
, A(n- T) n(n- T)... (p-2f-1) 
dem eo. 9 n 


where the series is to continue so long as no negative factors appear. 
The required probability is obtained by dividing this series by f" 

This problem is due to De Moivre and was published by him in 1730; 
it illustrates a method of frequent utility. 

Laplace afterwards obtained the same formula, but in a much 
more laborious manner; he applied it in an attempt to demonstrate 
the existence of a primitive cause which has made the planets to 
move in orbits close to the ecliptic, and in the same direction as the 
earth round the sun. On this point the reader may consult Todhunter's 
History of Probability, Art. 987. 


BEN Examples XXXII.c. 


1. In a certain game A's skill is to B's as 3 to 2: find the chance of 
A winning 3 games at least out of 5. 

2. A coin whose faces are marked 2, 3 is thrown 5 times : what is 
the chance of obtaining a total of 12 ? 

3. In each of a set of games it is 2 to 1 in favour of the winner of 
the previous game : what is the chance that the player who wins 
the first game shall win three at least of the next four ? 

4. There are 9 coins in a bag, 5 of what are rupees and the rest are 
unknown coins of equal value; find what they must be if the 
probable value of a draw is 60 nP. 

5. A coin is tossed n times, what is the chance that the head will 
present itself an odd number of times ? 

6. From a bag containing 2 rupee pieces and 3 ten nP. pieces a person 
is allowed to draw 2 coins indiscriminately; find the value of his 
expectation. 

7. Six persons throw for a stake, which is to be won by the one who 
first throws head with a penny; if they throw in succession, find 
the chance of the fourth person. 

8. Counters marked 1, 2, 3 are placed in a bag, and one is withdrawn 
and replaced. The operation being repeated three times, what is 
the chance of obtaining a total of 6 ? 

9. A coin whose faces are marked 3 and 5 is tossed 4 times : what 
are the odds against the sum of the numbers thrown being less 
than 15? 


10. Find the chance of throwing 10 exactly in one throw with 3 dice. 
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11. Two players of equal skill, A and B, are playing a set of games; 
they leave off playing when A wants 3 points and B wants 2. If 
the stake is Rs. 16, what share ought each to take? 

12. A and B throw with 3 dice; if A throws 8, what is B's chance of 
throwing a higher number ? 

13. A had in his pocket a rupee and four ten nP. coins; taking out two 
coins at random he promises to give them to B and C. What is 
the worth of C's expectation ? 

14. In five throws with a single die what is the chance of throwing 
(1) three aces exactly, (2) three aces at least. 

15. A makes a bet with B of Rs. 15 to Rs. 6 that in a single throw with 
two dice he will throw seven before B throws four. Each has a 
pair of dice and they throw simultaneously until one of them 
wins, equal throws being disregarded ; find B's expectation. 

16. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken 
in the case of the tetrahedron; what is the chance that the sum 
of the numbers thrown is not less than 5 ? 

17. A bag contains a coin of value M, and a number of other coins 
whose aggregate value is m. A person draws one at a time till 
he draws the coin M; find the value of his expectation. 

18. If 6n tickets numbered 0, 1, 2, ..... 6n — 1 are placed in a bag, and 
three are drawn out, show that the chance that the sum of the 
numbers on them is equal to 6n is 

3n 
(6n — 1) (6n - 2) 
*INVERSE PROBABILITY 


*467. In all the cases we have hitherto considered it has been supposed 
that our knowledge of the causes which may produce a certain event 
is such as to enable us to determine the chance of the happening of 
the event. We have now to consider problems of a different character. 
For example, if it is known that an event has happened in consequence 
of some one of a certain number of causes, it may be required to 
estimate the probability of each cause being the true one, and thence 
to deduce the probability of future events occurring under the 
operation of the same causes. 


*468. Before discussing the general case we shall give a numerical 
illustration. 

Suppose there are two purses, one containing 5 sovereigns and 
3 shillings, the other containing 3 sovereigns and 1 shilling, and 
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suppose that a sovereign has been drawn : it is required to find the 
chance that it came from the first or second purse. 

Consider a very large number N of trials; then, since before the 
event each of the purses is equally likely to be taken, we may assume 


1 5 
that the first purse would be chosen in 2 N of the trials, and in 3 


of these a sovereign would be drawn; thus a sovereign would be 


drawn ax i N,or = N times from the first purse. 


1 
The second purse would be chosen in DM of the trials, and in 


3 
4 9f these a sovereign would be drawn; thus a sovereign would be 


3 
drawn gr times from the second purse. 


Now N is very large but is otherwise an arbitrary number; let 
us put N = 16n; thus a sovereign would be drawn 5n times from the 
first purse, and 6n times from the second purse; that is, out of the 
11n times in which a sovereign is drawn it comes from the first 
purse 5n times, and from the second purse 6n times. Hence the 


5 
probability that the sovereign came from the first purse is Th’ and 


the probability that it came from the second is T 
*469.It is important that the student's attention should be directed 
to the nature of the assumption that has been made in the preceding 
article. Thus, to take a particular instance, although in 60 throws 
with a perfectly symmetrical die it may not happen that ace is thrown 
exactly 10 times, yet it will doubtless be at once admitted that if the 
number of throws is continually increased the ratio of the number 
of aces to the number of throws will tend more and more nearly to 


1 
the limit —. There is no reason why one face should appear oftener 


than another; hence in the long run the number of times that each 
of the six faces will have appeared will be approximately equal. 

The above instance is a particular case of a general theorem which 
is due to James Bernoulli, and was first given in the Ars Conjectandi 
published in 1713, eight years after the author's death. Bernoulli's 
theorem may be enunciated as follows : 

If p is the probability that an event happens in a single trial, then if the 
number of trials is indefinitely increased, it becomes a certainty that the limit 
of the ratio of the number of successes to the number of trials is equal to p; in 
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other words, if the number of trials is N, the number of successes may be taken 
to be pN. 

See Todhunter's History of Probability, Chapter 7. A proof of 
Bernoulli's theorem is given in the article Probability in the Encyclopedia 
Britannica. 


*470. An observed event has happened through some one of a number of 
mutually exclusive causes : required to find the probability of any assigned 
cause being the true one. 

Let there be n causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 
Py, Po, P3, ....... , P,. Let p, denote the probability that when the r'^ cause 
exists the event will follow : after the event has occurred it is required 
to find the probability that the r™ cause was the true one. 

Consider a very great number N of trials; then the first cause 
exists in P,N of these, and out of this number the event follows in 
piP,N; similarly there are p,P,N trials in which the event follows 
from the second cause; and so on for each of the other causes. Hence 
the number of trials in which the event follows is 

(pP, + p?P5* ...... + p,P,) N, or N È (pP); 
and the number in which the event was due to the r™ cause is p,P,N; 
hence after the event the probability that the r'^ cause was the true 
one is 
p,P,N + N X (pP; 
that is, the probability that the event was produced by the r™ cause 


PE, 

2 (pP) 

*471.It is necessary to distinguish clearly between the probability 
of the existence of the several causes estimated before the event, and 
the probability after the event has happened of any assigned cause being 
the true one. The former are usually called a priori probabilities and 
are represented by P, Po, P3, ....... , P,; the latter are called a posteriori 
probabilities, and if we denote them by Qj, Qs, Q3, ...... , Qu we have 
proved that 





is 


where p, denotes the probability of the event on the hypothesis of 
the existence of the r'" cause. 

From this result it appears that X (Q) - 1, which is otherwise 
evident as the event has happened from one and only one of the 
causes. 
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We shall now give another proof of the theorem of the preceding 
article which does not depend on the principle enunciated in 
Art. 469. 


*472. An observed event has happened through some one of a number of 
mutually exclusive causes : required to find the probability of any assigned 
cause being the true one. 

Let there be n causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 
Pa, P5, Pz, ....., P,. Let p, denote the probability that when the 7'" cause 
exists the event will follow; then the antecedent probability that the 
event would follow from the r'^ cause is p,P,. 

Let Q, be the a posteriori probability that the r cause was the true 
one; then the probability that the 7'^ cause was the true one is 
proportional to the probability that, if in existence, this cause would 
produce the event; 





Q 0 | 30 .3@ 1. 
PP, pn 7 p, E(P) Z(pP)' 
p,P, 
k È (pP) 


Hence it appears that in the present class of problems the product 
P,p,, will have to be correctly estimated as a first step; in many cases, 
however, it will be found that P4, P, P, ... are all equal, and the work 
is thereby much simplified. 


Example : There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls : a 
black ball having been drawn, find the chance that it came from the 
first group. 

Of the five bags, 3 belong to the first group and 2 to the second; hence 

3 2 

Pe—,P,= 

1 57? 5 

If a bag is selected from the first group the chance of drawing 


4 
a black ball is a from the second group the chance is 57 thus 





"E T 
Pı 7 , Po 5 £ 
6 8 
P =—,p,P,=—. 
P4 35 Py 25 
Hence the chance that the black ball came from one of the first 
roup is 8 cece adu 
group 1$ gb (85 25) 43° 
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*473. When an event has been observed, we are able by the method 
of Art. 472 to estimate the probability of any particular cause being 
the true one; we may then estimate the probability of the event 
happening in a second trial, or we may find the probability of the 
occurrence of some other event. 

For example, p, is the chance that the event will happen from the 
r™ cause if in existence, and the chance that the r'^ cause is the true 
one is Q,; hence on a second trial the chance that the event will 
happen from the r'^ cause is p,Q,. Therefore the chance that the event 
will happen from some one of the causes on a second trial is X (pQ). 


Example : A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings : if these are 
replaced what is the chance that another drawing will give a 
sovereign ? 

This question may be interpreted in two ways, which we shall 
discuss separately. 

I. If we consider that all numbers of shillings are a priori equally 
likely, we shall have three hypotheses; for (i) all the coins may be 
shillings, (ii) three of them may be shillings, (iii) only two of them 
may be shillings. 











Here Pi- P7 Py; 
1 "Lcd 
also Fac tua y tha ee 
u : 1.1 6 
Hence probability of first hypothesis=1+)1+—+4 =—=Q, 
2 6) 10 
1 1.1) 3 
bability of second hypothesis =>+|1+>+= |=" =Q,, 
probability of second hypothesis => | 2 ;| i0 





"2" 6) 10 
Therefore the probability that another drawing will give a 


sovereign 
1 2 
- (Q, x 0)4 (ox 1] H (o2) 


24. 3 204 5 4 
4 10 4 10 40 8 
II. If each coin is equally likely to be a shilling or a sovereign, by 


4 
taking the terms in the expansion of E + z) , we see that the chance 


probability of third hypothesis -1 : E ps 3 : =Q,. 
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1 4 
of four shillings is 16 „Of three shillings is 16 , of two shillings is 














16’ 
thus 
1 4 6 
naie e e 7 367 
also, as before, p; =1,p,= 1 ‚P= *: 
2 6 
Hence Qi Q _ Q; _ Q tQ, +Q; = 1 i 
6 12 6 24 24 
Therefore the probability that another drawing will give a 
. 1 2 1.2 1 
sovereign -(Q, x 0)4 (0. x 1) H (0, x 2) = ETIE 


*474.We shall now show how the theory of probability may be 
applied to estimate the truth of statements attested by witnesses 
whose credibility is assumed to be known. We shall suppose that 
each witness states what he believes to be the truth, whether his 
statement is the result of observation, or deduction, or experiment; 
so that any mistake or falsehood must be attributed to errors of 
judgment and not to wilful deceit. 

The class of problems we shall discuss furnishes a useful 
intellectual exercise, and although the results cannot be regarded as 
of any practical importance, it will be found that they confirm the 
verdict of common sense. 


*475.When it is asserted that the probability that a person speaks 
the truth is p, it is meant that a large number of statements made 
by him has been examined, and that p is the ratio of those which are 
true to the whole number. 


*476. Two independent witnesses, A and B, whose probabilities of 
speaking the truth are p and p’ respectively, agree in making a certain 
statement : what is the probability that the statement is true ? 

Here the observed event is the fact that A and B make the same 
statement. Before the event there are four hypotheses; for A and B 
may both speak truly; or A may speak truly, B falsely; or A may 
speak falsely, B truly; or A and B may both speak falsely. The 
probabilities of these four hypotheses are 

pp’, p d - py p (1 - p, (1 - p) (1 - p) respectively. 

Hence after the observed event, in which A and B make the same 
statement, the probability that the statement is true is to the 
probability that it is false as pp’ to (1 — p) (1 — p^); that is, the probability 
that the joint statement is true is 
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, 


pp . 
pp’ *ü-pa-p) 
Similarly if a third person, whose probability of speaking the 
truth is p" , makes the same statement, the probability that the 
statement is true is pp'p” 


"r'-a-pa-r)a-p 
and so on for any number of persons. 











*477.In the preceding article it has been supposed that we have no 
knowledge of the event except the statement made by A and B; if we 
have information from other sources as to the probability of the 
truth or falsity of the statement, this must be taken into account 
in estimating the probability of the various hypotheses. 

For instance, if A and B agree in stating a fact, of which the a priori 
probability is P, then we should estimate the probability of the truth 
and falsity of the statement by 

Ppp’ and (1 - P) (1 - p) (1 - p’) respectively. 
Example : There is a raffle with 12 tickets and two prizes of Rs. 9 and 


a|% 


1 2 
Rs. 6. A, B, C whose probabilities of speaking the truth are 2'3' 


respectively, report the result to D, who holds one ticket. A and B 
assert that he has won the Rs. 9 prize, and C asserts that he has won 
the Rs. 6 prize; what is D's expectation ? 

Three cases are possible; D may have won Rs. 9, Rs. 6, or nothing, 
for A, B, C may all have spoken falsely. 

Now with the notation of Art. 472, we have the a priori probabilities 








1 1 10 
B 12^ 5 p'^ 12’ 
a e 2,2. 4 pil 8. 8 TE L2. 2. 
2.3530? 2 3 5 30° 2 3 5 30’ 
Q Q Q 1, 





4 3 20 27’ 
, . 4 3 
hence D's expectation = — of Rs. 9 + — ofRs.6=Rs. 2. 
27 27 


*478.With respect to the results proved in Art. 476, it should be 
noticed that it was assumed that the statement can be made in two 
ways only, so that if all the witnesses tell falsehoods they agree in 
telling the same falsehood. 

If this is not the case, let us suppose that c is the chance that the 
two witnesses A and B will agree in telling the same falsehood; then 
the probability that the statement is true is to the probability that 
it is false as pp’ to c (1 — p) (1 - p’). 
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As a general rule, it is extremely improbable that two independent 

witnesses will tell the same falsehood, so that c is usually very small; 
also it is obvious that the quantity c becomes smaller as the number 
of witnesses becomes greater. These considerations increase the 
probability that a statement asserted by two or more independent 
witnesses is true, even though the credibility of each witness is 
small. 
Example : A speaks truth 3 times out of 4, and B 7 times out of 10; 
they both assert that a white ball has been drawn from a bag 
containing 6 balls all of different colours : find the probability of 
the truth of the assertion. 

There are two hypotheses; (i) their coincident testimony is true, 
(ii) it is false. 





1 5 
H P=—,P,= +} 
ere Tan 

E E A N 

PIT. 39735 25 A 107 


for in estimating p) we must take into account the chance that A and 
B will both select the white ball when it has not been drawn; this 
chance is 


or —. 
5 5 25 

Now the probabilities of the two hypotheses are as Pip, to Pop», 
and therefore as 35 to 1; thus the probability that the statement is 
i _ 35 
rue is 4c. 

*479. The cases we have considered relate to the probability of the 
truth of concurrent testimony; the following is a case of traditionary 
testimony. 

If A states that a certain event took place, having received an 
account of its occurrence or non-occurrence from B, what is the 
probability that the event did take place ? 

The event happened (1) if they both spoke the truth, (2) if they 
both spoke falsely; and the event did not happen if only one of them 
spoke the truth. 

Let p, p’ denote the probabilities that A and B speak the truth; 
then the probability that the event did take place is 

pp * (1- p) 1 - p°, 
and the probability that it did not take place is 
pü-p)*tpü-p) 
*480. The solution of the preceding article is that which has usually 
been given in text books; but it is open to serious objections, for the 
assertion that the given event happened if both A and B spoke falsely 
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is not correct except on the supposition that the statement can be 
made only in two ways. Moreover, although it is expressly stated 
that A receives his account from B, this cannot generally be taken 
for granted as it rests on A's testimony. 


A full discussion of the different ways of interpreting the question, 


and of the different solutions to which they lead, will be found in 
the Educational Times Reprint, Vols. XXVII. and XXXII. 


BEN "Examples XXXII.d. 


1. 








There are four balls in a bag, but it is not known of what colours 
they are; one ball is drawn and found to be white : find the 
chance that all the balls are white. 

In a bag there are six balls of unknown colours; three balls are 
drawn and found to be black; find the chance that no black ball 
is left in the bag. 

A letter is known to have come either from London or Clifton; 
on the postmark only the two consecutive letters ON are legible; 
what is the chance that it came from London ? 

Before a race the chances of three runners, A, B, C were estimated 
to be proportional to 5, 3, 2; but during the race A meets with 
an accident which reduces his chance to one-third. What are 
now the respective chances of B and C ? 

A purse contains n coins of unknown value; a coin drawn at 
random is found to be a sovereign; what is the chance that it is 
the only sovereign in the bag ? 

A man has 10 shillings and one of them is known to have two 
heads. He takes one at random and tosses it 5 times and it always 
falls head : what is the chance that it is the shilling with two 
heads? 

A bag contains 5 balls of unknown colour; a ball is drawn and 
replaced twice, and in each case is found to be red : if two balls 
are now drawn simultaneously find the chance that both are 
red. 

A purse contains five coins, each of which may be a shilling or 
a sixpence; two are drawn and found to be shillings : find the 
probable value of the remaining coins. 

A die is thrown three times and the sum of the three numbers 
thrown is 15 : find the chance that the first throw was a four. 


10. A speaks the truth 3 out of 4 times, and B 5 out of 6 times ; what 


is the probability that they will contradict each other in stating 
the same fact ? 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


A speaks the truth 2 out of 3 times, and B 4 times out of 5; they 
agree in the assertion that from a bag containing 6 balls of 
different colours a red ball has been drawn : find the probability 
that the statement is true. 

One of a pack of 52 cards has been lost; from the remainder of 
the pack two cards are drawn and are found to be spades; find 
the chance that the missing card is a spade. 

There is a raffle with 10 tickets and two prizes of value £5 and 
£1 respectively. A holds one ticket and is informed by B that he 
has won the £5 prize, while C asserts that he has won the £1 
prize : what is A's expectation, if the credibility of B is denoted 


2 3, 
by 3' and that of C by a 


A purse contains four coins; two coins having been drawn are 
found to be sovereigns : find the chance (1) that all the coins are 
sovereigns, (2) that if the coins are replaced another drawing 
will give a sovereign. 

P makes a bet with Q of £8 to £120 that three races will be won 
by the three horses A, B, C against which the batting is 3 to 2, 
4 to 1, and 2 to 1 respectively. The first race having been won 
by A, and it being known that the second race was won either 
by B, or by a horse D against which the betting was 2 to 1, find 
the value of P's expectation. 

From a bag containing n balls, all either white or black, all numbers 
of each being equally likely, a ball is drawn which turns out to 
be white; this is replaced, and another ball is drawn, which also 
turns out to be white. If this ball is replaced, prove that the 


1 = 
chance of the next draw giving a black ball is (n- 1) Qn 41) '. 


If mn coins have been distributed into m purses, n into each, find 
(1) the chance that two specified coins will be found in the same 
purse : and (2) what the chance becomes when r purses have 
been examined and found not to contain either of the specified 
coins. 


A, B are two inaccurate arithmeticians whose chance of solving 


1 1 
a given question correctly are 8 and 12 respectively; if they 


obtain the same result, and if it is 1000 to 1 against their making 
the same mistake, find the chance that the result is correct. 

Ten witnesses, each of whom makes but one false statement in 
six, agree in asserting that a certain event took place; show that 
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the odds are five to one in favour of the truth of their statement, 
even although the a priori probability of the event is as small as 
1 
5 1 
LOCAL PROBABILITY : GEOMETRICAL METHODS 
*481. The application of Geometry to questions of Probability requires, 
in general, the aid of the Integral Calculus; there are, however, many 
easy questions which can be solved by Elementary Geometry. 
Example 1. : From each of two equal lines of length / a portion is cut 
off at random, and removed : what is the chance that the sum of the 
remainders is less than | ? 

Place the lines parallel to one another, and suppose that after 
cutting, the right-hand portions are removed. Then the question is 
equivalent to asking what is the chance that the sum of the 
right-hand portions is greater than the sum of the left hand portions. 
It is clear that the first sum is equally likely to be greater or less than 


1 
the second; thus the required probability is x 
Corollary :- Each of two lines is known to be of length not exceeding I: 
the chance that their sum is not greater than | is 3* 


Example 2. : If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one must be equal to or greater than each of the 
other two; denote its length by 1. Then all we know of the other two 
lines is that the length of each lies between 0 and I. But if each of two 
lines is known to be of random length between 0 and J, it is an even 
chance that their sum is greater than |. [Example. 1, Corollary.] 

Thus the required result follows. 

Example 3. : Three tangents are drawn at random to a given circle: 
show that the odds are 3 to 1 against the circle being inscribed in 
the triangle formed by them. 


P 
Q P4 
R 


Draw three random lines P, Q, R in the same plane as the circle, 
and draw to the circle the six tangents parallel to these lines. 
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Then of the 8 triangles so formed it is evident that the circle will 
be escribed to 6 and inscribed in 2; and as this is true whatever be 
the original directions of P, Q, R the required result follows. 


*482.Questions in Probability may sometimes be conveniently 
solved by the aid of Co-ordinate Geometry. 

Example : On a rod of length a + b + c, lengths a, b are measured at 
random : find the probability that no point of the measured lines 
will coincide. 

Let AB be the line, and suppose AP = x and PQ = a; also let a be 
measured from P towards B, so that x must be less than b * c. Again 
let AP’ = y, P'Q'- b, and suppose P’Q’ measured from P' towards B, 
then y must be less than a * c. 

Now in favourable cases we must have AP' » AQ, or else AP » AQ', 

hence y>atx, orx»b*ty oe (1) 

Again for all the cases possible, we must have 

x>0, and P 


y»0, and <a+c p 
Take a pair of rectangular axes and make OX equal to b + c, and 
OY equal to a * c. 
Draw the line y = a + x, represented by TML in the figure; and 


the line x = b + y represented by KR. 








grt 
t 
YM 
R 
— o 
A : o B T 
A ———.———————e— p T. xe 
P' g O K 
Í«— a—»|j«—— — b— —»9|«- c >] 


Then YM, KX are each equal to c, OM, OT are each equal to a. 

The conditions (1) are only satisfied by points in the triangles 
MYL and KXR, while the conditions (2) are satisfied by any points 
within the rectangle OX, OY; 


c 


~ (ate) (b+) 
*483.We shall close this chapter with some Miscellaneous Examples. 


the required chance 


Example 1. : A box is divided into m equal compartments into which 
n balls are thrown at random; find the probability that there will 
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be p compartments each containing a balls, q compartments each 
containing b balls, r compartments each containing c balls, and so 
on, where 

pa * qb * rc * ..... - mn. 

Since each of the n balls can fall into any one of the m compartments 
the total number of cases which can occur is m”, and these are all 
equally likely. To determine the number of favourable cases we must 
find the number of ways in which the n balls can be divided into 
P, q, T, .... parcels containing a, b, c, ..... balls respectively. 

First choose any s of the compartments, where s stands for 
p*q-*rt..;the number of ways in which this can be done is 

m! 
sl(m-s) 00 000000ooooootmm (1) 

Next subdivide the s compartments into groups containing 
Diod To as severally; by Art. 147, the number of ways in which this 
can be done is 

s! 
plgiri.. =Q) 
Lastly, distribute the n balls into the compartments, putting 
a into each of the group of p, then b into each of the group of g, c into 
each of the group of r, and so on. The number of ways in which this 
can be done is 
n! 
(a!) (b! (CN .... neta) 

Hence the number of ways in which the balls can be arranged 
to satisfy the required conditions is given by the product of the 
expressions (1), (2), (3). 

Therefore the required probability is 





m!n! 


m" (aly (by (ely ..plalrI a. (m-p-qor-«)t 
Example 2. : A bag contains r balls; k drawings are made in succession, 
and the ball on each occasion is found to be white : find the chance 
that the next drawing will give a white ball; (i) when the balls are 
replaced after each drawing; (ii) when they are not replaced. 

(i) Before the observed event there are n + 1 hypotheses, equally 
likely; for the bag may contain 0, 1, 2, 3, ..... n white balls. Hence 
following the notation of Art. 471, 

Po = Py = P, = P3=...... =P 
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Er p ay nl 
and p,70,p,-7 P sP = n 7P3 = i ELLO s Pa 7 »" . 


Hence after the observed event, 
T 


QT Fy oF 34 iu tn 
Now the chance that the next drawing will give a white ball 


" 1 yr page ed abr Eg 
ETT . "nO d: dis HESS ; 
" Q,; thus the required chance 3i T £2 £3 a uL "m: 








k 














and the value of numerator and denominator may be found by 
Art. 405. In the particular case when k - 2. 





2 3 (n T) 
the required chance - i more 2| : ees nr) = 


2 G 2(2n+1) 


If n is indefinitely large, the chance is equal to the limit, when 








M : 2 ; n^? g^! 
n is infinite, of —- + ; 
"C n k+2 k4+1’ 


ka 
and thus the chance is k x 








(ii) If the balls are not replaced, 




















and o-i B Mee) —! (r-1)r 
P, X (r-k*0)(-ke2)..(r- 1r 
=(k +1) (r-k+1r-k+2)..07-Dr 
"(n-k*1)(n-k«2)....(n-1)n(n41) 
[Art. 394.] 
The chance that the next drawing will give a white ball 
e HK 
-X 
Dale 


- = 3 (r-Er-ke1...(r- Dr 
(n—k)(n-k +1) ...n(n- 1) r-o 

7 k+1 (n-k)(n-k+1)...n(n+1)_ k+1 
~ (n-k)\(n—-k +1)... (n+ I) k+2 k+27 

which is independent of the number of balls in the bag at first. 

Example 3. : A person writes n letters and addresses n envelopes; 

if the letters are placed in the envelopes at random, what is the 

probability that every letter goes wrong ? 
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Let u, denote the number of ways in which all the letters go 
wrong, and let abcd..... represent that arrangement in which all the 
letters are in their own envelopes. Now if a in any other arrangement 
occupies the place of an assigned letter b, this letter must either 
occupy a’s place or some other. 

(i) Suppose b occupies a’s place. Then the number of ways in 
which all the remainings n — 2 letters can be displaced is u, ..», and 
therefore the numbers of ways in which a may be displaced by 
interchange with some one of the other n — 1 letters, and the rest be 
all displaced is (n — 1) u, _ >. 

(ii) Suppose a occupies b’s place, and b does not occupy a’s. Then 
in arrangements satisfying the required conditions, since a is fixed 
in b’s place, the letters b, c, d, .... must all be displaced, which can be 
done in u,,_; ways; therefore the number of ways in which a occupies 
the place of another letter but not by interchange with that letter 
is (n — 1) u, -1; 
i Uy = (n = 1) (Un —1 T Un L5); 

This expression can be rewritten as 

uy, — nu, 47 (71) (u, 4-7 (n — 1) u, 5] 
= (= 1) {un -2 - (0-2) ys} 
= (~ D? fun -3 - (n-3) Un 4] 
and so on until finally this becomes 
= (= 1)" -3 {uz - 3u} 
= (~= 1)"=? {uz - 2u). 
But u, is clearly 1 and u; is 0 by the nature of the problem. Hence 
Un nu, 1* (-1*-?.1 

Also nu, 1"-n(n-1) u, 5; * (- 1?*-?. n 
and n(n-1)u, ;,2"n(n-1)(n-2)u,. 3* (- 1-*- n (n- 1) 
and so on until finally 

n (n — 1) ...... 415 7 n (n — 1) ..... 3u5 + (C 1?- n (n- 1) ...4 
n (n -= 1) ...... 3u, =n (n — 1) ..... 2u, + (- 1? -n (n - 1) .... 3. 

Using the fact that u, = 0 and adding, these equations give 

u,, = (n (n — 1) ..... 3} - {n (n - 1) ..... 4} + (n (n — 1)...5] ..... + (- D". 1. 

Also the total number of ways of permuting the n letters is n!. 
Thus the probability required is u, * n ! and this is 


1 1,1 1, Cl 


21 31 4! BY nl’ 
This problem has been the source of many modifications in the 
Theory of Probability. It has been discussed by Montmort, De Moivre, 
Euler and Laplace. 
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*484. Further reading on the subject of Probability can be found in 
Whitworth's Choice and Chance, Professor Crofton's article in the 
Encyclopedia Britannica and Todhunter's History of the Theory of 
Probability. 


BEEN "Examples XXXII.e. 


1. 


10. 


11. 


12. 





What are the odds in favour of throwing at least 7 in a single 
throw with two dice ? 

In a purse there are 5 sovereigns and 4 shillings. If they are drawn 
out one by one, what is the chance that they come out sovereigns 
and shillings alternately, beginning with a sovereign ? 

If on an average 9 ships out of 10 return safe to port, what is the 
chance that out of 5 ships expected at least 3 will arrive ? 

In a lottery all the tickets are blanks but one; each person draws 
a ticket, and retains it : show that each person has an equal 
chance of drawing the prize. 

One bag contains 5 white and 3 red balls, and a second bag contains 
4 white and 5 red balls. From one of them, chosen at random; two 
balls are drawn : find the chance that they are of different colours. 
Five persons A, B, C, D, E throw a die in the order named until 
one of them throws an ace : find their relative chances of winning, 
supposing the throws to continue till an ace appears. 

Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 
A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken 
in the case of the tetrahedron; find the average value of the throw, 
and compare the chances of throwing 5, 6, 7. 

A's skill is to B's as 1: 3; to C's as 3 : 2; and to D's as 4 : 3 : find 
the chance that A in three trials, one with each person, will succeed 
twice at least. 

A certain stake is to be won by the first person who throws an 
ace with an octahedral die : if there are 4 persons what is the 
chance of the last ? 

Two players A, B of equal skill are playing a set of games; A 
wants 2 games to complete the set, and B wants 3 games : compare 
their chances of winning. 

A purse contains 3 sovereigns and two shillings ; a person drawn 
one coin in each hand and looks at one of them, which proves 
to be a sovereign; show that the other is equally likely to be a 
sovereign or a shilling. 
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13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


A and B play for a prize; A is to throw a die first, and is to win 
if he throws 6. If he fails B is to throw, and to win if he throws 
6 or 5. If he fails, A is to throw again and to win with 6 or 5 or 
4, and so on : find the chance of each player. 

Seven persons draw lots for the occupancy of the six seats in a 
first class railway compartment : find the chance (1) that two 
specified persons obtain opposite seats, (2) that they obtain 
adjacent seats on the same side. 

A number consists of 7 digits whose sum is 59; prove that the 


chance of its being divisible by 11 is E 

Find the chance of throwing 12 in a single throw with 3 dice. 
A bag contains 7 tickets marked with the numbers 0, 1, 2, ...., 6 
respectively. A ticket is drawn and replaced; find the chance 
that after 4 drawings the sum of the numbers drawn is 8. 
There are 10 tickets, 5 of which are blanks, and the others are 
marked with the numbers 1, 2, 3, 4, 5 : what is the probability 
of drawing 10 in three trials, (1) when the tickets are replaced 
at every trial, (2) if the ticket are not replaced ? 

If n integers taken at random are multiplied together, show that 


n 


the chance that the last digit of the product is 1, 3, 7, or 9 is 


n^ 


n n 


4 
the chance of its being 2, 4, 6 or 8 is E x its being 5 is 


5" — 4" 10" -= 8"—5" + 4" 
jo and of its being 0 is ~o 

A purse contains two sovereigns, two shillings and a metal 
dummy of the same form and size; a person is allowed to draw 
out one at a time till he draws the dummy : find the value of his 
expectation. 

A certain sum of money is to be given to the one of three persons 
A, B, C who first throws 10 with three dice; supposing them to 
throw in the order named until the event happens, prove that 
their chances are respectively 


8Y 56 zy 
(15; and : 
13) ^43 13 


2 
Two persons, whose probabilities of speaking the truth are 3 





5 
and 6 respectively, assert that a specified ticket has been drawn 
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23. 


24. 


25. 


26. 


27: 


28. 


29: 


30. 


31. 


32. 


33. 


out of a bag containing 15 tickets : what is the probability of the 
truth of the assertion ? 


n (n * 1) 


A bag contains counters, of which one is marked 1, two 


are marked 4, three are marked 9, and so on; a person puts in 
his hand and draws out a counter at random, and is to receive 
as many shillings as the number marked upon it : find the value 
of his expectation. 

If 10 things are distributed among 3 persons, the chance of a 


1507 


19683 
If a rod is marked at random in n points and divided at those 
points, the chance that none of the parts shall be greater than 


particular person having more than 5 of them is 


1 . 1 
—'^ of the rod is —. 
n n 


n 


There are two purses, one containing three sovereigns and a 
shilling, and the other containing three shillings and a sovereign. 
A coin is taken from one (it is not known which) and dropped 
into the other; and then on drawing a coin from each purse, they 
are found to be two shillings. What are the odds against this 
happening again if two more are drawn, one from each purse ? 
If a triangle is formed by joining three points taken at random 
in the circumference of a circle, prove that the odds are 3 to 1 
against its being acute-angled. 

Three points are taken at random on the circumference of a circle: 
what is the chance that the sum of any two of the arcs so 
determined is greater than the third ? 

A line is divided at random into three parts, what is the chance 
that they form the sides of a possible triangle ? 

Of two purses one originally contained 25 sovereigns, and the 
other 10 sovereigns and 15 shillings. One purse is taken by chance 
and 4 coins drawn out, which prove to be all sovereigns : what 
is the chance that this purse contains only sovereigns, and what 
is the probable value of the next draw from it ? 

On a straight line of length a two points are taken at random; find 
the chance that the distance between them is greater than b. 

A straight line of length a is divided into three parts by two 
points taken at random; find the chance that no part is greater 
than b. 


If on a straight line of length a * b two lengths a, b are measured 
at random, the chance that the common part of these lengths 
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34. 


35. 


2 


. € i 
shall not exceed c is uh" where c is less than a or b; also the chance 


that the smaller length b lies entirely within the larger a is 





If on a straight line of length a * b * c two lengths a, b are measured 
at random, the chance of their not having a common part exceeding 


2 
d is +d) where d is less than either a or b. 
(c * a) (c +b) 
Four passengers, A, B, C, D entire strangers to each other, are 


travelling in a railway train which contains [| first-class, 
m second-class, and n third-class compartments. A and B are 
gentlemen whose respective a priori chances of travelling first, 
second, or third class are represented in each instance by 
A, wu, v; C and D are ladies whose similar a priori chances are each 
represented by l, m, n. Prove that, for all values of A, u, v (except 
in the particular case when à: 1: v=1: m:n), A and B are more 
likely to be found both in the company of the same lady than 
each with a different one. 

EBEN 


Determinants 





485. The present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight 
introductory sketch here given will enable a student to avail himself 
of the advantages of determinant notation in Analytical Geometry, 
and in some other parts of Higher Mathematics; fuller information 
on this branch of Analysis may be obtained from Dr. Salmon's Lessons 
Introductory to the Modern Higher Algebra, and Muir's Theory of Determinants. 


486. Consider the two homogeneous linear equations 





a,x + biy = 0, ax + by = 0; 
multiplying the first equation by b, the second by b,, subtracting 
and dividing by x, we obtain 
a,b — ab; = 0. 


ay 7 = 0, 

2 2 
and the expression on the left is called a determinant. It consists of 
two rows and two columns, and in its expanded form each term is 
the product of two quantities; it is therefore, said to be of the second 
order. 


This result is sometimes written 








The letters a, by, a, b; are called the constituents of the determinant, 
and the terms a,b,, a,b, are called the elements. 


487. Since 


A d, 
b, b, 
it follows that the value of the determinant is not altered by changing the 
rows into columns, and the columns into rows. 


-ab,-ab,- 


1-2 — 9*1 , 














488. Again, it is easily seen that 


























that is, if we interchange two rows or two columns of the determinant, we 
obtain a determinant which differs from it only in sign. 


382 


Higher Algebra 





489. Let us now consider the homogeneous linear equations 


ax 
AX 
A3X 














biy + ez = 0, 
boy + cz = 0, 
bay + c3z = 0. 





By eliminating x, y, z we obtain as in Example. 2, Art. 16, 
a, (b505 — b3c5) + by (c9a5 — 0302) + Cy (a5b5 — a3b;) = 0, 




















b, C, C, A, a, b, = 
or à y +5, t p^ 0. 
3 €5 €3 a, As 3 
This eliminant is usually written 
a, b, e 
a, b, c,)=0, 
a, b, c 


3 
and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the third 
order. 
490. By a rearrangement of terms the expanded form of the above 
determinant may be written 

a (b2c3 — bsc?) + a; (bci — b163) + az (bic, — bye), 

















b, b, b, b, b, b, . 
or a, +a, + A, A 

C, C C, C C, C 

2 % s 6 1 € 
hence 

a, b, ajl a a, a 

a, b, c, 7b, b, by; 

a, b, Cs) | Cy €, 





that is, the value of the determinant is not altered by changing the rows into 
columns, and the columns into rows. 


491. From the preceding article, 
























































a, b, c 
! à : b, €, b, C3 b, e 
a, b, c, —a, +4, +4, 
b. c b, c b, c, 
a, b, c = 
3 3 3 
b, c b, c b, c 
= a, s i Tí, Y : + 4, v i ...(1) 
3 C3 3 C3 2 C, 
Also from Art. 489, 
a, b, c 
1 i 1 b, c, i a, cj |o b, 
a c, =a — c 
e e ey b, c, 1 a, c 1 a, b, (2) 
a, b, c 
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We shall now explain a simple method of writing down the 
expansion of a determinant of the third order, and it should be noticed 
that it is immaterial whether we develop it from the first row or the 
first column. 

From equation (1), we see that the coefficient of any one of the 
constituents 4, A, A, is that determinant of the second order which 
is obtained by omitting the row and column in which it occurs. 
These determinants are called the Minors of the original determinants, 
and the left-hand side of equation (1) may be written 

mA; — mA, + AzA; 
where A,, A, A; are the minors of a,, Aa, a3 respectively. 
Again, from equation (2), the determinant is equal to 
0144 -= b4B, + eC, 
where A, By, C; are the minors of a,, b,, c, respectively. 
492. The determinant 


a, b, e 
a, b, €; 
a, b, c 


= a, (bzc3 — b5c5) + by (55 — C32) + Cy (a5b5 — a5b;) 
= — by (0565 — 3c) — ay (C2b3 — c3b2) — cı (b2a3 — bya) ; 


hence 
a, b, e b, a, e 
a, b, C3 7 b, a, C, 
a, b, C3 b, a, C3 


Thus it appears that if two adjacent columns, or rows, of the determinant 
are interchanged, the sign of the determinant is changed, but its value remains 
unaltered. 

If for the sake of brevity we denote the determinant 


a, b, e 
a, b, €, 
a, b, c 


by (ajb5c3), then the result we have just obtained may be written 
(b12503) = — (015503). 
Similarly we may show that 
(cimb) = — (a1c5b3) = + (015503). 
493. Iftwo rows or two columns of the determinant are identical the determinant 
vanishes. 
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For let D be the value of the determinant, then by interchanging 
two rows or two columns we obtain a determinant whose value is 
- D ; but the determinant is unaltered; hence D = - D, that is D = 0. 
Thus we have the following equations, 

MA, — 545 + 03A3 = D, 

bA; — b,A, + b3A; = 0, 

C1A4 — C545 + €3A3 = 0. 
494. If each constituent in any row, or in any column, is multiplied by the 
same factor, then the determinant is multiplied by that factor. 





For 
ma, b, c 
ma, b, c,|= ma: A- ma,- A, * ma, - A, 
ma, b, c 


= m (a1AÀ4 — a5A4» + A3A3); 

which proves the proposition. 
Corollary :- If each constituent of one row, or column, is the same 
multiple of the corresponding constituent of another row, or column, 
the determinant vanishes. 
495. If each constituent in any row, or column, consists of two terms, then 
the determinant can be expressed as the sum of two other determinants. 

Thus we have 


ata b, c| ja, b, cj ja, b, c 
a +a, b, c, 2|, b, c, co, b, c, 
a+, b, c, |a b, c, la, b, c, 





for the expression on the left 

= (a4 + 04) Ay - (ay + 05) A» + (a5 + Q3) As 

= (Aq — AA, + d5A45) + (04A, — 0545 + 0343) ; 
which proves the proposition. 

In like manner if each constituent in any one row, or column, 
consists of m terms, the determinant can be expressed as the sum of 
m other determinants. 

Similarly, we may show that 




















a, 0 b, p, e 

a, Q, b, p, C, 

a, a, b, B C3 

f b, e f P e 0 b, e 0 p, e 
=|a, b, c,-*|a B, c, *|O, b, c, * o, B, c, 

a, b, C3 a, p, C3 a, b, C3 05 p, C3 
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These results may easily be generalised; thus if the constituents 
of the three columns consist of m, n, p terms respectively, the 
determinants can be expressed as the sum of mnp determinants. 


b+c a-b a 
Example 1. : Show that c+a b-c b|=3abc-a° -b° - c°. 
a+b c-a c 

The given determinant 
b aa b ba c a a |c b a 
-ic b b-ic c b*a b b-a c b 
acc ac |b c cd bac 


of these four determinants the first three vanish, Art. 493; thus the 
expression reduces of the last of the four determinants; hence its value 


= — {c (c? — ab) - b (ac — b?) + a (à? - bc)) 


= 3abe — a? — D? — œ. 








67 19 21 
Example 2. : Find the value of |39 13 14. 
81 24 26 


We have 
67 19 21 3340-57 19 21 310 19 21 |57 19 21 


39 13 14=/04+39 13 14-0 13 14+|39 13 14 
81 24 26 9-72 24 26 |9 24 26 |72 24 26 
10 19 21 |10 19 19+2) 10 19 2 
14/=|0 13 13+1)=/0 13 1 
9 24 26 |9 24 2442 |9 24 2 





ll 
So 
A 
Q 








= 20 - 63 = - 43. 
13 1 
496. Consider the determinant 
a tpbtge b, c 
a,+pb,+qc, b, c; 
a,+pb,t+qc, b, c, 
as in the last article we can show that it is equal to 
a, b, e| ph b, e| qe b, c 
a, b, c * pb, b, cte, b, c; 
b, c [pb b, c4 |qe b, c, 

















a, 
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and the last two of these determinants vanish [Art. 494 Corollary.] 
Thus we see that the given determinant is equal to a new one whose 
first column is obtained by subtracting from the constituents of the 
first column of the original determinant equimultiples of the 
corresponding constituents of the order columns, while the second 
and third columns remain unaltered. 

















Conversely, 
a, b, c |a,+pb,+qc, b, c 
a, b, C|=|a,+pb,t+qc, b, c; 
a, b, c,| |a tpb,tge, b, c, 


and what has been here proved with reference to the first column 
is equally true for any of the columns or rows; hence it appears that 
in reducing a determinant we may replace any one of the rows or 
columns by a new row or column formed in the following way : 

Take the constituents of the row or column to be replaced, and increase or 
diminish them by any equimultiples of the corresponding constituents of one 
or more of the other rows or columns. 

After a little practice it will be found that determinants may 
often be quickly simplified by replacing two or more rows or columns 
simultaneously; for example, it is easy to see that 


a,+pb, b,-qc c| am b, e 
a,+pb, b,-qc, c, - a, b, cj; 





ü,* pb, b,—-qc, c, ja; b, c, 
but in any modification of the rule as above enunciated, care must 
be taken to leave one row or column unaltered. 
Thus, if on the left-hand side of the last identity the constituents 


of the third column were replaced by c, + ra, c; + ra, c4 + raz respectively, 
we should have the former value increased by 


a,+pb, b,-qce, ra, 
a,+pb, b,—-qc, ra, 





a,+pb, b,—-qc, ra, 
and of the four determinants into which this may be resolved there 
is one which does not vanish, namely 
pb,-qe, ra, 
pb, =qc, ra, 
pb, =qc, ra, 
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29 26 22 
Example 1. : Find the value of 25 31 27 
63 54 46 
The given determinant 
3 26 -4 1 26 1 1 26 1 
=|-6 31 -4--3x4x-2 31 1-2-12x-3 5 O0 
9 54 -8 3 54 2 1 2 0 
1 1 26 
--120 -3 5 --2f 3 >| = 132, 
0 1 2 j 





[Explanation : In the first step of the reduction keep the second column 
unaltered; for the first new column diminish each constituent of the 
first column by the corresponding constituent of the second; for the 
third new column diminish each constituent of the third column by 
the corresponding constituent of the second. In the second step take 
out the factors 3 and - 4. In the third step keep the first row unaltered; 
for the second new row diminish the constituents of the second by 
the corresponding ones of the first; for the third new row diminish 
the constituents of the third by twice the corresponding constituents 
of the first. The remaining steps will be easily seen.] 


a-b-c 2a 2a 
Example 2. : Show that | 2b — b-c-a 2b |=(at+btcy. 
2c 2c c-a-b 


The given determinant 





a+b+c at+b+c a+b+c 
=| 2b b-c-a 2b 
2c 2c c-a-b 
1 1 1 
=(at+b+c)x|2b b-c-a 2b 
2c 2c c-a-b 


1 0 0 
=(at+b+c)x|2b -b-c-a 0 
2c 0 -c-a-b 
-b-c- 
=(a+b+c)x + ‘ =(a+b+c). 
0 -c-a-b 
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[Explanation : In the first new determinant the first row is the 


sum of the constituents of the three rows of the original 
determinant, the second and third rows being unaltered. In the 
third of the new determinants the first column remains unaltered, 
while the second and third columns are obtained by subtracting 
the constituents of first column from those of the second and third 
respectively. The remaining transformations are sufficiently 
obvious.] 


497. Before showing how to express the product of two determinants 
as a determinant, we shall investigate the value of 






































ay 9 de b, p, + e Yı 4, a, b, p, e Yo ay Q5 b, p, e Y3 
a, 9 b, p, C5 Yı ay a, b, B, C5 Y» a, 95 b, p, cy Y3 
A, 04 b, p, C3 Y, fs a, b, p, C3 Yo a; E b, p. C3 Ys 








From Art. 495, we know that the above determinant can be 
expressed as the sum of 27 determinants of which it will be sufficient 
to give the following specimens : 


a, 9 a, a, a, Q5 Ay 9 b, p, e Y3 ay 9 e Y; b, p, 
a, 9 a, a, a, Q5 d a, 9 b, p, € Ys 7 a, 9 € Y; b, p, 
a, 9 A, a, a, Q5 a, 9 b, p, C3 Ys a, 9 C3 Yo b, p, 
these are respectively equal to 
a, ay ay ay b, e a, e b, 
a, a, Q5 A, a, a, £f 9 p, Y3 a, b, €; 7 9 p, Y; a, C b, ; 
a, a, A, a, b, C3 A, C3 b, 


the first of which vanishes; similarly it will be found that 21 out of 
the 27 determinants vanish. The six determinants that remain are 


equal to 
(04 Bz ys — 0 Bs Y2 + 02 Bs Yı — O2 Bi Ys + Qs Bi Yo — 65 Bo Yi) * 
a, b, e 
ay b, cy 
a; b, C3 
that is, 


9 p, Yı ay b, e 

a, p, Yo x a, b, €; ; 

95 p, Y3 a, b, C3 
hence the given determinant can be expressed as the product of 
other determinants. 


two 
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498. The product of two determinants is a determinant. 
Consider the two linear equations 


aX, * b,X, = of 





aX, +b,X, =0 sA 
X, = Qux, * ox, 
where X, =B,x, os — (2) 
substituting for X, and X, in (1), we have 
(a, œ +b, B,) x, + (a, a, +b, B,) x, =0 
(a, &, +b, B.) x, + (a, 0, +b, B.) x, = j (3) 


In order that equations (3) may simultaneously hold for values 
of xı and x, other than zero, we must have 
aa +b B, a o, +b B, 
a, &, +b, B, a, œ, +b, p, 
But equations (3) will hold if equations (1) hold, and this will be 
the case either if 


=0 (A) 








=0 (5) 








or ifX,=0 and X, = 0; 
which last condition requires that 


9 p, 
o p, 

Hence if equations (5) and (6) hold, equation (4) must also hold; 
and therefore the determinant in (4) must contain as factors the 
determinants in (5) and (6); and a consideration of the dimensions 
of the determinants shows that the remaining factor of (4) must be 
numerical; hence 


=0 ....(6) 








aa +b B a,a,+b,B, 
a,a,+b,B, a, &, +b, p, 


9 p, 
b, Ja, P, 
the numerical factor, by comparing the coefficients of ajb;0, p, on the 
two sides of the equations, being seen to be unity. 
a, b, 
a, b, 
The above method of proof is perfectly general, and holds 
whatever be the order of the determinants. 


, 




















a 2 


2 
2 4252 
a, b 


aqa, + bib 


Corollary :- 




















Since the value of a determinants is not altered when we write 
the rows as columns, and the columns as rows, the product of two 
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determinants may be expressed as a determinant in several ways; 


but these will all give the same result on expansion. 
2 


A z B, C, ay b, e 
Example : Show that - 4 B, —C,|=|4, b, c, 
A, E B, C, a, b, €; 


the capital letters denoting the minors of the corresponding small 
letters in the determinant on the right. 

Let D, D' denote the determinants on the right and left-hand 
sides respectively; then 
aA, -bB * cC, 1,À, — b,B, * cC, a,A, — b,B, + cC, 
DD’ =|- aA, + b,B, - «C, a,A,+ b,B, —c,C, a,A, +b,B,—c,C, 
a,A,—b,B,+c,C, a,A, — b,B, + cC, a,A, — b,B, + ¢;C, 























D 0 0 
sp OJ; [Art. 493] 
00D 
thus DD’ = D?, and therefore, D’ = D?. 
BENE Examples XXXIll.a. 
Calculate the values of the determinants : 
1 1 1 13 16 19 13 3 23 
1. |35 37 34 2. |14 17 20 3. |30 7 53 
23 26 25 15 18 21 39 9 70 
a hg 1 z -y 1 1 1 
4, h 5f 5. -z 1 x 6. 1 14x 1 
gs fc y -x 1 1 1 1+y 
a-b b-c c-a b+c a a 
7. b-c c-a a-b 8. b c+a b 
c-a a-b b-c c c a+b 
If œ is one of the imaginary cube roots of unity, find the value of 
1 o o 1 o o 
9, 0 wo 1 10, 1 o 
o? 1 o o o 1 








11. Eliminate l, m, n from the equations 





al + cm + bn = 0, cl + bm + an = 0, bl + am + cn = Q. 
and express the result in the simplest form. 
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12. Without expanding the determinants, prove that 
abc y bq x yz 
x y z-x a pl=|p q r 
p qr jz c r| ja bc 

13 Solve the equations : 












































a a x 15-2x 11 10 
(1) m m mi=0. Q) 11-3x 17 16-0. 
b x b 7-x 14 13 
Prove the following identities : 
b+c c+a a+b abe 
14. |g+r r+p ptq=2\p q r 
ytz ztx x+y x yz 
la c 
15. 1 b PP|- (b - c) (c - a) (a - b). 
lee 
1 1 1 
16. |a4 b c|-(b-c)(c-a)(a-b)(a*tb-c). 
a bb è 
x y z 
17. X y? z?|= (yz) (z - x) (x - y) (yz + zx + xy). 
yz zx xy 
2a a+b a+c 
18. |b+a -2b bt+c)=4(b+c)(c+a) (a+b). 
cta ctb 2c 
(b+cy a a 
19.| b)  (cecay b |=2abe(at+b+c). 
g c — (at bY 








0 c bl 


20. Express as a determinant c 0 a 
ba 0 
21. Find the condition that the equation Ix + my + nz = 0 may be 
satisfied by the three sets of values (a, by, c1) (a5, b», C2) (as, bs, c3) and 
show that it is the same as the condition that the three equations 
ax + biy + cz = 0, axx + boy + Coz = 0, a3x + bay + caz = 0 
may be simultaneously satisfied by l, m, n. 
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22. Find the value of 
a+r abt+cr ca-ba à c -b 
ab—crK b «X bceaXx|-c X al. 
ca+bà bc-aX c b -a 





at+ib cid 
-c +id a-ib 


a-ip y-ið 


23. Prove that f . 
is -y-i8 a+iß 


, 














where i=,/—1,can be written in the form 

A-iB C-iD 
-C-iD A+iB 
hence deduce the following theorem, due to Euler; 


The product of two sums each of four squares can be expressed as the sum 
of four squares. 


Prove the following identities : 
1 be+ad bc? +a d 
24. 1 ca+bd ca? «vd 
1 ab+cd db cd 
= —(b— c) (c - a) (a — b) (a — d) (b — d) (c — d) 
bc -a ca — b? ab — c? 
25. |-be+ca+ab bc—-catab bc+ ca- ab 
(a*b)(a*c) (b+c)(b+a) (c a)(c b) 
7 3 (b — c) (c — a) (a — b) (a + b + c) (bc + ca + ab). 
(a-xy (a-y? (a-zy 
26. (b-xy (b-yy (b-zy 
(c-xY (e-y? (c-zy 
=2 (b= c) (c - a) (ab) (y - 2) @- x) (x - y). 
27. Find in the form of a determinant the condition that the expression 
uo - v? +w yY -2u By + 2v ya + 2w aß 
may be the product of two factors of the first degree in a, D, y. 
28. Solve that equation : 


, 





























u+ax w +abx v +acx 
w +abx v+b’x u -bcx| 20, 








v/-acx uw +bcx wtex 
expressing the result by means of determinants. 


499. The properties of determinants may be usefully employed in 
solving simultaneous linear equations. 
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Let the equations be 





C1Z dj = 0, 








Coz + dy 0, 











ax + biy 
ax + boy 
4X bay 


C3Z d3 = 0; 


multiply them by Ay, - Az, A; respectively and add the results, 


Ay, A», As being minors of a, a, az in the determinant 


a, b, e 
D-a, b, c, 
a, b, c 


The coefficients of y and z vanish in virtue of the relations proved 


in Art. 493, and we obtain 


(a, Aq — MA, + a5A5) x + (d4A, — d5A5 + d3A3) = 0. 
Similarly we may show that 


(b,B, — bB + b3B3) y 
and (cC a CoC sr €4C3) Z1 











+ (d4B, — dB, + d3B3) = 0, 
- (d,Cy — dyC + d3C3) = 0. 





























Now aA, — aA, + a3A3 = — (b,B, — b;B; + b3B3) 
= (C, - QC; + c3C3 = D; 
hence the solution may be written 
x _ -y B Z = -1 
d, b, e d, a, e d, a, b, b, 6 
d, b, €, d, ay €; d, ay b, b, cy 
d, b, C3 d, ay €; d, a; b, b, €; 
or more symmetrically 
x _ -y E Z E -1 
b, C d, f C d, a, b, d, b, e 
b, €; d, a, €; d, T, b, d, b, €; 
b, C3 d, ay C3 d, a, b, d, b, €; 
500. Suppose we have the system of four homogeneous linear 
equation : 
ax + by + ez + dyu = 0, 
ax + boy + coz + dyu = 0, 
asx + Day + c3z + dau = 0, 
ax + bay + caz + dyu = 0. 


From the last three of these, we have as in the preceding article 
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x B -y _ Zz B -u 
b, €; d, a, €; d, a, b, d, a, b, €; 
b, C3 d, a; C3 d, a, b, d, f b, C3 
b, €, d, a, €, d, a, b, d, a, b, €, 
Substituting in the first equation, the eliminant is 
b, c, d, 4, C, d, a, b, d, 
ü b, c, d,|-b ja, c, d, tc, la, b, d, 
b, €, d, ay €, d, ü, b, d, 
a, b, c, 
-d,a, b, c, -0. 
ay b, €, 
This may be more concisely written in the form 
a, b, e d, 
ay b, €, d, 20: 
a, b, xo ” 
a b, c, d 


the expression on the left being a determinant of the fourth order. 


Also we see that the coefficient of a, by, cy, dı taken with their 
proper signs are the minors obtained by omitting the row and column 


which respectively contain these constituents. 


501. More generally, if we have n homogeneous linear equations 























A,X, + bx, + cqx3 k,x,, = 0, 
aX + byx,  cyXs kx, = 0, 
AyX4 b,Xo CyX3 k,x,, ze 0, 


involving n unknown quantities x1, Xz, xs, ...... , X,, these 
be eliminated and the result expressed in the form 


a, b, e k 
a 2 b, €, k 2 = 0 
a b c k 


quantities can 


The left-hand member of this equation is a determinant which 
consists of n rows and n columns, and is called a determinant of the 


n order. 
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The discussion of this more general form of determinant is beyond 
the scope of the present work; it will be sufficient here to remark 
that the properties which have been established in the case of 
determinants of the second and third orders are quite general, and 
are capable of being extended to determinant of any order. 

For example, the above determinant of the nth order is equal to 

aA, — b4B, + cyCy — dD; + ..... (- 1)-! kK, 
Or 03141 — MA; + a3A3 — 444 + ..... (-1)"-1'4,A,, 
according as we develop it from the first row or the first column. 
Here the capital letters stand for the minors of the constituents 
denoted by the corresponding small letters, and are themselves 
determinants of the (n — 1)'" order. Each of these may be expressed 
as the sum of a number of determinants of the (n — 2) order, and 
so on; and thus the expanded form of the determinant may be obtained. 

Although we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of the 
whole determinant, as to find the signs of its several elements. 

















502. The expanded form of the determinant 





a, b, e 
a, b, c, — abc, - abc, + a,b,c, - a,b,c, + a,b,c, —a,b,c,, 
a, b, c 


3 3 
and it appears that each element is the product of three factors, one 
taken from each row, and one from each column; also the signs of 
half the terms are + and of the other half — . The signs of the several 
elements may be obtained as follows. The first element a,b,c, in which 
the suffixes follow the arithmetical order is positive; we shall call 
this the leading element; every other element may be obtained from 
it by suitably interchanging the suffixes. The sign + or — is to be 
prefixed to any element according as it can be deduced from the 
leading element by an even or odd number of permutations of two 
suffixes; for instance, the element a,b,c; is obtained by interchanging 
the suffixes 1 and 3, therefore, its sign is negative; the element a3b,c, 
is obtained by first interchanging the suffixes 1 and 3, and then the 
suffixes 1 and 2, hence its sign is positive. 
503. The determinant whose leading element is a4b;c4d, ..... may thus 
be expressed by the notation 

X t ajbocsd, ...., 
the X + placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs. 
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Sometimes the determinant is still more simply expressed by 
enclosing the leading element within brackets; thus (a,b c3d4....) is 
used as an abbrevation of X + ajb;c4d, ..... 

Example : In the determinant (a;b,c4d,e;) what sign is to be prefixed 
to the element a,4bsc,dse; ? 

From the leading element by permuting the suffixes of a and d 
we get ajb;cyd,es; from this by permuting the suffixes of b and c we 
have a4bacod4e5; by permuting the suffixes of c and d we have a4bscid»es; 
finally by permuting the suffixes of d and e we obtain the required 
element a4b3c,d5e.; and since we have made four permutations the 
sign of the element is positive. 


504. If in Art. 501, each of the constituents b4, cy, ..... k; is equal to zero 
the determinant reduces to 44A; in other words it is equal to the 
product of a, and a determinant of the (n — 1)" order, and we easily 
infer the following general theorem. 

If each of the constituents of the first row or column of a determinant is 
zero except the first, and if this constituent is equal to m, the determinant is 
equal to m times that determinant of lower order which is obtained by omitting 
the first column and first row. 

Also since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows that if any 
row or column has all its constituents except one equal to zero, the 
determinant can immediately be expressed as a determinant of lower 
order. 

This is sometimes useful in the reduction and simplification of 
determinants. 

Example : Find the value of 


30 11 20 38 
6 3 0 9 
11-2 36 3 

19 6 17 22 


Diminish each constituent of the first column by twice the 
corresponding constituent in the second column, and each constituent 
of the fourth column by three times the corresponding constituent 
in the second column, and we obtain 


8 11 20.5 
0 3 00 
15 -2 36-9)’ 


7 6 174 
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and since the second row has three zero constituents this determinant 
8 20 5 8 20 5 0 1 0 
=3/15 36 9=3|8 19 5-388 19 5=-3 
7 17 4 7 17 4 7 17 4 
505. The following examples show artifices which are occasionally 
useful. 
Example 1. : Prove that 


8 5 
7.4 





a c 
b d 
c a 


a & Aa S 
a Sœ na Aa 


d b 
=(a+b+c+d)(a-b+c-d)(a-b-c+d)(a+b-c-d). 

By adding together all the rows we see that a+b + c + d is a factor 
of the determinant; by adding together the first and third rows and 
subtracting from the result the sum of the second and fourth rows 
we see that a — b + c — d is also a factor; similarly it can be shown that 
a-b-c+danda +b- c- dare factors; the remaining factor is numerical, 
and, from a comparison of the terms involving a‘ on each side, is 
easily seen to be unity; hence we have the required result. 
Example 2. : Prove that 





1 1 1 1 
a b c d 
pg og d pU b) (a - c) (a - d) (b — c) (b - d) (c - d). 
a? b? c? d? 


The given determinant vanishes when b - a, for then the first 
and second columns are identical; hence a — b is a factor of the 
determinant [Art. 514]. Similarly each of the expressions a - c, 
a—-d,b-c,b—-d,c-dis a factor of the determinant; the determinant 
being of six dimensions, the remaining factor must be numerical; 
and, from a comparison of the terms involving bc?d? on each side, 
it is easily seen to be unity; hence we obtain the required result. 


BEN Examples XXXIII b. 


Calculate the values of the determinants : 





11 1 1 7 13 10 6 
1. 12 3 4 2. 5 9 7 4 
13 6 10 8 12 11 7 
1 4 10 20 4 10 6 3 
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a 11 1 0 1 1 1 
1 

3. a 1 1 4. 1 b+c a a 
11241 1 b cta b 
1114 1 C C a+b 
3 2 1 4 l+a 1 1 1 

5 15 29 2 14 6 1 1+b 1 1 
16 19 3 17) [1 1 1«4c 1 
33 39 8 38 1 1 1 1-«d 
0xyz 0 x y z 
x x m 

7. y 8. x 0 c b 
y z 0x -y -c 0 a 
zy x 0 -z -b -a 0 
a b c d 

9 a a+b at+bt+c at+b+ct+d 

` ja 2a+b 3a+2b+c 4a+3b+2c+d|` 

a 3a+b 6a+3b+c 10a+6b+3c+d 











10. If œ is one of the imaginary cube roots of unity, show that the 
square of 
o o? o? 1 1-2 1 
1| | 1 1 1 =2 
o? o 1 of -2 1 1 1 
o 1 o o 1-2 1 1 
hence show that the value of the determinant on the left is 3 4-3. 
11. If (f? — bc) x + (ch - fg) y + (bg - hf) z = 0, 
(ch — fg) x + (g^ — ca) y + (af - gh) z = 0, 
(bg — hf) x + (af — gh) y + (I? — ab) z = 0, 
show that abc + 2fgh — af? — bg? - ch? = 
Solve the equations ; 
12.x +y *z91, 











ax + by + cz =k, 





ext by + ez =k. 











13. ax + by + cz =k, 





ix by ez =k, 











ax + By + Oz =k. 
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14. x ^y *z*u- 1, 
ax + by + cz + du = k, 
ax + by + cz + du =k, 
ax + bey + z+ Bu =k. 
15. Prove that 
b+c-a-d bc-ad bc (a+d)—ad(b+c) 
c+a-b-d ca-bd ca(b+d)-—bd(ct+a) 
ütb-c-d ab-cd ab(c+d)-cd (a b) 
2—2(b-c)(c-—a)(a- b) (a - d) (b — d) (c — d). 
16. Prove that 



































a a -(b-cy bc 
b b -(c-ay ca 
c c-(a-by ab 
-(b-c)(c-a) (a — b) (a + b + c) (a? + b? c». 
17. Show that 











abcdef 
fabcde ABC 
e f a bc 8|. lc A B, 
de f abc BCA 
c de f a b 
b cde fa 

where A 7 à? - d? + 2ce - 2bf, 


B = œe — b? + 2ac — 2df, 

C= c - f? + 2ae — 2bd. 
18. If a determinant is of the n™ order, and if the constituents of its 
first, second, third, ... n® rows are the first n figurate numbers of the 
first, second, third,..... n'^ orders, show that its value is unity. 








CHAPTER 


34 Miscellaneous Theorems 
and Examples 


506. We shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work. 


507. In the exposition of algebraical principles we proceed 
analytically: at the outset we do not lay down new names and new 
ideas, but we begin from our knowledge of abstract Arithmetic; we 
prove certain laws of operation which are capable of verification in 
every particular case, and the general theory of these operations 
constitutes the science of Algebra. 


Hence it is usual to speak of Arithmetical Algebra and Symbolical 
Algebra, and to make a distinction between them. In the former we 
define our symbols in a sense arithmetically intelligible, and thence 
deduce fundamental laws of operation; in the latter we assume the 
laws of Arithmetical Algebra to be true in all cases, whatever the 
nature of the symbols may be, and so find out what meaning must 
be attached to the symbols in order that they may obey these laws. 
Thus gradually, as we transcend the limits of ordinary Arithmetic, 
new results spring up, new language has to be employed, and 
interpretations given to symbols which were not contemplated in 
the original definitions. At the same time, from the way in which 
the general laws of Algebra are established, we are assured of their 
permanence and universality, even when they are applied to quantities 
not arithmetically intelligible. 

508. Confining our attention to positive integral values of the 
symbols, the following laws are easily established from a priori 
arithmetical definitions. 

I. The Law of Commutation, which we enunciate as follows : 

(i) Additions and subtractions may be made in any other. 

Thus a+b-c=a-c+b=b-c+a. 

(ii)  Multiplications and divisions may be made in any order. 

Thus axb=bxa; 

axbxc=bxcxaz=axcx b; and so on. 
ab+c=axb+c=(a+c)x b=(b+c) xa. 
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II. The Law of Distribution, which we enunciate as follows : 
Multiplications and divisions may be distributed over additions and 
subtractions. 
Thus (a-b + c) m = am — bm + cm, 
(a — b) (c — d) = ac — ad — bc + bd. 
[See Elementary Algebra, Arts. 33, 34] 
And since division is the reverse of multiplication, the 
distributive law for division requires no separate discussion. 
III. The Laws of Indices. 
(i) a" x gh -gm*n 
qm + q" = qnan. 
Gi) (amo am 
[See Elementary Algebra, Arts. 233 to 235] 
These laws are laid down as fundamental to our subject, having 
been proved on the supposition that the symbols employed are 
positive and integral, and that are restricted in such a way that the 
operations above indicated are arithmetically intelligible. If these 
conditions do not hold, by the principles of Symbolical Algebra we 
assume the laws of Arithmetical Algebra to be true in every case 
and accept the interpretation to which this assumption leads us. By 
this course we are assured that the laws of Algebraical operation 
are self-consistent, and that they include in their generality the 
particular cases of ordinary Arithmetic. 


509. From the law of commutation we deduce the rules for the 
removal and insertion of brackets [Elementary Algebra, Art. 21, 22]; 
and by the aid of these rules we establish the law of distribution as 
in Art. 35. For example, it is proved that 
(a — b) (c — d) = ac — ad — bc + bd, 

with the restriction that a, b, c, d are positive integers, and a greater 
than b, and c greater than d. Now it is the province of Symbolical 
Algebra to interpret results like this when all restrictions are removed. 
Hence by putting a = 0, and c = 0, we obtain (- b) x (- d) = bd, or the 
product of two negative quantities is positive. Again by putting b = 0 and 
c 7 0, we obtain a x (- d) = — ad, or the product of two quantities of opposite 
siens is negative. 

We are thus led to the Rules of Signs as a direct consequence of 
the law of distribution, and henceforth the rule of signs is included 
in our fundamental laws of operation. 


510. For the way in which the fundamental laws are applied to 
establish the properties of algebraical fractions, the reader is referred 
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to Chapters 19, 21 and 22 of the Elementary Algebra; it will there be 
seen that symbols and operations to which we cannot give any a 
priori definition are always interpreted so as to make them conform 
to the laws of Arithmetical Algebra. 


511. The laws of indices are fully discussed in Chapter 30 of the 
Elementary Algebra. When m and n are positive integers and m » n, we 
prove directly from the definition of an index that a" x a" = a"*"; 
qn a a" = gt (a")" = qnn 

We then assume the first of these to be true when the indices 
are free from all restriction, and in this way we determine meanings 
for symbols to which our original definition does not apply. 

The interpretations for a”, a°, a” thus derived from the first 
law are found to be in strict conformity with the other two laws; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 


512. In Chapter 8 we defined the symbol i or 4-1 as obeying the 
relation i? = -1. From this definition and by making i subject to the 
general laws of Algebra we are enabled to discuss the properties of 
expressions of the form a * ib, in which real and imaginary quantities 
are combined. Such forms are sometimes called complex numbers, and 
it will be seen by reference to Art. 92 to 105 that if we perform on 
a complex number the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number. 

Also since every rational function involves no operation but 
those above mentioned, it follows that a rational function of a complex 
number is in general a complex number. 

Expressions of the form a* * 9, log (x + iy) cannot be fully treated 
without Trigonometry; but by the aid of De Moivre's theorem, it is 
easy to show that such functions can be reduced to complex numbers 
of the form A + iB. 

The expression e** is of course included in the more general 
form q* * W, but another mode of treating it is worthy of attention. 

We have seen in Art. 220 that 


x : x i . . . . 
& =Lim| 1+ m ,when 7 is infinite, 


x being any real quantity; the quantity e**” may be similarly defined 
by means of the equation 


x + ty 





n 
xti s x . MET 
e" = Lim (1 | ; when n is infinite, 


x and y being any real quantities. 
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The development of the theory of complex numbers will be 
found more fully discussed in Chapter 5. of Barnard and Child's 
Higher Algebra. 


513. We shall now give some theorems and examples illustrating 
methods which will often be found useful in proving identities, and 
in the Theory of Equations. 


514. To find the remainder when any rational integral function of x is divided 
by x — a. 

Let f(x) denote any rational integral function of x; divide f(x) 
by x - a until a remainder is obtained which does not involve x; let 
Q be the quotient, and R the remainder; then 

fl) =Q (x-a) +R. 

Since R does not involve x it will remain unaltered whatever 
value we give to x; put x =a, then 

fla)=Qx0+R; 
now Q is finite for finite values of x, hence. 

Corollary :- If f(x) is exactly divisible by x — a, then R = 0, that 
is f(a) = 0; hence if a rational integral function of x vanishes when x = a, it 
is divisible by x — a. 

515. The proposition contained in the preceding article is so useful 
that we give another proof of it which has the advantage of exhibiting 
the form of the quotient. 

Suppose that the function is of n dimensions, and let it be 
denoted by 

Pox" + px?" - 1+ pax? -? pax" 3 uuu FP, 
then the quotient will be of n — 1 dimensions; denote it by 
qox" Ie qum? qut + + Gy ai 
let R be the remainder not containing x; then 
Pox” + pix" - 1 pax" -? + pax" I E * p. 
= (x = a)(qox" - ! + qux" 7? + qox" 9 +... + qu) +R. 

Multiplying out and equating the coefficients of like powers of 

x, we have 





do = Po 
41 — 44o = Py Or q1 = Ago * py 
q2 — AG, = p» OT Go = agi + po; 
q3 — à? = pa, OT G3 = Aq + ps; 





R- y -1 = Pu or R bu d, 1 + Pu 
thus each successive coefficient in the quotient is formed by 
multiplying by a the coefficient last formed, and adding the next 
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coefficient in the dividend. The process of finding the successive 
terms of the quotient and the remainder may be arranged thus : 
Po Pi Po Ps Pua Pra 
afo gy, Aq, Aaa Apai 
fo h h d. mi R 
Thus R=aagr-1 + Pn = a (ada -2* Pu—-1) + Pu = M 
= pod" + pa" - 1 pya" 2 +... + py. 
If the divisor is x * a the same method can be used, only in this 
case the multiplier is — a. 
Example : Find the quotient and remainder when 
3x7 — x$ + 31x* + 21x + 5 is divided by x + 2. 
Here the multiplier is 22, and we have 
3 -1 0 -31 0 0 2 5 
6 14 -28 -6 12 -24 6 
3 -7 14 3 -6 12 -3 11 
Thus the quotient is 3x5 — 7x? + 14x* + 3x3 — 6x? + 12x — 3, and 
the remainder is 11. 














516. In the preceding example the work has been abridged by writing 
down only the coefficients of the several terms, zero coefficients 
being used to represent terms corresponding to powers of x which 
are absent. This method of Detached Coefficients may frequently be 
used to save labour in elementary algebraical processes, particularly 
when the functions we are dealing with are rational and integral. 
The following is another illustration. 
Example : Divide 33? — 8x* — 53? + 26x? — 33x + 26 by x? - 2x? — Ax + 8. 

14+2+4-8)3-8-5+ 26- 33+ 26(3-2+3 

3+6+12-24 
-2* 7+ 2-33 
-2- 4- 8+16 
3- 6-17+26 
3+ 6+12-24 
=D 42 

Thus the quotient is 3x? - 2x + 3 and the remainder is — 5x + 2. 

It should be noticed that in writing down the divisor, the sign 
of every term except the first has been changed; this enables us to 
replace the process of subtraction by that of addition at each successive 
stage of the work. 
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517. The work may be still further abridged by the following 
arrangement, which is known as Horner's Method of Synthetic Division. 














1]3- 8 5 + 26 = 33 + 26 
2 6 + 12-24 

4 - 4- 8 + 16 

-8 6 + 12 - 24 
3 -2+ 3+ 0 5+ 2 


[Explanation : The column of figures to the left of the vertical 
line consists of the coefficients of the divisor, the sign of each after 
the first being changed; the second horizontal line is obtained by 
multiplying 2, 4, — 8 by 3, the first term of the quotient. We then add 
the terms in the second column to the right of the vertical line; this 
gives —2, which is the coefficient of the second term of the quotient. 
With the coefficient thus obtained we form the next horizontal line, 
and add the terms in the third column; this gives 3, which is the 
coefficient of the third term of the quotient. 

By adding up the other columns we get the coefficients of the 
terms in the remainder]. 

Example : Divide 6a° + 5a'b — 8a°b? — 6a?b? — 6ab* by 
2a° + 3ab — D? to four terms in the quotient. 











2 |6 + 5 8 6 6 

3 9 + 0 3 

0 6 + 0 2 

1 3 + O|- 1 

















3-2-1 * 0 4/+ 11 + 0 - 4 


Thus the quotient is 3a? — 2ab — b? — 4a?t^, and 11b° — 4a°b’ is 
the remainder. 

Here we add the terms in the several columns as before, but 
each sum has to be divided by 2, the first coefficient in the divisor. 
When the requisite number of terms in the quotient has been so 
obtained, the remainder is found by merely adding up the rest of the 
columns, and setting down the results without division. 

The student may easily verify this rule by working the division 
by detached coefficients. 

518. The principle of Art. 514 is often useful in proving algebraical 
identities; but before giving any illustrations of it we shall make 
some remarks upon Symmetrical and Alternating Functions. 
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A function is said to be symmetrical with respect to its variables 
when its value is unaltered by the interchange of any pair of them; 
thus x + y + z, bc + ca + ab, x? + y? + z? — xyz are symmetrical functions 
of the first, second, and third degrees respectively. 





It is worthy of notice that the only symmetrical function of the 

first degree in x, y, zis of the form M(x * y * z), where M is independent 
of x, y, z. 
519. It easily follows from the definition that the sum, difference, 
product, and quotient of any two symmetrical expressions must 
also by symmetrical expressions. The recognition of this principle 
is of great use in checking the accuracy of algebraical work, and in 
some cases enables us to dispense with much of the labour of 
calculation. 

For example, we know that the expansion of (x + y + z)? must 
be a homogeneous function of three dimensions, and therefore of the 
form x? + y? + z? + A(x?y + xy? + y^z + yz? + zix + zx?) + Bxyz, 





where A and B are quantities independent of x, y, z. 
Put z = 0, then A = 3, being the coefficient of x^y in the expansion 
of (x + y). 
Put x = y = z = 1, and we get 27 = 3 + (3 x 6) + B; whence B = 6. 
Thus (x + y + z)’ 
—o3 + yt 23 + 3xdy  3xy? + 3y?z + 3yz? + 3z2x + 3zx? + 6xyz. 





520. A function is said to be alternating with respect to its variables, 
when its sign but not its value is altered by the interchange of any 
pair of them. Thus x — y and 

a*(b — c) + b?(c — a) + c'(a — b) 
are alternating functions. 

It is evident that there can be no linear alternating function 
involving more than two variables, and also that the product of a 
symmetrical function and an alternating function must be an 
alternating function. 


521. Symmetrical and alternating functions may be concisely denoted 
by writing down one of the terms and prefixing the symbol 2; thus Xa 
stands for the sum of all the terms of which a is the type, Zab stands 
for the sum of all the terms of which ab is the type; and so on. For 
instance, if the function involves four letters a, b, c, d, 
La=at+bt+c+d; 
Xab = ab + ac + ad + bc + bd + cd; 





and so on. 
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Similarly if the function involves three letters a, b, c, 
Xa? (b — c) = a? (b — c) + b? (c — a) +c? (a - by; 
Xa? bc = a? bc + b?ca + cab; 
and so on. 


It should be noticed that when there are three letters involved 
Xa?b does not consist of three terms, but of six : thus 
Xa?b = ab + Pe + We + Ba + ea + chb. 
The symbol £X may also be used to imply summation with 
regard to two or more sets of letters; thus 
Xyz (b — c) = yz (b — c) + zx (c — a) + xy (a - b). 





522. The above notation enables us to express in an abridged form 
the products and powers of symmetrical expressions : thus 
(a+b * c = Ea? + 32a?b + 6abc; 
(a+b +c +d)’ = Xa? + 3Xaà?b + 6Xabc; 
(a+b * c)* = Ea* + AX)b + 6XàD? + 12Xa?bc; 
Za x Ya? = XO + Tab 
Example 1. : Prove that 
(a + b)» — d? — b? = 5ab (a + b) (a? + ab + b’). 
Denote the expression on the left by E; then E is a function of 
a which vanishes when a = 0; hence a is a factor of E; similarly b is 
a factor of E. Again E vanishes when a = —b, that is a + b is factor of E; 
and therefore E contains ab (a + b) as a factor. The remaining factor 
must be of two dimensions, and since it is symmetrical with respect 
to a and b, it must be of the form Aa? + Bab + Ab?; thus 
(a + b) — a? — b^ = ab (a + b)(Aa? + Bab + Ab’), 
where A and B are independent of a and b. 
Putting a = 1, b = 1, we have 15 = 2A + B; 
Putting a = 2, b = -1, we have 15 = 5A - 2B; 
whence A = 5, B = 5; and thus the required result at once follows. 



































Example 2. : Find the factors of 
(D? + c»)(b — c) + ( + ac — a) + (à? + b’) (a — b). 

Denote the expression by E; then E is a function of a which 

vanishes when a = b, and therefore contains a — b as a factor [Art. 514.]. 
Similarly it contains the factors b —- c and c - a; thus E contains 
(b — c)(c — a)(a — b) as a factor. 

Also since E is of the fourth degree the remaining factor must 
be of the first degree; and since it is a symmetrical function of 
a, b, c, it must be of the form M (a + b + c). [Art. 518.] 

E=M (b - o)(c - aya - b)(a + b + c). 
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To obtain M we may give to a, b, c any values that we find most 
convenient; thus by putting a = 0, b = 1, c = 2, we find M = 1, and we 
have the required result. 

Example 3. : Show that 
(cy +z) =x -= y’ = z [= 5 (y + z)(z + x)(x y) 
x (x2 + y? + z? + yz + zx + xy). 

Denote the expression on the left by E; then E vanishes when 
y = —z, and therefore y + z is a factor of E; similarly z + x and x + y 
are factors; therefore E contains (y * z)(z * x)(x * y) as a factor. Also 
since E is of the fifth degree the remaining factor is of the second 
degree, and, since it is symmetrical in x, y, z, it must be of the form 

A(x? + y? + 27) + B (yz + zx + xy). 

Put x = y = z = 1; thus 10 = A + B; 

put x = 2, y = 1, z = 0; thus 35 = 5A + 2B; 

whence A = B = 5, and we have the required result. 











523. We collect here for reference a list of identities which are useful 
in the transformation of algebraical expressions; the student should 
verify these identities. 


Èbc (b — c) = — (b — c) (c — a) (a — b). 

Xa? (b-c)--(b-c)(c- a) (a - b). 

Xa (D? — c?) = (b — c) (c — a) (a — b). 

Xa? (b — c) = — (b-c) (c — a) (a — b) (a + b + c). 

a + b? +  —3abc = (a + b + c) (à + b? + c? — bc — ca — ab). 

This identity may be given in another form, 

a + b? ò- Babe == (a+ b+c) {b cy + (c - ay +(a- bP}. 
(b — c? + (c — a + (a - b? = 3 (b — c) (c — a) (a — b). 

(a +b + c a? - b- c =3 (b+c) (c * a) (at b). 
Èbc (b + c) + 2abc = (b + c) (c + a) (a + b). 
Xa? (b + c) + 2abc = (b + c) (c + a) (a + b). 

Also, a(b? + c?) + 2abc = (b + c) (c + a) (a + b) 
(a+ b + c) (bc + ca + ab) — abc = (b + c) (c + a) (a + b). 
2D? + 288 + 29D? — at — bt — ct 

=(at+b+c) (b+c-a)(ct+a-—b) (at+b-c). 


BEN Examples XXXIV.a. 


1. Find the remainder when 3x? + 11x* + 90x? - 19x + 53 is divided 
by x * 5. 
2. Find the equation connecting a and b in order that 
2x! - 7x3 + ax + b 
may be divisible by x — 3. 
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3. Find the quotient remainder when 
x? — 5x4 + 9x3 — 6x? — 16x + 18 is divided by x? - 3x + 2. 
4. Find a in order that x? — 7x * 5 may be a factor of 
x - 2x4 — 4x? + 19x? — 31x + 12 + a. 


1 

^-5 7X 4+x-8 

terms, and find the remainder. 
Find the factors of : 
6. a(b— c * b (c - a * c (a - by. 
7. at (P - c) + b* (P-a?) + c* (a? — b). 
8. (a+b+ c} -— (b+ c-a- (c +a- b) —(a*b- oy. 
9. a(b- c * b (c- ap * c (a - b + 8abc. 
10. a (b^ — c^) + b (c^ — a^) + c (at — b^. 
11. (bc + ca + ab? — be — cea - ap. 
12. (a +b + c)y* - (b + oy - (c + a) — (a + b)* + at + b^ + t. 
13. (a + b + cy — (b + c - af — (c + a — b) -(a*b- oy. 
14. (x — a (b — c + (x — b (c - a + (x — oy? (a — by. 
Prove the following identities : 
15. È (b + c — 2a} = 3 (b + c - 2a) (c + a — 2b) (a+b - 2c). 

a(b — cy. b(c — ay. c(a - by 

16. (c-a(a-b) (a-b)b-c) (b-cYc-a) 
2a | 2b , 2c | (b-cy(c-a)(a-b) | 
a+b b+c cca (bcc aya b) 
18. Xa? (b + c) - X3? - 2abc = (b + c- a) (c + a — b) (a + b — c). 





5. Expand x in descending powers of x to four 

















=a+b+c. 








17. 





a (b +c) 4 b? (c +a) " c^(a b) 
(a-b)(a-c) (b-c)(b-a) (c-a)(c- b) 
20. 4X (b — c) (b + c - 2a)? = 9 (b - c) (b + c - ay. 

21. (y +z)? (z + x)? (x + y} = Xx! (y + zy + 2 (yz? - 2z2yz*. 
22. X (ab — c?) (ac — b?) = (Ebc) (Ebc — Xa?). 
23. abc (Za)? — (bc)? = abc Xa? — Xb?c? = (a? — bc) (b? — ca) (c? — ab). 
24. X (b — c (b + c - 2a) = 0, hence deduce X(f — y) (B + y - 2o)? = 0. 
25. (b + c + (c + a + (a + b)? — 3 (b + c) (c + a) (a + b) 
= 2 (i? + D? + c? — 3abc). 
26. Ifx=b+c-a,y=cta-—b,z=a+b-—c, show that 
X? + y? + 29 - 3xyz = 4 (a + D? + e - 3abc). 


27. Prove that the value of à? + D? + c? — 3abc is unaltered if we substitute 


= bc * ca * ab. 





19. 
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s-a, s — b, s — c for a, b, c respectively, where 3s = 2 (a + b + c). 
Find the value of : 





























ü b c 
28. (a-b)(a-c)(x-a) (b-c)(b-a)(x-b) (c-a)(c-b)(x-c) 
d-j-í o gW-j-$ o g-$-H 
29. (a-b)(a-c) (b-c)(b-a) (c-a)(c-by 
(*petg (b+ p)b+q) 2 (po) 
30. (a-b)(a-c)(a*x) (b-c)(b-a)(b*x) (c-a)(c-b)(cx) 
bcd a’ 
31. * Gp) - c) - d) 32. Ga- 00-4) 


33. If x ^ y * z ^ s, and xyz = p°, show that 


P wIP £zL|IP.sJIP XP x|IP.v|.4 
ys pJAzs p zs pj\xs p xs pj\ys pj s 
MISCELLANEOUS IDENTITIES 
524. Many identities can be readily established by making use of 


the properties of the cube roots of unity; as usual these will be denoted 
by 1, o, o. 





Example : Show that 
(x t yy - x! - y! = 7xy (x + y) (8 + xy + yy. 
The expression, E, on the left vanishes when x = 0, y = 0, 
x + y = 0; hence it must contain xy (x + y) as a factor. 
Putting x = wy, we have 
E -((-*0) - o - 1y? = (- o?) - o - 1} 
= ( o? - o - Dy! - 0; 
hence E contains x — wy as a factor; and similarly we may show that 
it contains x — w’y as a factor; that is, E is divisible by 
(x — wy) (x — oy), or x? + xy + y?. 
Further, E being of seven, and xy (x * y) (x? * xy * y?) of five 
dimensions, the remaining factor must be of the form A (x? + y?) + Bxy; 
thus 





(x * yy -x - y = xy (x + y) (x? + xy + y?) (Ax? + Bxy + Ay’). 
Putting x = 1, y = 1, we have 21 = 2A + B; 
Putting x = 2, y = - 1, we have 21 = 5A - 2B; 
whence A=7,B=7; 


x + yy — x7 — y! = 7xy (x + y) (x2 + xy + y?)?. 
(x+y y y y yty 
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525. We know from Elementary Algebra that 

a? + D? c — 3abe = (a +b +c) (a? + D? + c — be — ca — ab); 
also we have seen in Ex. 3, Art. 110, that 

a +b? + cC — bc — ca — ab = (a + œb + oc) (a + ob + WO); 
hence a? + b? + œ — 3abc can be resolved into three linear factors; thus 
a + b? + c —3abc = (a + b + c) (a + œb + oc) (a + ob + oc). 
Example : Show that the product of 

a> + b? + c — 3abe and x? + i? + z? - 3xyz 

can be put into the form A? + B? + C? - 3ABC. 

The product = (a + b + c) (a + ob + oc) (a + ob + œc) 


























x (x + y +z) (x + WY + œz) (x + o?y + Wz). 
By taking these six factors in the pairs (a + b + c) (x + y + zy; 
(a + ob + oc) (x + wy + oz); and 
(a + œb + wc) (x + oy + oz), 
we obtain the three partial products 
A+B+CA+@B+0°C, A+ o?B + oC, 
where A = ax + by + cz, B = bx + cy + az, C= cx + ay + bz. 
Thus the product 
=(A+B+C) (A+ @B + oC) (A + 7B + oC) 
= A? + B? + C? - 3ABC. 
526. In order to find the values of expressions involving a, b, c when 
these quantities are connected by the equation a + b + c = 0, we might 
employ the substitution 
a-h*k,b- oh + ok, c= oh + ok 
If however the expressions involve a, b, c symmetrically the 
method exhibited in the following example is preferable. 
Example : If a + b + c = 0, show that 
6(a° + b5 + c?) = 5 (a? + D? + c?) (a? + D?  c?). 
We have identically 
(1 + ax) (1 + bx) (1 + cx) = 1 + px + qx? + rx. 
where p =a +b +c, q= bc + ca * ab, r = abc. 
































Hence, using the condition given, 
(1 + ax) (1 + bx) (1 + cx) = 1 + gx? + rx. 
Taking logarithms and equating the coefficients of x", we have 


(-1)"" 
n 





(a" +b" +c")= coefficient of x" in the expansion of 


log (1 + qx? + rx?) = coefficient of x" in 
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(qx rx?) je FE rx) 4 Pan Fry -u 
By putting n = 2, 3, 5 we obtain 











b.c a +b? +c? a+b +c 
dE o P EN ME UNES L 
Orb. dab.) +h He? 
whence 5 5 : 2 j 


and the required result at once follows. 

Ifa=B-y,b=y-a,c=a-B8, the given condition is satisfied; 
hence we have identically for all values of a, D, y 

6 (B - Y? + (y - a)? + (a - B9) 

=5 {(B - y)? + (Y - œ)? + (a - BT UD - y)? + (y - a) + (a - pl 
that is, 

(B -y + (v-a)? + (a - B) = 5 (B - y) Y- a) (& - B) 

x (a? + B? + y? - By - ya - ap); 

compare Example. 3, Art. 522. 


E Examples XXXIV.b. 


1. If s +b +c)? = a> +b? + c, show that when n is a positive integer 
(a i os qa?” +! von } cn *1 
2. s iat (a + œb + wc)? + (a + 7b + Wc)? 
= (2a — b — c) (2b — c - a) (2c — a — b). 
3. Show that (x + y)" - x" - y" is divisible by xy (x? + xy + y?), if n is 
an odd positive integer not a multiple of 3. 
4. Show that a° (bz — cy)? + D? (cx — az)? + e? (ay — bx)? 
= 3abc (bz — cy) (cx — az) (ay — bx). 
5. Find the value of (b — c) (c — a) (a — b) + (b — œc) (c — wa) (a — œb) 
+ (b — w*a) (c — oa) (a — ob). 
6. Show that (a? + b? + c? — bc - ca — ab) (x? + y? + z? — yz - zx - xy) 
may be put into the form A? + B? + C? - BC - CA - AB. 
7. Show that (a? + ab + D?) (x? + xy + y?) can be put into the form 
A? + AB + B?, and find the values of A and B. 
Show that 
8. X (a2 + 2hc)3 — 3 (a? + 2bc) (b? + 2ca) (c? + 2ab) = (a? + b? + c3 — 3abc)?. 
9. È (a? — bc —3 (a? — bo) (b? — ca) (c? — ab) = (à? + b? + c? — Babe). 
10. (a? + b? + c? + 2 (bc + ca + ab? — 3 (a? + b? + c?) (bc + ca + ab)? 
= (à? + D? + c — 3abc)?. 
Ifa+b+c=0, prove the identities in questions 11 - 17. 
11. 2 (a^ + bt +c) = (à + b? + c?y. 
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12. 
13. 
14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 





a + b? + c = — 5abc (bc + ca + ab). 
a6 + b6 + c6 = 3a?b?c? — 2 (be + ca + ab)’. 
3 (a? + b? + c) (a + D + cò) = 5 (D + D? + c) (at + Bt + c. 


a+b tc @ +40 ttc 


b-c c-a a-b a b c 
+ + + + =9, 
a b c b-c c-a a-b 
































(b?c + ca + a?b — 3abc) (bc? + ca? + ab? — 3abc) = (bc + ca + ab? + 27a?b?c?. 


25 ((y - 2) + (z - 3) + (x - My - 2)? + (z - x)? + (x - yl 
= 21 {(y = 29 + (z - x)? + (x - y) 
(y - 2}? + (z — x)? + (x - y - 54 (y - 2)? (z - x}? (x - y}? 


=2 (y +z — 2x} (z + x - 2y x (x * y - 2z}. 


(b — c) + (c — ay$ + (a — b)6 — 3 (b — o (c — a. (a - b? 
- 2 (a? + b? + c? - bc - ca — ab)’. 
(b - cy + (c= a + (a - by 

=7 (b— c) (c - a) (a — b) (à + b? + c? — bc — ca — aby. 
Ifat+b+c=0, and x + y + z=0, show that 
4 (ax + by + cz)? — 3 (ax + by + cz) (a? + b? + c*) (x? + y? + 27) 
— 2 (b - c) (c - a) (a - b) (y - z) (z - x) (x - y) = 54 abexyz. 
Ifa+b+c+d=0, show that 











terre +b ed? gj). 
5 7 3 l 2 

(a? + b + c + d’)? = 9 (bed + cda + dab + abc)? 

= 9 (bc — ad) (ca — bd) (ab — cd). 
If 2s = a +b * c and 26? = a? + D? + c?, prove that 
X (s — b) (s — c) (o? — a’) + 5abcs = (s? — o?) (4s? + c?). 
Show that 
(x3 4 6x?y + 3xy? = y» + Q? 4. 6xy? + 3x?y = x?p 


= 27xy (x + y) (xX? + xy + yy. 








5 








Show that X E 
(a — b) (a - c) (a - d) 
=@+b%+ c+ d2+ab+ac+ad+be+bd+ cd. 
Resolve into factors 


2a7b?c? + (a? + b? + c) abc + bP + ea + ab. 
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ELIMINATION 


527. In Chapter 33, we have seen that the eliminant of a system of 
linear equations may at once be written down in the form of a 
determinant. General methods of elimination applicable to equations 
of any degree will be found discussed in treatises on the Theory 
of Equations; in particular we may refer the student to 
Chapters IV and VI of Dr. Salmon's Lessons Introductory to the Modern 
Higher Algebra and to Chapter XIII of Burnside and Panton's Theory 
of Equations. 

These methods, though theoretically complete, are not always 
the most convenient in practice. We shall therefore only give a brief 
explanation of the general theory, and shall then illustrate by 
examples some methods of elimination that are more practically 
useful. 


528. Let us first consider the elimination of one unknown quantity 
between two equations. 

Denote the equations by f (x) = 0 and ọ (x) = 0, and suppose that, 
it is necessary, the equations have been reduced to a form in which 
f (x) and 6$ (x) represent rational integral functions of x. Since these 
two functions vanish simultaneously there must be some value of x 
which satisfies both the given equations; hence the eliminant 
expresses the condition that must hold between the coefficients in 
order that the equations may have a common root. 

Suppose that x = o, x = D, x = y,..... are the roots of f (x) = 0, then 
one at least of the quantities o (œ), © (B), $ (y), ..... must be equal to zero; 
hence the eliminant is 

6 (0) $ (B) 6 (y) ....... - 0. 

The expression on the left is a symmetrical function of the roots 

of the equation f (x) = 0, and its value can be found by the methods 
explained in treatises on the Theory of Equations. 
529. We shall now explain three general methods of elimination : 
it will be sufficient for our purpose to take a simple example, but it 
will be seen that in each case the process is applicable to equations 
of any degree. 

The principle illustrated in the following example is due to Euler. 
Example : Eliminate x between the equations 

ax? + bx? + cx + d=0, fx? + ex e h - 0. 

Let x * k be the factor corresponding to the root common to both 

equations, and suppose that 
ax? + bx? + cx + d = (x + k) (ax? + Ix + m), 
and fà*gxh-(x-k)(fx*n)y 

k, | m, n being unknown quantities. 
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From these equations, we have identically 
(ax? + bx? + cx + d) (fx + n) = (ax? + Ix + m) (f + gx + h). 
Equating coefficients of like powers of x, we obtain 
fl+—an + ag - bf - 0, 
gl + fm — bn + ah — cf = 0, 
hl + gm — cn - df = 0, 
hm — dn = 0. 
From these linear equations by eliminating the unknown 
quantities l, m, n we obtain the determinant. 








f 0 a ag-bf 

g f b ah-cf =i 
h g c -df ` 
0 h d 0 


530. The eliminant of the equations f (x) = 0, ọ (x) = 0 can be very 
easily expressed as a determinant by Sylvester's Dialytic Method of 
Elimination. We shall take the same example as before. 
Example : Eliminate x between the equations 
ax? + bx? + cx + d = 0, f? + ex + h - 0. 
Multiply the first equation by x, and the second equation by 
x and x? in succession; we thus have 5 equations between which we 


can eliminate the 4 quantities x^, x?, x?, x regarded as distinct variables. 
The equations are 























ax? + bx? + cx € d - 0, 

axt + bx? + cx? + dx =0, 
frr+ ex t+h=0, 

fe + exr+hx =0, 

fx* + qx? + hx? = 
0a bcd 
a bcd o0 
Hence the eliminant is |0 0 f g hj =0. 

0 f g ho 


f 


531. The principle of the following method is due to Bezout; it has 
the advantage of expressing the result as a determinant of lower 
order than either of the determinants obtained by the preceding 
methods. We shall choose the same example as before, and give 
Cauchy's mode of conducting the elimination. 


oS 
© 
e 
e 
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Example : Eliminate x between the equations. 
ax? + bx? + cx + d 20, fx? + ex e hi - 0. 
from the equations, we have 





a bx-cxed ax+b cx+d. 
f gĉê+th "fete h’ 
whence (ag — bf) x? + (ah — cf) x - df = 0, 
and (ah — cf) x? + (bh — cg — df) x — dg = 0. 
Combining these two equations with 
fà *gx*h-0. 
and x as distinct variables, we obtain for the 





and regarding x? 


eliminant 


f g h 
ag — bf ah — cf - df - 0. 
ah—-cf bh-cg-df -dg 
532. If we have two equations of the form 9, (x, y) = 0, 6» (x, y) = 0, 
then y may be eliminated by any of the methods already explained; 
in this case the eliminant will be a function of x. 





If we have three equations of the form 
$4 (x, y, Z) = 0, oy (x, y, z) = 0, 6, (x, y, z) = 0, 
by eliminating z between the first and second equations, and then 
between the first and third, we obtain two equations of the form 
Vi Gc y) = 0, Wo (x, y) = 0. 

If we eliminate y from these equations we have a result of the 
form f (x) = 0. 

By reasoning in this manner it follows that we can eliminate 
n variables between n * 1 equations. 
533. The general methods of elimination already explained may 
occasionally be employed with advantage, but the eliminants so 
obtained are rarely in a simple form, and it will often happen that 
the equations themselves suggest some special mode of elimination. 
This will be illustrated in the following examples. 
Example 1. : Eliminate |, m between the equations 

Ix + my = a, mx - ly = b, P + m= 1. 


By squaring the first two equations and adding, 








Py? + m2x2 + my? + Py? = a2 + b, 
that is, (P + m?) (x? + y?) = a? + b?; 
hence the eliminant is x? + y? = a? + b?. 
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If l = cos 0, m = sin 0, the third equation is satisfied identically; 
that is, the eliminant of 
xcos 0 + ysin 0 = a, xsin 0 - ycos 0 = b 
is X + y? = a? + p 
Example 2. : Eliminate x, y, z, between the equations 


y? + 2 = ayz, 2 + x? = bzx, x? + y? = cxy. 





Zz Z X y X. 


y 
=A, T J T =C, 
We have z y Lu y x 





by multiplying together these three equations we obtain, 





Zz Zz x x 
pt 5 FPS ~ +4 = abe; 
z y x z y x 


hence 2 + (a? — 2) + (b? - 2) + (2 — 2) = abc; 
i a+b? cg -4-abc. 
Example 3. : Eliminate x, y between the equations 
x*-y!-px-qy,4xy = qx + py, xà «y^ = 1. 
Multiplying the first equation by x, and the second by y, we 
obtain 





xX? + 3xy? = p(x? + y’); 
hence, by the third equation, 


px) + 3xy?. 
Similarly, g = 3x*y + y’. 
Thus p*q-(xtyp-qo(-y5 
(p +q}® + (p -= q}? = (x + y? +(x- y) 


= 2 (x? +’); 
^s (p * q^? + (p - q^ - 2. 
Example 4. : Eliminate x, y, z between the equations 
y oz "E X ,x y 





z y x 2 yw x 
x(y? -z°) + y QI ew) 
xyz 
(y -2)G-x-v) 
xyz i 
If we change the sign of x, the signs of b and c are changed, while 
the sign of a remains unaltered; 





We have a+b+c= 








co W 96 + x) +y) 
XYZ 


hence a-b 
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Similarly, bea (y + z)G -x)(x + y) 
xYZ 
*z)(z + x)(x — 
"m og pel xe y) 


(a+b+c)(b+c-a) (c+a-—b)(at+b-c) 


(y? = zy (2 im xy Q2 -yy 
x^ y z^ 


2 5 2 
| [y 2 z x|[x y 
ul) 
=- ebe. 
2b?c? + 288? + 2a*b* — at — b^ — c* + ahe = 0. 
BEE Examples XXXIV.c. 


1. Eliminate m from the equations m?x — my + a = 0, my + x = 0. 




















2. Eliminate m, n from the equations 
2 





mx -my-*a-0,nx-ny*a-0,mn *1 -0. 


3. Eliminate m, n between the equations 


2 22 


mx — ny =a (m? — n?), nx + my = 2 amn, m? + n ; 
4. Eliminate p, q, r from the equations 
p*q*r-0,a(qr*rp*pq)-2a - x, 
apqr = y, qr = 1. 
5. Eliminate x from the equations 
ax? — 2a?2x + 1 = 0, à? + x? — 3ax = 0. 
6. Eliminate m from the equations 
y + mx =a (1 +m), my - x =a (1 - m). 
7. Eliminate x, y, z from the equations 





yz = a, zx = b?, xy = @, xX? + y? + 2 = gR. 


8. Eliminate p, q from the equations 
x(p+q)=y,p—q=k (1 + pq), xpq = a. 

9. Eliminate x, y, from the equations 
x-y-a,xi-y-D,3-y-290. 

10. Eliminate x, y from the equations 





xty-axi-y-D xt yt ct, 
11. Eliminate x, y, z, u from the equations 





x = by + cz + du, y = cz + du + ax, 











z = du + ax + by, u = ax + by + cz. 
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12. Eliminate x, y, z from the equations 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 














xt+ty+tz=0, 2+4 + z2, 
X +y tz? = B, xP + yê 25 = 0, 
Eliminate x, y, z, from the equations 
x Y .Z. X QVLZ ay [XVI [VLz) [zx 
y z x z x y y z)uz xJx y] 7 


Eliminate x, y, z, from the equations 


x’ (y+ 


z) y(z-x) z°(x+y)_ xyz 2d 





a 


Eliminate x, y 


p g abc 
from the equations 


4 (x? + y?) = ax + by, 2 (x? — y?) = ax - by, xy = œ. 


Eliminate x, y, z from the equations 


(y 


(z 
Eliminate x, y 
xty 


eliminant of 


Eliminate x, y 


ax 2 


+ zy? = 4a’yz, (z + x)? = Ab?zx, (x + yY = Achxy. 
Eliminate x, y, 

(co 
+ x = y) (Z = x + y) = cxy. 


z from the equations 
y — z) (x - y + z) = ayz, (y + z - x) (y - z + x) = bzx, 





from the equations 











-ax(xty)-b2x*y-c. 

Show that (a+b + c) - 4 (b + c) (c + a) (a +b) + 5abc = 0 is the 
+ by? + cz? = ax + by + ez = yz + zx + xy = 0. 
from the equations 
+ by? Sax + by = =c. 

x+y 


Show that b%c? 


+ Cad + ab? = 5a*b’c? is the eliminant of ax + yz = bc, 





by 


+ ZX = CA, Cz 4 


xy = ab, xyz = abc. 


Eliminate x, y, z from 


2 


2 2 





x 


Fy^Tz^-xtytz-1, 








? xpo gest cy) 
x y z 


Employ Bezout's method to eliminate x, y from 





ax? + bx?y 





+ cxy? + dy? = 0, xX? + D’x’y + c’xy? + d'y? = 0. 


Theory of Equations 





534. In Chapter 9, we have established certain relations between 
the roots and the coefficients of quadratic equations. We shall now 
investigate similar relations which hold in the case of equations of 
the n't degree, and we shall then discuss some of the more elementary 
properties in the general theory of equations. 





535. Let pox” + pix" + pox" ^ uuu. tp, 1X +p, be a rational integral 
function of x of n 1 and let us denote it by f (x); then 
f (x) =0 is the general type of rationl integral equation of the n'^ degree. 
Dividing throughout by po, we see that without any loss of generality 
we may take 

x" yx Tt pax"? uuu. Ep, 1X + p, =0 
as the type of a rational integral equation of any degree. 





Unless otherwise stated the coefficients p4, p;,.....,p, will always 
be supposed rational. 


536. Any value of x which makes f (x) vanish is called a root of the 
equation f (x) = 0. 

In Art. 514 it was proved that when f (x) is divided by x — a, the 
remainder is f (a); hence if f (x) is divisible by x — a without remainder, 
a is a root of the equation f (x) = 0. 


537. We shall assume that every equation of the form f (x) = 0 has 
a root, real or imaginary. The proof of this proposition will be found 
in treatises on the Theory of Equations; it is beyond the range of the 
present work. 


538. Every equation of the n" degree has n roots, and no more. 
Denote the given equation by f (x) = 0, Wie 
f (X) = pox" + py" e pox" 1 uot py. 
The equation f (x) = 0 has a root, real. or imaginary; let this be 
denoted by a; then f (x) is divisible by x — a, so that 
f (x) = (x -a) Qı (x) 
where 6, (x) is a rational integral function of n - 1 dimensions. Again, 
the equation 0, (x) = 0 has a root, real or imaginary; let this be denoted 
by ay; then 0, (x) is divisible by x — a, so that 
6, (x) = (x - a5) 0» (x), 


where 0» (x) is a rational integral function of n — 2 dimensions. 
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Thus f (x) = (x — m) (x - m) 6» (x). 
Proceeding in this way, we obtain, as in Art. 309, 
f (x) = po (x — a4) (x = a5) ........ (x — a,). 

Hence the equation f (x) = 0 has n roots, since f (x) vanishes when 
x has any of the values ay, dy, (5 ......, d. 

Also the equation cannot have more than n roots; for if x has any 
value different from any of the quantities a4, dy, d3,......, à, all the factors 
on the right are different from zero, and therefore f (x) cannot vanish 
for the value of x. 

In the above investigation some of the quantities a, Az 43, ...... Ay 
may be equal; in this case, however, we shall suppose that the equation 
has still n roots, although these are not all different. 


539. To investigate the relations between the roots and the coefficients in any 





equation. 
Let us denote the equation by 
x" + px"t-iegpuxt-2 onn + Pn-1X +p, =9, 
and the roots by a, b, c......... k; then we have identically 
Kirpa Ep quels + Pu-1X +P 
= (x — a) (x — b) (x - c) ......... (x - k); 
hence, with the notation of Art. 163, we have 
x" + pxt-i pox? 4 a, +Pn-1X+ pa 
= x" — Six®@-1 + Su"... +(-1)"-'S,_,x+(-1)" S, 


Equating coefficients of like powers of x in this identity, 

— pı = 5, = sum of the roots; 

P2 = S) = sum of the products of the roots taken two at a time. 

— p3 = $5 = sum of the products of the roots taken three at a time; 
(- 1)" p, = S, = product of the roots. 
If the coefficient of x" is po, then on dividing each term by po, the 
equation becomes 
x" + Pa grt q Ponit, i Pa =0, 


Po Po Po Po 
and, with the notation of Art. 521, we have 











Po Po Po Po 
Example 1. : Solve the equations 





x + ay + a?z =a’, x + by + b?’z= b’, x+ cyt z= 0%. 
From these equations we see that a, b, c are the values of t which 
satisfy the cubic equation 
Bz? — yt - x = 0; 
hence z=a+b+c, y=- (be + ca + ab), x= abc. 
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Example 2. : If a, b, care the roots of the equation x? + pix? + pox + ps = 0, 
form the equation whose roots are a’, b?, c?. 
The required equation is (y — a’) (y - b?) (y - 2) = 0, 














Or (x? — a?) (x? — b?) (x? -= c*) = 0, if y = x?; 

that is, (x — a) (x - b) (x - c) (x + a) (x + b) (x + c) = 0. 
But (x — a) (x - b) (x -= c) = xX? + pax? + pox + ps; 

hence (x + a) (x + b) (x + c) = x3 - py? + pox -= ps. 


Thus the required equation is 
(x? + pix? + pox + pa) (X? — pax? + pox — ps) = 0, 
or (x° + pox)? — (pix? + ps)? = 0, 
or — xX° + Qpi- pi) x* + (pz - 2pyps) XX - p3 = 0; 
and if we replace x* by y, we obtain 
Y? + (2p. - pi) y^ + (p - 2pips) y - p3 = 0. 
540. The student might suppose that the relations established in 
the preceding article would enable him to solve any proposed 
equation; for the number of the relations is equal to the number of 
the roots. A little reflection will show that this is not the case; for 
suppose we eliminate any n — 1 of the quantities a, b, c,.... k and so 
obtain an equation to determine the remaining one; then since these 
quantities are involved symmetrically in each of the equations, it is 
clear that we shall always obtain an equation having the same 
coefficients, this equation is therefore the original equation with 
some one of the roots a, b, c, .... k substituted for x. 
Let us take for example the equation 
xX? + pu? + pox + p3 = 0; 
and let a, b, c be the roots; then 





atb+c=-p, 
ab + ac + bc = py 
abc = — ps. 
Multiply these equations by a’, — a, 1 respectively and add; thus 
9 = — py? — py — ps 
that is, a? + py? + py ps = 0, 
which is the original equation with a in the place of x. 


a 





The above process of elimination is quite general, and is applicable 
to equations of any degree. 
541. If two or more of the roots of an equation are connected by an 
assigned relation, the properties proved in Art. 539 will sometimes 
enable us to obtain the complete solution. 
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Example 1. : Solve the equation 4x? — 24x? + 23x + 18 = 0, having given 
that the roots are in arithmetical progression. 

Denote the roots by a — b, a, a + b; then the sum of the roots is 3a; 
the sum of the products of the roots two at a time is 3a? — b?; and the 
product of the roots is a (a? — b*); hence we have the equations 

3a = 6, 307 pue 2. 
4 2 








a(a’ -b)- 


from the first equation we find a = 2, and from the second b = € >, and 


since these values satisfy the third, the three equations are consistent. 


Thus, the roots are - 525. 
Example 2. : Solve the equation 24x? - 14x? — 63x + 45 = 0, one root 
being double another. 

Denote the roots by a, 2a, b; then we have 


a oath = -15 
8 











3a+b= 7 gi + 3ab = 
12 


From the first two equations, we obtain 
8a? — 2a — 3 = 0; 


It will be found on trial that the values a= — L, b= » do not satisfy 


; ; 15 : 
the third equation 2a*b=- E hence we are restricted to the values 


pa pem 

4 3 
Thus the roots are 2,2, - 2 
us the roots are 5,5, 4. 


542. Although we may not be able to find the roots of an equation, 
we can make use of the relations proved in Art. 539 to determine the 
values of symmetrical functions of the roots. 
Example 1. : Find the sum of the squares and of the cubes of the roots 
of the equation x? - px? + qx — r = 0. 

Denote the roots by a, b, c; then 








a *b*cc-p, bc * ca * ab - g: 
Now e+b+c=(at+b+c)—2 (bc + ca ab) 


= p? - 24. 
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Again, substitute a, b, c for x in the given i s and add; thus 
diia c-«q(a*b*c)-3r-0 
pop eee p (P? — 2q) - pq + 3r 
= p? = 3pq + 3r. 
Example 2. : If a, b, c, d are the roots of 
x^ px? + qx? + rx + s = 0, find the value of a7. 

















We have atb+ct+d=-p unn (1) 
ab + ac + ad + bc + bd + cd=q uun (2) 
abc + abd + acd + bcd vr oa, (3) 


From these equations we have 
- pq = Xa’b + 3 (abc + abd + acd + bcd) 
= Xa - 3r; 
Xa’b = 3r — pq. 
E Examples XXXV.a. 


Form the equation whose roots are : 








23 
1. a tv3. 2. 0,0,2,2,-3,-3. 


3. 2, 2, =2, = 2, 0, 5. 4. a+b,a-—b,-a+b,-a-b. 

Solve the equations : 

5. x*— 16x3 + 86x? -176x + 105 = 0, two roots being 1 and 7. 

6. 4x? + 16x? — 9x — 36 = 0, the sum of two of the roots being zero. 
7. 4x? + 20x? — 23x + 6 = 0, two of the roots being equal. 
8 

9 





3x? — 26x? + 52x — 24 = 0, the roots being in geometrical progression. 
2x3 — x? — 22x — 24 = 0, two of the roots being in the ratio of 
3 : 4. 

10. 24x? + 46x? + 9x — 9 = 0, one root being double another of the roots. 

11. 8x4 - 2x3 — 27x? + 6x + 9 = 0, two of the roots being equal but 
opposite in sign. 

12. 543? — 89x? - 26x + 16 = 0, the roots being in geometrical progression. 

13. 32:3 — 48x? + 22x - 3 - 0, the roots being in arithmetical progression. 

14. 6x4 — 29x? 40x? — 7x — 12 = 0, the product of two of the roots being 2. 

15. x* — 2x3 — 21x? + 22x + 40 = 0, the roots being in arithmetical 
progression. 

16. 27x* - 195x? + 494x? — 520x + 192 = 0, the roots being in geometrical 
progression. 

17. 18x3 + 81x? + 121x + 60 = 0, one root being half the sum of the other 
two. 
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18. If a, b, c are the roots of the equation x? - px? + qx — r = 0, find the 
value of 


(1) Lo (2) eee A 
a? b? c? Dc cia? at? 
19. If a, b, c are the roots of x? + qx + r = 0, find the value of 
(1) (b = c. + (c - a + (a - b}. 
(2) (b + c) + (c* ay! (a + by. 
20. Find the sum of the squares and of the cubes of the roots of 
xt + qx? +rx+s=0. 








21. Find the sum of the fourth powers of the roots of x? + qx + r = 0. 
543. In an equation with real coefficients imaginary roots occur in pairs. 

Suppose that f (x) = 0 is an equation with real coefficients, and 
suppose that it has an imaginary root a-* ib; we shall show that 
a — ib is also a root. 

The factor of f(x) corresponding to these two roots is 

(x -a — ib) (x — a + ib), or (x - a + b?. 

Let f (x) be divided by (x — a)? + b?; denote the quotient by Q, and 

the remainder, if any, by Rx + R’; then 
f (x) = Q ((x - ap + D?) + Rx + R. 

In this identity put x = a + ib, then f (x) = 0 by hypothesis; also 
(x — a)? + D? = 0; hence R (a + ib) + R’ = 0. 

Equating to zero the real and imaginary parts, 

Ra + R’ =0, Rb = 0; 
and b by hypothesis is not zero, 
: R= 0 and R' =0. 
Hence f (x) is exactly divisible by (x — a)? + b?, that is, by 
(x — a — ib) (x—a + ib); 
hence x = a — ib is also a root. 
544. In the preceding article we have seen that if the equation 
f (x) =0 has a pair of imaginary roots a + ib, then (x — a)? + b? is a factor 
of the expression f (x). 

Suppose that a + ib, c + id, e € ig, ....... are the imaginary roots of 
the equation f (x) = 0, and that ọ (x) is the product of the quadratic 
factors corresponding to these imaginary roots; then 

$ (x) = ((x — a + b} {(x — o? + d?) ((x — e)?  g?]..... 

Now each of these factors is positive for every real value of x; 

hence 6 (x) is always positive for real values of x. 
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545. As in Art. 543 we may show that in an equation with rational 
coefficients, surd roots enter in pairs; that is, if a+ Vb is a root then 
a — Jb is also a root. 

Example 1. : Solve the equation 6x* - 133? - 35x? - x + 3 = 0, having 
given that one root is 2- 4. 

Since 2 — 43 is a root, we know that 24 43 is also a root, and 
corresponding to this pair of roots we have the quadratic factor 
x? - 4x + 1. 

Also 6x* — 133? — 35x? — x + 3 = (x? — Ax + 1) (6x? + 11x + 3); 
hence the other roots are obtained from 

6x? + 11x + 3 = 0, or (3x + 1) (2x + 3) = 0; 








1 3 
thus the roots are 3’ 57° + 13,2 mice 


Example 2. : From the equation of the fourth degree with rational 
coefficients, one of whose root is J2 + 4-3. 





Here we must have 42 + 4-3,.2 -4-3 as one pair of roots, and 


-2 + 4-2 J2- 4-3 as another pair. 
Corresponding to the first pair we have the quadratic factor 





x? - 24 2x 4 5 and corresponding to the second pair we have the 
quadratic factor x* + 2 2x +5. 


Thus the required equation is 


(x? + 2V2x +5)(x? - 242 x +5)=0, 











or (x? + 5y- 8x? = 0, 
or xt + 2x? + 25 =0. 
Example 3. : Show that the equation 
A? Bp C? H? 
+ + E + =k, 
x-a x-b x-c x-h 


has no imaginary roots. 
If possible let p + iq be a root; then p — iq is also a root. Substitute 
these values for x and subtract the first result from the second; thus 





| A? B? e H? | 

q | | Fees H =0; 
(p-a? +q? (p-b} +4? prey rng (p-h) +9? 
which is impossible unless q = 0. 
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546. To determine the nature of some of the roots of an equation it 
is not always necessary to solve it; for instance, the truth of the 
following statements will be readily admitted. 

(i) If the coefficients are all positive, the equation has no positive 
root; thus the equation x? + x? + 2x + 1 = 0 cannot have a positive root. 

(ii) If the coefficients of the even powers of x are all of one sign, 
and the coefficients of the odd powers are all of the contrary sign, 
the equation has no negative root; thus the equation 

x7 + x — 2x4 + x3 — 3x2 + 7x —-5 =0 
cannot have a negative root. 

(iii) If the equation contains only even powers of x and the 
coefficients are all of the same sign, the equation has no real root; 
thus the equation 2x? + 3x4 + x? + 7 = 0 cannot have a real root. 

(iv) If the equation contains only odd powers of x, and the 
coefficients are all of the same sign, the equation has no real root 
except x = 0; thus the equation x? + 2x? + 3x3 + x = 0 has no real root 
except x - 0. 

AII the foregoing results are included in the theorem of the next 
article, which is known as Descartes' Rule of Signs. 


547. An equation f (x) = 0 cannot have more positive roots than there are 
changes of sign in f (x), and cannot have more negative roots than there are 
changes of sign in f (- x). 

Suppose that the signs of the terms in a polynomial are 
+ +——+-—-—-+-—+-; we shall show that if this polynomial is 
multiplied by a binomial whose signs are + —, there will be at least 
one more change of sign in the product than in the original polynomial. 





Writing down only the signs of the terms in the multiplication, 
we have 
































+- F+- FF+-+-4 

Hence we see that in the product 

(i) an ambiguity replaces each continuation of sign in the original 
polynomial; 

(ii) the signs before and after an ambiguity or set of ambiguities 
are unlike; 

(iii)a change of sign is introduced at the end. 
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Let us take the most unfavourable case and suppose that all the 
ambiguities are replaced by continuations; from (ii) we see that the 
number of changes of sign will be the same whether we take the 
upper or the lower signs; let us take the upper; thus the number of 
changes of sign cannot be less than in 





and this series of signs is the same as in the original polynomial 
with an additional change of sign at the end. 

If then we suppose the factors corresponding to the negative 
and imaginary roots to be already multiplied together, each factor 
x — a corresponding to a positive root introduces at least one change 
of sign; therefore no equation can have more positive roots than it 
has changes of sign. 

Again, the roots of the equation f (—x) = 0 are equal to those of 
f (x) = 0 but opposite to them in sign; therefore the negative roots of 
f (x) = 0 are the positive roots of f (- x) = 0; but the number of these 
positive roots cannot exceed the number of changes of sign in f (- x); 
that is, the number of negative roots of f (x) = 0 cannot exceed the 
number of changes of sign in f (- x). 

Example : Consider the equation x? + 5x? — x? + 7x + 2 = 0. 

Here there are two changes of sign, therefore there are at most 
two positive roots. 

Again f (- x) = — x? + 5x8 + x? — 7x + 2, and here there are three 
changes of sign, therefore the given equation has at most three negative 
roots, and therefore it must have at least four imaginary roots. 


BEEN Examples XXXV.b. 


Solve the equations : 











1- 4-8 
~ 
6x* — 13x? — 35x? — x + 3 = 0, one root being 2 Sam. 


1. 3x4 -10x + 4x? - x - 6 = 0, one root being 








2 
3. xt + 4x3 * 5x? + 2x — 2 = 0, one root being -1+ "Ed 
4. x'-* 4x? + 6x? + 4x + 5 = 0, one root being 4... 

5. Solve the equation x? - x* + 8x? - 9x — 15 = 0, one root being V3 and 


another 1- 24-1. 


Form the equation of lowest dimensions with rational coefficients, 
one of whose roots is 


6. 43442. 7. - 43 5. 8. oJ. 
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9. 45«2 M6. 

10. Form the equation whose roots are + 443,5x 24-1. 

11. Form the equation whose roots are 1+ V\-2, 2 + 4-3. 

12. Form the equation of the eighth degree with rational coefficients 
one of whose roots is 42 + V3 «4-1. 

13. Find the nature of the roots of the equation 

3x4 + 12x? + 5x - 4 = 0. 

14. Show that the equation 2x7 — x* + 4x? — 5 = 0 has at least four 
imaginary roots. 

15. What may be inferred respecting the roots of the equation 

x! — 4x6 + x 2x -3- 0? 
16. Find the least possible number of imaginary roots of the equation 
x? — x8 + x44 x7 4+1=0. 

17. Find the condition that x? — px? + qx - r = 0 may have 
(1) two roots equal but of opposite sign; 

(2) the roots in geometrical progression. 

18. If the roots of the equation x* + px? + qx? + rx + s = 0 are in arithmetical 
progression, show that p? - 4pq + 8r = 0; and if they are in geometrical 
progression, show that p?s = r?. 

19. If the roots of the equation x" — 1 = 0 are 1, a, P, y ,...., show that 

1-o0)-B (-y...... - n. 
If a, b, c are the roots of the equation x? — px? + qx — r = 0, find the 
value of 

20. Zab? 21. (b +c) (c + a) (a+b) 22. z(t $ 3 

23. Sar die 
If a, b, c, d are the roots of x* + px? + qx? + rx + s = 0, find the value 
of 

24. Xi? bc. 

25. Zat. 

548. To find the value of f(x + h), when f (x) is a rational integral function 

of x. 

Let f(x) = pox" + px"! + pax" 2 ta. + Pa-1 X + py; then 





f (x + h) = po (x + hy + py (x + hy! + po (x + h-? s. 
t Pa-1 (x ale h) E Pn- 
Expanding each term and arranging the result in ascending 





powers of h, we have 
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Pox" + pix” tA pax" -2 4+, *Pua-iX [Ds 
+h {mpox"~* + (n- 1) px"? + (n-2) pax"? + t Paa) 


2 
+ Ft (n= Dp iren 1) (n= 2) pa €— *2p, 3} 





h” 
| zn (n — 1) (n—- 2).......2+ 1p,]. 
This result is usually written in the form 


n? h? h" 
f(x+h)=f(x)+hf (x)4 ait © H LA ERE, H up (x), 


and the functions f '(x), f ” (x), f "'(x),...., are called the first, second, third,..... 
derived functions of f (x). 

The student who knows the elements of the Differential Calculus 
will see that the above expansion of f (x + h) is only a particular case 
of Taylor's Theorem; the functions f'(x), f "(x), f"'(x) may therefore be 
written down at once by the ordinary rules for differentiation : thus 
to obtain f'(x) from f (x) we multiply each term in f (x) by the index 
of x in that term and then diminish the index by unity. 








Similarly by successive differentiations we obtain f " (x), f” (x),......... 
By writing — h in the a of h, we have 


f(x-h)- fQ)- hf (e FO- =F" (+ eM tC irs Te. 


The function f (x + h) is Duden symmetrical with respect to 
x and h; hence 


f (x *h)o f (h)* xf’ (+ NICE sii ey (h). 


Here the expressions f’ E. f" (a) fF (nh) ..... denote the results 
obtained by writing h in the place of x in the successive derived 
functions f’ (x), f" (x), f" (x), ........ 

Example : If f (x) = 2x* — x? — 2x? + 5x — 1, find the value of f (x + 3). 

Here f (x) = 2x* — x? — 2x? + 5x - 1, so that f (3) = 131; 

f'(x)-88-93x?-4x +5 and f'(8)- 182; 





P qax ?-8x 2,and LS) -g;, 








un n (iv) 
t Q) . gx 1, and / (3) _ 93. f Oa, 
3! 3! 4! 
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Thus f (x + 3) = 2x* + 2332 + 97x? + 182x + 131. 

The calculation may, however, be effected more systematically 
by Horner’s process, as explained in the next article. 
549. Let f (x) = pox” + pix" - 1 + pax" -2 + nu tva iX Pui 


put x = y +h, and suppose that f (x) then becomes 
n-1 n-24 














qoy” + qıy qay E + Qu -1V + Qn. 
Now y = x — h; hence we have the identity 
Pox" + pix" 1 + pax" Eas + Dy 1X + pu 








= qo (x = h)" + qi (x = ET ues + qui (X - h) + qu; 
therefore 4, is the remainder found by dividing f (x) by x — h; also 
the quotient arising from the division is 
qo (x = h" -! + q(x = h-?« a. Figa 

Similarly q,. is the remainder found by dividing the last 

expression by x - h, and the quotient arising from the division is 
qo (x = RIT qı (x = h)" =? +... quo 

and so on. Thus qu, ds 4j dg —y oe may be found by the rule explained 
in Art. 515. The last quotient is gy, and is obviously equal to po. 
Example : Find the result of changing x into x + 3 in the expression 
2x* — x3 — 232 + 5x - 1. 


Here we divide successively by x - 3. 








2 -1 -2 5 4 Or more briefly thus : 
6 15 39 132 2 Ao 5. cet 
5 13 44 |131=q, 25 13 44 |131 
6 33 138 2 11 46 |182 
11 46 | 182 = q, 2 17 |97 
6 51 2 |23 
17|97 = q, 2 
6j 
2324, 





Hence the result is 2x4 + 233? + 97x? + 182x + 131. Compare 
Art. 548. 

It may be remarked that Horner's process is chiefly useful in 
numerical work. 





550. Ifthe variable x changes continuously from a to b the function f (x) will 
change continuously from f (a) to f (b). 

Let c and c + h be any two values of x lying between a and b. We 
have 





f (c h)- f(c) - hf (c) s MOLTE T fc); 
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and by taking h small enough the difference between f (c + h) and 
f (c) can be made as small as we please; hence to a small change in 
the variable x there corresponds a small change in the function f (x), 
and therefore as x changes gradually from a to b, the function f (x) 
changes gradually from f (a) to f (D). 
551. It is important to notice that we have not proved that f (x) 
always increases from f (a) to f (b), or decreases from f (a) to f (b), but 
it passes from one value to the other without any sudden change; 
sometimes it may be increasing and at other times it may be 
decreasing. 

The student who has a knowledge of the elements of Curve-tracing 
will in any particular example find it easy to follow the gradual 
changes of value of f (x) by drawing the curve y - f (x). 


552. If f (a) and f (b) are of contrary signs then one root of the equation 
f (x) = 0 must lie between a and b. 

As x changes gradually from a to b, the function f (x) changes 
gradually from f (a) to f (b), and therefore must pass through all 
intermediate values; but since f (a) and f (b) have contrary signs the 
value zero must lie between them; that is, f (x) = 0 for some value 
of x between a and b. 

It does not follow that f (x) = 0 has only one root between 
a and b; neither does it follows that if f (a) and f (b) have the same sign 
f (x) = 0 has no root between a and b. 

553. Every equation of an odd degree has at least one real root whose sign 
is opposite to that of its last term. 

In the function f (x) substitute for x the values of + œ, 0, — © 
successively, then 

fœ =)= +, f (0) = pu f Ee) =- e 

If p, is positive, then f (x) = 0 has a root lying between 0 and — e», 
and if p, is negative f (x) = 0 has a root lying between 0 and + ee. 
554. Every equation which is of an even degree and has its last term negative 
has at least two real roots, one positive and one negative. 

For in this case 

fir =)= + <, f (0) = pu f (C œ) = + œ; 
but p, is negative; hence f (x) = 0 has a root lying between 0 and + ee, 
and a root lying between 0 and - ee. 
555. If the expressions f (a) and f (b) have contrary signs, an odd number of 
roots of f (x) = 0 will lie between a and b; and if f (a) and f (b) have the same 
sien, either no root or an even number of roots will lie between a and b. 
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Suppose that a is greater than b, and that æ, D, y, ...... , k represent 
all the roots of f (x) = 0 which lie between a and b. Let ọ (x) be the 
quotient when f (x) is divided by the product (x - o) (x -= B) (x = y)........ 
(x - E); then 

fe) = (x - a) (x - B) (x - Y) (x - k) 6 (x). 

Hence f (a) = (a — o) (a — B) (a — y) ....... (a — k) ọ (a). 

f (b) = (b - a) (b - B) (b — y) ........ (b — k) 9 (b). 

Now 6 (a) and 9 (b) must be of the same sign, for otherwise a root 
of the equation @ (x) = 0, and therefore of f (x) = 0, would lie between 
a and b [Art. 552], which is contrary to the hypothesis. Hence if f (a) 
and f (b) have contrary signs, the expressions 

(a — a) (a — B) (a — Y) ........ (a — k); 

(b — a) (b — B) (b — y) ......... (b-k), 
must have contrary signs. Also the factors in the first expression 
are all positive, and the factors in the second are all negative; hence 
the number of factors must be odd, that is the number of roots 
(Sees k must be odd. 

Similarly if f (a) and f (b) have the same sign the number of factors 
must be even. In this case the given condition is satisfied if o, D, y, 
ee k are all greater than a, or less than b; thus it does not necessarily 
follow that f (x) = 0 has a root between a and b. 


556. If a, b, c, ....... k are the roots of the equation f (x) = 0, then 
f (X) = po (x = a) (x = b) (x = c) ....... (x — Kk). 
Here the quantities a, b, c....... k are not necessarily unequal. If r 


In this case it is convenient still to speak of the equation 
f (x) = 0 as having n roots, each of the equal roots being considered 
a distinct root. 
557. If the equation f (x) = 0 has r roots equal to a, then the equation 
f'(x) = 0 will have r — 1 roots equal to a. 

Let $ (x) be the quotient when f (x) is divided by (x — a)’; then 
f(x) 7 (x - ay o (x). 

Write x + h in the place of x; thus 

f(x*h)2(x-a-*hy o (x +h); 


f (x) + hf’ (x) + ^i f^) sess 


-(x-ay-r(x-ay '!h«...] l (x) + ho’ (x) + 7 $^ (x) + H 
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In this identity, by equating the coefficients of h, we have 
F =r (x-a o (x) + (x -ay e (9. 

Thus f’ (x) contains the factor x — a repeated f - 1 times; that is, 
the equation f’ (x) = 0 has r — 1 roots equal to a. 

Similarly we may show that if the equation f (x) = 0 has s roots 
equal to b, the equation f’ (x) = 0 has s — 1 roots equal to b; and so on. 
558. From the foregoing proof we see that if f (x) contains a factor 
(x — ay, then f’ (x) contains a factor (x — a)' -!; and thus f (x) and f’ (x) 
have a common factor (x — ay'- !. Therefore if f (x) and f’ (x) have no 
common factor, no factor in f (x) will be repeated; hence the equation 
f (x) = 0 has or has not equal roots, according as f (x) and f’ (x) have or have 
not a common factor involving x. 

559. From the preceding article it follows that in order to obtain 
the equal roots of the equation f (x) = 0, we must first find the highest 
common factor of f (x) and f' (x). 

Example 1. : Solve the equation x* — 11x? + 44x? — 76x + 48 = 0, which 
has equal roots. 

Here f(x) -x*- 11x? + 44x? - 76x + 48, 

f! (x) = 4x3 — 33x? + 88x - 76; 
and by the ordinary rule we find that the highest common factor 
of f (x) and f’ (x) is x — 2; hence (x - 2)? is a factor of f (x); and 

f(x) = (x - 2)? (2 - 7x + 12) 

= (x - 2} (x - 3) (x - 4); 

thus the roots are 2, 2, 3, 4. 
Example 2. : Find the condition that the equation ax? + 3bx* + 3cx + d=0 
may have two roots equal. 

In this case the equations f (x) = 0, and f’ (x) = 0, that is 

ax?-3bx?-3ex d =O 0 a (1) 

ax?*2bx +0= 0 0000000000000 uus Q) 

must have a common root, and the condition required will be obtained 
by eliminating x between these two equations. 








By combining (1) and (2), we have 
b?-2cex +d =O 00 uu (3) 
From (2) and (3), we obtain 
EK o X E 1 
2(bd-c) bc-ad 2(ac—b?)’ 
thus the required conditions is 
(bc — ad)? = 4 (ac — b?) (bd — c?). 
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560. We have seen that if the equation f (x) = 0 has r roots equal to 
a, the equation f’ (x) = 0 has r - 1 roots equal to a. But f” (x) is the first 
derived function of f’ (x); hence the equation f" (x) = 0 must have 
r — 2 roots equal to a; similarly the equation f" (x) = 0 must have 
r — 8 roots equal to a; and so on. These considerations will sometimes 
enable us to discover the equal roots of f (x) = 0 with less trouble than 
the method of Art. 559. 


561. If a, b, c,....... k are the roots of the equation f (x) = 0, to prove that 
f (9-19, O f), e p 
x-a x-b x-c x-k 
We have f (x) = (x — a) (x - b) (x = c) ....... (x — k); 
writing x + h in the place of x, 
f(x*hj-(x-ach)y(x-b*h)(x—-c-h)..... (x-k+h) ...(1) 








h? 
But f (x +h) = f (x) * hf'(x)4 2] T^) Tias 
hence f’ (x) is equal to the coefficient of h in the right-hand member 
of (1); therefore, as in Art. 163, 
f’ (x) = (x = b) (x = 6) ae. (x — k) + (x - a) (x - c) ..... (x - k) *...; 
f(x) H fe) H fo) Pio t f(x) 


x-a x-b x-c x-k 





that is f (x)= 


562. The result of the preceding article enables us very easily to 
find the sum of an assigned power of the roots of an equation. 
Example : If S, denote the sum of the k powers of the roots of the 
equation x? + px* + qx? + t = 0, find the value of S,, S; and S ,. 











Let f (x) = x9 + pxt + qx? + t; 
then f’ (x) = 5x4 + Apx? + 2qx. 
Now EO) oy + (a + p) x? (à + ap) x? + (a? + a?p + q) x + at + p + ag; 


and similar expressions hold for 


f(x) fœ feo fe) 


, , 
x-b'x-c'x-d'x-e 








Hence by addition, 
5x4 + Api? + 2qx = 5x4 + (S, + 5p) x? + (Sy + pS) x? 
t (S3 + pS5 + 5q) x + (S4 + pS3 + G54). 
By equating coefficients, 








Sı + 5p = 4p, whence S,=-p; 
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Sy + pS, = 0, whence 5S, =p’; 





S3 + pS, +5q=2q, whence S;=- p? - 39; 











S4 + pS3 + gS, = 0, whence S4= p* + 4pq. 
To find the value of S, for other values of k, we proceed as follows. 
Multiplying the given equation by x*-5 
k -14 qx* -34 txk -5 =0. 
Substituting for x in succession the values a, b, c, d, e and adding 
the results, we obtain S, + pS,_1 + qS,_3 + tS,_5= 0. 





xk + px 























Put k = 5; thus Ss + pS4 + qS, + 5t=0, 
whence S5 = — p? - 5p?q — 5t. 

Put k = 6; thus Se + pSs + qS; + tS, = 0, 
whence S6 = p® + 6p%q + 3q? + 6pt. 


To find S_4 put k = 4, 3, 2, 1 in succession; then 
S, t pS3 t q5i tS 4 = 0, whence S = 0; 























S3 + pS, + 5q + tS = 0, whence S, = ES 
Sy + pS, + qS + 15.5 - O, whence S3 = 0; 
2 
S,+5p + qS + tS4=0, whence $,9 E = z 


563. When the coefficients are numerical we may also proceed as 
in the following example. 
Example : Find the sum of the fourth powers of the roots of 
x8 — 2x7 +x-1=0. 
Here f (x) =x9-2x?+x-1, 
f’ (x) = 3x? - Ax + 1. 


f(x) 1, 1, 1 











1 
hence 5, is equal to the coefficient of —zin the quotient of f'(x) by 
x 


f (x), which is very conveniently obtained by the method of synthetic 
division as follows : 
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X 2 5 10 





3 
Hence the quotient is + + + + Posi ;thus S, = 10. 
x x 


— Examples ald c. 
If f (x) = x* + 10x? + 39x? + 76x + 65, find the value of f (x — 4). 


If f (x) = x* — 12:2. + 17x? - 9x + 7, find the value of f (x + 3). 

If f (x) = 2x* — 13x? + 10x - 19, find the value of f (x + 1). 

If f (x) = xt + 16:332 + 72x? + 64x — 129, find the value of f (x - 4). 
If f (x) = ax? + bx? + cx + d, find the value of f (x + h) — f (x - h). 
Show that the equation 10x? — 17x? + x + 6 = 0 has a root between 
0 and - 1. 

7. Show that the equation x* — 5x? + 33? + 35x — 70 = 0 has a root 
between 2 and 3 and one between - 2 and - 3. 

















Dau Ft WN 


8. Show that the equation x* - 12x? + 12x — 3 = 0 has a root between 
-3 and - 4 and another between 2 and 3. 


9. Show that x? + 5x* — 20x? — 19x — 2 = 0 has a root between 2 and 3, 
and a root between - 4 and - 5. 


Solve the following equations which have equal roots : 

10. xt - 9x? + Ax + 12 = 0. 

11. x^ - 6x? + 12x? - 10x + 3 = 0. 

12. x? - 183x* + 673? - 171x? + 216x - 108 = 0. 

13. xë — x3 + 4x? - 3x + 2 = 0. 

14. 8x* + 4x? - 18x? + 11x - 2 = 0. 

15. x$- 330 + 6x3 - 332 - 3x + 2 = 0. 

16. x$ — 235 — 4x4 + 12x? - 3x? — 18x + 18 = 0. 

17. xt - (a + b) x- a (a - b) x? + à? (a + b) x - b = 0. 

Find the solution of the following equations which have common 
roots : 

18. 2x4 — 2x3 + x? + 3x — 6 = 0, Ax* — 2x9 + 3x - 9 = 0. 

19. 4x^ + 12x? — x? — 15x = 0, 6x* + 13x? — 4x? — 15x = 0. 

20. Find the condition that x" — px? + r = 0 may have equal roots. 





21. Show that x^ + qx? + s = 0 cannot have three equal roots. 
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22. Find the ratio of b to a in order that the equations 
ax? + bx + a = 0 and 2-2x? + 2x - 1-0 
may have (1) one, (2) two roots in common. 
23. Show that the equation 
x" +nx"-l4+n (n = 1) X? A +n!=0 
cannot have equal roots. 
24. If the equation x? — 10a°x? + b*x + c? = 0 has three equal roots, show 
that abt — 9a5 + c? = 0. 
4 





25. If the equation x* + ax? + bx? + cx + d = 0 has three equal roots, show 


6c — ab 
that each of them is equal to 3d -8b 
26. If x5 + gx? + rx? + t = 0 has two equal roots, prove that one of them 
will be a root of the quadratic 
15r? — 6q°x + 25t — Aqr = 0. 
27. In the equation x? — x - 1 = 0, find the value of S,. 
28. In the equation x* — x? — 7x? + x + 6 = 0, find the value of S, and Se. 


TRANSFORMATION OF EQUATIONS 





564. The discussion of an equation is sometimes simplified by 
transforming it into another equation whose roots bear some assigned 
relation to those of the one proposed. Such transformations are 
especially useful in the solution of cubic equations. 
565. To transform an equation into another whose roots are those of the proposed 
equation with contrary signs. 

Let f (x) = 0 be the proposed equation. 

Put — y for x; then the equation f (- y) = 0 is satisfied by every 
root of f (x) = 0 with its sign changed; thus the required equation is 
f Cy) -0. 


If the proposed equation is 





Pox" + pix" Es * Pox" a Fus Pn -1% t Pn = 0, 
then it is evident that the required equation will be 
Poy" = pw" + pay"? ss + 1" Pn 1 + C Dp, = 0, 


which is obtained from the original equation by changing the sign of 
every alternate term beginning with the second. 


566. To transform an equation into another whose roots are equal to those of 
the proposed equation multiplied by a given quantity. 
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Let f (x) = 0 be the proposed equation, and let q denote the given 


Y 
quantity. Put y = qx, so that x = then the required equation is 


The chief use of this transformation is to clear an equation of 
fractional coefficients. 
Example : Remove fractional coefficients from the equation 








aa 3? : x4 1 0. 
2 8 16 
Put x=% and multiply each term by g; thus 
q 
3 1 3 
2y° n ^y 4 * e 
y 739 "g7Y * i64 


By putting q = 4 all the terms become integral, and on dividing 
by 2, we obtain 
y -3y -y+6=0. 
567. To transform an equation into another whose roots are the reciprocals of 
the roots of the proposed equation. 


1 
Let f (x) =0 be the proposed equation; put y = I so that x = y then 
x 


: TENE 1 
the required equation is « =0. 


One of the chief uses of this transformation is to obtain the values 
of expressions which involve symmetrical functions of negative 
powers of the roots. 

Example 1. : If a, b, c, are the roots of the equation x? — px? + qx - r = 0. 
1 1 


1 
find th I far tae 
ind the value o 5g g 


1 
Write » for x, multiply by 3?, and change all the signs; then the 


resulting equation ry? - qy? + py -1 = 0, 


] 111 
has for its roots =, =,=; 
abc 
1 1 
hence e o smnee ale 
ar ab r 
yl q? — 2pr 
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Example 2. : If a, b, c are the roots of x? + 2x? - 3x — 1 = 0, find the value 
of à? + b? + c3. 


Writing d for x, the transformed equation is 
d y? + 3y? — 2y - 1 = 0; 
and the given expression is equal to the value of S3 in this equation. 
Here 5,2 — 3; 
Sy = (— 3)? — 2 (- 2) = 13; and S; + 3S, - 2S, - 3 = 0; 
whence we obtain S, = — 42. 


1 
568. If an equation is unaltered by changing x into P it is called a 


reciprocal equation. 
If the given equation is 
X! xt 1c pot? pes + Py 2X2 + pyaqx*p,-0, 


the equation obtained by writing = for x, and clearing of fractions is 





n-2 





x 
= E E i 
pul" + Puix" l Appa A eu t pox? + pıx+1=0 


If these two equations are the same, we must have 








Pa-1 P.-2 _ Po _ Pı 1. 
Pi P, nc eum 
from the last result we have p, = + 1, and thus we have two classes 
of reciprocal equations. 
(i) If p, = 1, then 
Pi = Pu-w P27 Pn-2 P35 Pn-9 = ; 
that is, the coefficients of terms equidistant from the beginning and 
end are equal. 
(ii) If p, = -1, then 
Pi =~ Pa-v P27 —Pn-2 P357 —-Pn-9 ee ; 
hence if the equation is of 2m dimensions p,, = — Py, or Pm = 0. In this 
case the coefficients of terms equidistant from the beginning and 
end are equal in magnitude and opposite in sign, and if the equation 
is of an even degree the middle term is wanting. 


569. Suppose that f (x) = 0 is a reciprocal equation. 

If f (x) = 0 is of the first class and of an odd degree it has a root -1; 
so that f (x) is divisible by x + 1. If $ (x) is the quotient, then 
$ (x) = 0 is a reciprocal equation of the first class and of an even 
degree. 

If f (x) = 0 is of the second class and of an odd degree, it has a root + 1; 
in this case f (x) is divisible by x — 1, and as before ọ (x) = 0 isa 
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reciprocal equation of the first class and of an even degree. 

If f (x) = 0 is of the second class and of an even degree, it has a 
root + 1 and a root - 1; in this case f (x) is divisible by x? — 1, and 
as before $ (x) = 0 is a reciprocal equation of the first class and of an 
even degree. 

Hence any reciprocal equation is of an even degree with its last term positive, 
or can be reduced to this form; which may therefore be considered as the 
standard form of reciprocal equations. 


570. Areciprocal equation of the standard form can be reduced to an equation 
of half its dimensions. 
Let the equation be 
ax?" 4 py?om- 3 ex?m be acess E o DENN + cx? + bx + a= 0; 


dividing by x” and rearranging the terms, we have 


ipn Lern jets LJ Be +k=0. 
x" x” x" 

+ | 1 1 fi 1 2 | 1 . 
Now  x"*!4 eu n i: 4 [e 14 zx 


is 1 a ; ; 
hence writing z for x+—,and giving to p in succession the values 
x 



































14.25 Speis we obtain 
gl egia, 
x 
Wu o4 a ee ee 
x ;7z(z-2)-z-2z -3z 
x 
x cag 8z) - (2° - 2) = z^ - Az? +2; 


1 : NT 
and so on; and generally x" + — is of m dimensions in z, and therefore 
x 
the equation in z is of m dimensions. 
571. To find the equation whose roots are the squares of those of a proposed 
equation. 

Let f (x) = 0 be the given equation; putting y = x 
x= Jy; hence the required equation is f qv) =0. 
Example : Find the equation whose roots are the squares of those of 
the equation x? + p;x? + pox + ps = 0. 


2 we have 





Putting x= J, and transposing, we have 


(y +p) Jv mm (by ii Pay 
whence (v? + 2poy + p2) y = py? + 2pipsy + p3, 
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or y? + Qpi - pi) v^ + (p3 - 2pys) y - p3 = 0. 

Compare the solution given in Example 2, Art. 539. 

572. To transform an equation into another whose roots exceed those of the 
proposed equation by a given quantity. 

Let f (x) = 0 be the proposed equation, and let h be the given 
quantity; put y = x + h, so that x = y - h; then the required equation 
is f (y - h) = 0. 

Similarly f (y + h) = 0 is an equation whose roots are less by h 
than those of f (x) = 0. 

Example : Find the equation whose roots exceed by 2 the roots of the 
equation 4x* + 323? + 83x? + 76x + 21 = 0. 

The required equation will be obtained by substituting x — 2 for 
x in the proposed equation; hence in Horner's process we employ 
x *2 as divisor, and the calculation is performed as follows : 

4 32 83 76 21 





4 24 85 6 |9 
4 16 3 |o 

4 13 

4 |o 

4 


Thus the transformed equation is 
Ax* — 13x? + 9 = 0, or (4x? - 9)(x? - 1) = 0. 


The roots of this equation are + , ->, + 1, - 1; hence the roots of 


the proposed equation are 
1 7 
Beye 9. 
2 2 
573. The chief use of the substitution in the preceding article is to 
remove some assigned term from an equation. 


Let the given equation be 











pox” + pax" 71 pax" 2 + ee t puoi X+ Py = 0; 
then if y = x - h, we obtain the new equation 
Po (Y + h)" + pı (y + hy "epo (y thy? +... + p, = 0, 


which, when arranged in descending power of y, becomes 
x pan n(n-1 ud 
Poy" * (ph p)y" ! 4 | T ) yh? F(n— 1) ph ry “paas Ù: 


If the term to be removed is the second, we put npoh + p, = 0, so 





that h=- Pi. if the term to be removed is the third we put 
np, 
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n (n — 1) 
2! 
and so obtain a quadratic to find h; and similarly we may remove 
any other assigned term. 
Sometimes it will be more convenient to proceed as in the following 

example. 
Example : Remove the second term from the equation 

po + qx? +rx+s=0. 





poh? t(n-1)ph+p,=0, 


Let a, B, y be the roots, so that a+B+y= — 1 Then if we increase 
P 


each of the roots by = in the transformed equation the sum of the 


roots will be equal to — LE 4. that is, the coefficient of the second 
p 


term will be zero. 

Hence the required transformation will be effected by substituting 
x E. x in the given equation. 

574. From the equation f (x) = 0 we may form an equation whose 
roots are connected with those of the given equation by some assigned 
relation. 

Let y be a root of the required equation and let ọ (x, y) = 0 denote 
the assigned relation; then the transformed equation can be obtained 
either by expressing x as a function of y by means of the equation 
(x, y) = 0 and substituting this value of x in f (x) = 0; or by eliminating 
x between the equations f (x) = 0 and 6 (x, y) = 0. 

Example 1 : If a, b, c are the roots of the equation x? + px? + qx + r = 0, 
form the equation whose roots are 


1 1 1 
c 





1 ; 
When x =a in the given equation, y =4 — bc in the transformed equation; 
C 


but 


1 a a 
a =a =at+-; 
be abc r 
and therefore the transformed equation will be obtained by the 


substitution 














i ry 
exu or x= F 
: a 1+r 
thus the required equation is 


ry? +pr (1+r)y +q (1+r}y+(1+r}=0. 
y tp y tq y 
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Example 2. : Form the equation whose roots are the squares of the 
differences of the roots of the cubic 
x *qgqxtr-0. 
Let a, b, c be the roots of the cubic; then the roots of the required 
equation are (b — oJ?, (c — a)’, (a — b)*. 








Now (b-cy-2b +c? -2be =a? +b +c? -a au 
a 
=(a+b+c)—2 (bc + ca + ab) — a° zo 

eer ee 

a 


also when x = a in the given equation, y = (b — c)? in the transformed 
equation; 
2r 
--2g -x° 4 — 
y q 3 
Thus we have to eliminate x between the equations 


x -gx-*r-0, 
and xX + (2q + y)x-2r=0 











3r 
qty 
Substituting and reducing, we obtain 
y? + 6qy? + 9q2y + 277? + Ag? = 0. 
Corollary :- If a, b, c are real, (b — c)’, (c — a)’, (a — b? are all positive; 
therefore 271? + 4q° is negative. 
Hence in order that the equation x? + qx + r = 0 may have all its 





By subtraction (¢+y)x=3r; or x= 





2 3 
roots real 27r? + 4g? must be negative, that is 5) + B must be 


negative. 

If 277? + 4j? = 0 the transformed equation has one root zero, therefore 
the original equation has two equal roots. 

If 27r? + 4j? is positive, the transformed equation has a negative 
root [Art. 553], therefore the original equation must have two 
imaginary roots, since it is only such a pair of roots which can produce 
a negative root in the transformed equation. 


BEEN Examples XXXV.d. 





: 1 1 : ' 
1. Transform the equation x°- 4x? + "uM a 0 into another with 
integral coefficients, and unity for the coefficient of the first term. 


2. Transform the equation 3x* - 5x3 + x? - x + 1 = 0 into another the 
coefficient of whose first term is unity. 
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Solve the equations : 


3. 


N Oo U A 


10. 


2x! + x3 - 6x2 +x+2=0. 

x* — 10:2 + 26x? — 10x + 1 = 0. 

x° — 5x4 + 9x3 — 9x? + 5x — 1 = 0. 

4x6 — 24x5 + 57x4 — 73x3 + 57x? — 24x + A = 0. 

Solve the equation 3x3 — 22x? + 48x - 32 = 0, the roots of which 
are in harmonical progression. 

The roots of x? — 11x? + 36x — 36 = 0 are in harmonical progression; 
find them. 

If the roots of the equation x? — ax? + x - b = 0 are in harmonical 
progression, show that the mean root is 3b. 

Solve the equation 40x* — 22:2 — 21x? + 2x + 1 = 0, the roots of 
which are in harmonical progression. 


3 


Remove the second term from the equations : 


11. 
12. 
13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


22. 
24. 


26. 


x? — 6x? + 10x - 3 = 0. 

xt + 4x + 2x? — 4x -2 =0. 

x° + 5x44 3x3 + 424+ x-1-0. 
x$ — 12x? + 3x? — 17x + 300 = 0. 














Transform the equation x? — _ = : - Qinto one whose roots exceed 


3 
by z the correponding roots of the given equation. 


Diminish by 3 the roots of the equation 
x?- 4x4 + 33? - Ax + 6 - 0. 
Find the equation each of whose roots is greater by unity than 
a root of the equation x? — 5x? + 6x - 3 = 0. 
Find the equation whose roots are the squares of the roots of 
x^pa x ac d. 
Form the equation whose roots are the cubes of the roots of 
x + 3x2 +2 = 0. 
If a, b, c are the roots of x? + qx + r = 0, form the equation whose 
roots are 











ka“, kb“, kc. 21. b? c, c2 a2, a? p. 
b+c cta a+b 25 tee pat 
er’ Pp!’ Ce ee ge d — X 


à (b * c), b (c * a), c (a * b). 25. a®, b’, œ. 


b cc aa b 





Ty  . V. Gx T a 
c ba cb a 
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27. Show that the cubes of the roots of x? + ax? + bx + ab = 0 are given 
by the equation x? + a?x? + b?x + ab? = 0. 
28. Solve the equation x? — 5x* — 5x? + 25x? + 4x — 20 = 0, whose roots 
are of the form a, -a, b, — b, c. 
29. If the roots of x? + 3px? + 3qx + r = 0 are in harmonical progression, 
show that 24? = r (3pq - r). 
CUBIC EQUATIONS 
575. The general type of a cubic equation is 
x3 + Px? + Qx +R=0, 
but as explained in Art. 573 this equation can be reduced to the 
simpler form x? + qx + r = 0, which we shall take as the standard form 
of a cubic equation. 








576. To solve the equation x? + qx + r = 0. 
Let x = y + z; then xX =y? + z + 3yz (y + z) = P + z? + 3yzx, 
and the given equation becomes 
y? + z? + (Byz+q)xt+r=0. 
At present y, z are any two quantities subject to the condition 
that their sum is equal to one of the roots of the given equation; if 
we further suppose that they satisfy the equation 3yz + q = 0, they 


are completely determinate. We thus obtain 
3 





y ez =r, y’? =- 


»7' 
hence y’, z? are the roots of the quadratic 
3 
Part- o, 
2 


Solving this equation, and putting 


2 
z=- 2) 
2 Y4 27 


we obtain the value of x from the relation x = y + z; thus 


1 1 
2 33 2 3/3 
x= 4 t E H q t d E H q š 
2 4 27 2 4 27 


The above solution is generally known as Cardan’s Solution, as it 
was first published by him in the Ars Magna, in 1545. Cardan obtained 
the solution from Tartaglia; but the solution of the cubic seems to 
have been due originally to Scipio Ferreo, about 1505. An interesting 
historical note on this subject will be found at the end of Burnside 
and Panton’s Theory of Equations. 








Theory of Equations 447 





577. By Art. 110, each of the quantities on the right-hand side of 
equations (1) and (2) of the preceding article has three cube roots, 
hence it would appear that x has nine values; this, however, is not 


the case. For since yz =- 7 the cube roots are to be taken in pairs 
so that the product of each pair is rational. Hence if y, z denote the 
values of any pair of cube roots which fulfil this condition, the only 
other admissible pairs will be wy, œz and wy, wz, where œ, œ? are 
the imaginary cube roots of unity. Hence the roots of the equation 
are 
y +z, Oy + oz, Wy + wz. 
Example : Solve the equation x? — 15x = 126. 
Put y + z for x, then y? + z? + (8yz - 15) x = 126; 


put 3yz - 15-0 
then y? + z? = 126; 
also yz? = 125; 


hence y°, z? are the roots of the equation 
t — 126t + 125 = 0; 
y = 125, 2 = 1; 
y=0,2= 1; 
Thus yt+z=5+1=6; 








iS o. 1 4-3 
2 UC 
--3424-8; 


oy +z - -3- 24-3; 
and the roots are 6.29% 2/65 5595/3, 


578. To explain the reason why we apparently obtain nine values 
for x in Art. 576, we observe that y and z are to be found from the 


oy + 07z = 


equation, i? + z? + r 2 0, yz=- = but in the process of solution the 
3 





second of these was changed into j?^z? =- a which would also hold 
2 
if yz= 24 , OF YZ=—- n ; hence the other six values of x are solutions 


of the cubics 





x -0qx*r-0,x-o0gx-r-0 
579. We proceed to consider more fully the roots of the equation 
x*gqx€r-0 
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2 3 


(i) Jk = 3 is positive, then y? and z? are both real; let y and z 


4 27 
represent their arithmetical cube roots then the roots are 


y +z, ox + oz, oy + oz. 
The first of these is real, and by substituting for œ and œ? the other 
two become 








y+z y-z ytz y-z 
+ 3, 3. 
2: 2 y 2 2 y 
PN "m 
(ii) If ru +4 95 is zero, then y? = z?; in this case y = z, and the roots 
become 2y, y (œ + 0»), y (o + 02), or 2y, - y, - y. 


2 3 


(iii) If Loe is negative, then y? and Z? are imaginary expressions 


of the form a + ib and a - ib. Suppose that the cube roots of these 
quantities are m + in and m — in; then the roots of the cubic become. 


m+in+m-—in, or 2m; 
(m + in) œ + (m — in) o», or -m-n3; 
(m + in) o + (m — in) œ, Or -m + ny3; 





which are all real quantities. As however there is no general 
arithmetical or algebraical method of finding the exact value of the 
cube root of imaginary quantities [Compare Art. 89], the solution 
obtained in Art. 576 is of little practical use when the roots of the 
cubic are all real and unequal. 

This case is sometimes called the Irreducible Case of Cardan’s 
solution. 
580. In the irreducible case just mentioned the solution may be 
completed by Trigonometry as follows. Let the solution be 


1 1 
x=(a +ib} + (a — ib); 


b 
put a = r cos 9, b = r sin 9, so that r? = a? + b?, np 


1 1 
then (a + ib)? = {r (cos 0 + i sin0)]^. 


Now by De Moivre’s theorem the three values of this expression 


are 
1 0 .. 0| 4 0-2n , , O+2n 
Tr? cos — + i sin — |,r? | cos +isin F 

3 3 3 3 
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5 O+4n .. O0+4n 
aad fep. mem qr 


where E denotes the arithmetical cube root of r, and 0 the smallest 











angle found from the equation tan @= E 
a 


1 
The three values of (a — ib)? are obtained by changing the sign of 


i in the above results; hence the roots are 
1 1 


i E + 
2r? cos > 2r? cos oran 


1 
= 0 4 4n 
,2r? cos ———. 


BIQUADRATIC EQUATIONS 


581. We shall now give a brief discussion of some of the methods 
which are employed to obtain the general solution of a biquadratic 
equation. It will be found that in each of the methods we have first 
to solve an auxiliary cubic equation; and thus it will be seen that 
as in the case of the cubic, the general solution is not adapted for 
writing down the solution of a given numerical equation. 
582. The solution of a biquadratic equation was first obtained by 
Ferrari, a pupil of Cardan, as follows. 
Denote the equation by 
x4 + 2px? + qx? + 2rx + s = 0; 
add to each side (ax + b)?, the quantities a and b determined so as to 
make the left side a perfect square; then 
x! + 2px? + (q + a?) x? + 2 (r + ab) x + s + b? = (ax + b}. 
Suppose that the left side of the equation is equal to (x? + px + k)?; 
then by comparing the coefficients, we have 
p? + 2k = q +Q?, pk =r + ab, k= s + b?; 
by eliminating a and b from these equations, we obtain 
(pk - r} = (2k + p?- qY(? - s), 
Or 2k? — qi? + 2 (pr- s) k- ps + qs - ? = 0. 
From this cubic equation one real value of k can always be found 
[Art. 553]; thus a and b are known. Also 
(x? + px + ky = (ax + by; 
ra x? px + k = + (ax + by; 
and the values of x are to be obtained from the two quadratics 
x? + (p-—a)xt+(k-b)=0, 
and x? + (p a) x + (k+ b) - 0. 
Example : Solve the equation x* — 2x3 — 5x? + 10x — 3 = 0. 
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Add a^»? + 2abx + b? to each side of the equation, and assume 
xt — 2x3 + (a? — 5) x? + 2 (ab + 5) x+b?-3 = (x? — x +k)’; 
then by equating coefficients, we have 
a = 2k + 6, ab = =- k - 5, b? = K + 3; 
(2k + 6) (K2 + 3) = (k +5); 
2K + 5K —- 4k -7=0. 
By trial, we find that k = -1; hence a? = 4, b? = 4, ab = — 4. 
But from the assumption, it follows that 
(x2 — x + k}? = (ax + b}. 
Substituting the values of k, a and b, we have the two equations 
x? -x -1 = + (2x - 2); 
that is, x2- 3x + 1 = 0, and x? + x — 3 = 0; 


3+V5 -1+v13 

ac wc 
583. The following solution was given by Descartes in 1637. Suppose 
that the biquadratic equation is reduced to the form 

xt + qx? + rx + s= 0; 
assume xt + qx? + rx + s= (x? + kx +1) (x? - kx + m); 
then by equating coefficients, we have 
l+m- k =q, k(m-l)=r, lm=s. 
From the first two of these equations, we obtain 











whence the roots are 


2 





=i Y ag Es 
2m =k PIE Amk +g p 
hence substituting in the third equation, 

(IB + gk + r) (K + qk - r) = 4sk?, 
or k6 + 2gk* + (g? — 4s) ? - r? = 0. 

This is a cubic in k? which always has one real positive solution 
[Art. 553]; thus when k? is known the values of | and m are determined, 
and the solution of the biquadratic is obtained by solving the two 
quadratics 

x? + kx +1 = 0 and x?- kx + m = 0. 
Example : Solve the equation x* — 2x? + 8x - 3 = 0. 
Assume x* — 2x? + 8x — 3 = (x? + kx + 1) (x? — kx + m); 
then by equating coefficients, we have 
l+m-—k?=-2,k (m-1)=8, Im = - 3; 
whence we obtain (X? — 2k + 8) (X? — 2k - 8) = - 12k, 
or k6 — 4k* + 16k? — 64 = 0. 

This equation is clearly satisfied when k? — 4 = 0, or k = + 2. It will 

be sufficient to consider one of the values of k; putting k = 2, we have 
m +l=2, m -l= 4; that is, l=-1,m=3. 
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Thus xt — 2x? + 8x — 3 = (x? + 2x — 1) (x? -— 2x + 3); 
hence x? + 2x — 1 = 0, and x? - 2x + 3 = 0; 


and therefore the roots are -1+ V2, ti, 


584. The general algebraical solution of equations of a degree higher 
than the fourth has not been obtained, and Abel’s demonstration of 
the impossibility of such a solution is generally accepted by 
Mathematicians. If, however, the coefficients of an equation are 
numerical, the value of any real root may be found to any required 
degree of accuracy by Horner’s Method of approximation, a full 
account of which will be found in treatises on the Theory of Equations. 
585. We shall conclude with the discussion of some miscellaneous 
equations. 
Example 1. : Solve the equations : 
xtytztu=0, 
ax + by + cz + du= 0, 
ax + by + cz + du= 0, 
ax + Dy + cz + Bu= k. 
Multiply these equations, beginning from the lowest, by 
1, p, q, r respectively; p, q, r being quantities which are at present 
undetermined. Assume that they are such that the coefficients of 
y, z, u vanish; then 

















x (i + pi? + qa + r) = k, 
whilst b, c, d are the roots of the equation 
B+ pt+qt+r=0. 
Hence a> + pa? + qa * r 7 (a — b) (a — c) (a — d); 
and therefore (a - b) (a- c) (a- d) x =k. 
Thus the value x is found, and the values of y, z, u can be written 
down by symmetry. 
Corollary :- If the equations are 
xtytztu-l1, 
ax + by + cz + du = k, 
ax + by +z du, 
ax + by + cz du =k, 
by proceeding as before, we have 
x (P + pa? + qa + r) = kK? + p? + gk + r; 
(a — b) (a — c) (a — d) x = (k — b) (k-c) (k — d). 
Thus the value of x is found, and the values of y, z, u can be 
written down by symmetry. 
The solution of the above equations has been facilitated by the 
use of Undetermined Multipliers. 
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Example 2. : Show that the roots of the equation 

(x-a)(x-b)(x-c)-f?(x-a) - g (x -b) - I? (x — c) + 2fgh = 0 
are all real. 

From the given equation, we have 

(x — a) (x — b) (x - c) - £^) - (g? (x - b) + I? (x - c) - 2fgh) = 0. 
Let p, q be the roots of the quadratic 
(x - b) (x - 0) - f? - 0, 

and suppose p to be not less than q. By solving the quadratic, we 


have 
2x-bectQq(b-cy-Af aes (1) 


now the value of the surd is greater than b - c, so that p is greater 
than b or c, and q is less than b or c. 
In the given equation substitute for x successively the values 
Toy Hog seem 
the results are respectively 


ee, -(aup-b-hqp-cy,*(ub-q-hqe-qy,-o, 
since (p-b(p-o-f*-(b- q) (c- 9). 

Thus the given equation has three real roots, one greater than 
p, one between p and q, and one less than q. 

If p = q, then from (1) we have (b — c)? + 4f? = 0 and therefore 
b = c, f = 0. In this case the given equation becomes 

(x -= b) {(x - a) (x - b) - 8 - h?} = 0; 
thus the roots are all real. 

If p is a root of the given equation, the above investigation fails; 
for it only shows that there is one root between q and + œ, namely 
p. But as before, there is a second real root less than g; hence the 
third root must also be real. Similarly if q is a root of the given 
equation we can show that all the roots are real. 

The equation here discussed is of considerable importance; it 
occurs frequently in Solid Geometry, and is there known as the 
Discriminating Cubic. 


586. The following system of equations occurs in many branches 
of Applied Mathematics. 
Example : Solve the equations : 
x y z 
ath btX cA 
x y Z 
atu b+u ctu 
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x , y : Z = 
atv bv ctv ` 


Consider the following equation in 0, 
x,y Z _, @-)O-H)@-v), 


040 b«0 c«0 (a 4 0) (b 4-0) (c +0)’ 
x, y, z being for the present regarded as known quantities. 
This equation when cleared or fractions is of the second degree in 
0, and is satisfied by the three values 0 = 1,0 = i, 0 = v, in virture of 
the given equations; hence it must be an identity [Art. 310]. 
To find the value of x, multiply up by a * 0, and then put 
a+0=0; 























thus ui à)(-ca-u)(-a v), 
(b -a)(c - a) 
. _ (a X) (a+) (a * v) 
that is, x= -Pu A 


By symmetry, we have 
ae (b * X) (b * i) (b+ v) 
(b — c) (b — a) 
| (ct X) (c t u) (e +v) 
and (c-a)(c-b) ` 


BN Examples XXXV.e. 


Solve the following equations : 





, 











1. x?- 18x = 35. 2. x? + 72x — 1720 = 0. 

3. x3 + 63x — 316 = 0. 4. x? + 21x + 342 = 0. 

5. 289 — 9x? +1=0. 6. x? — 15x? — 33x + 847 = 0. 

7. 220 + 832 4+ 3x+1=0. 

8. Prove that the real root of the equation x? + 12x - 12 = 0 is 23/2 = 3/4. 
Solve the following equations : 

9. x* 3x? - 42x - 40 = 0. 10. x^ — 10x? - 20x - 16 = 0. 

11. xt + 8x9 + 9x? — 8x 10-0. 12. xf + 2x9 — 7x? — 8x + 12 = 0. 
13. x* — 3x7 - 6x -2 - 0. 14. xt — 2x3 - 12x? + 10x +3 = 0. 


15. 4x* — 20x? + 33x? - 20x + 4 = 0. 

16. x? - 6x* — 17x? + 17x? + 6x - 1 = 0. 

17. x* + 9x3 + 12x? — 80x - 192 = 0, which has equal roots. 

18. Find the relation between q and r in order that the equation 
x3 + qx + r = 0 may be put into the form x* = (x? + ax + by. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


Hence solve the equation 8x? - 36x + 27 = 0. 
If x? + 3px? + 3qx + r and x? + 2px + q have a common factor, show 
that 
4 (p^ - q) (j^ - pr) - (pq - r}? = 0. 
If they have two common factors, show that 
p?-q=0, q?- pr=0. 





If the equation ax? + 3bx? + 3cx + d = 0 has two equal roots, show 
polskon ten e 
at each of them is equal to 2(ac — py 


2 





Show that the equation x* + px? + qx 
as a quadratic if 7? = p?s. 


+ rx + s = 0 may be solved 


Solve the equation 

x$ — 18x^ + 16x3 + 28x? — 32x + 8 = 0 one of whose roots is /6 — 2, 
If a, B, y, 6 are the roots of the equation x* + qx? + rx * s =0, 
find the equation whose roots are B + y + 6 + (Dy6)-!, & c. 

In the equation x! — px? + qx? — rx + s = 0, prove that if the sum 
of two of the roots is equal to the sum of the other two 
p? — 4pq + 8r = 0; and that if the product of two of the roots is equal 
to the product of the other two 7? = p?s. 

The equation x? — 209x + 56 = 0 has two roots whose product is 
unity : determine them. 


Find the two roots of x? — 409x + 285 = 0 whose sum is 5. 
If a, b, c, ....... k are the roots of 
x"ckpux"-l!oe pyx"-2o ng + Pa-1 X + p, = 0, show that 


(1 +a?) (1+ P?) ........ (1+k)=(1-pot pa - Y + (pi- pa * ps... 
The sum of two roots of the equation 
x!- 8x3 + 21x? - 20x +5 =0 
is 4; explain why on attemping to solve the equation from the 
knowledge of this fact the method fails. 
EEE 


BENE Miscellaneous Examples 


1. 


2. 


10. 


11. 


12 


13. 


14. 





If sy, So, S3 are the sums of n, 2n, 3n terms respectively of an 
arithmetical progression, show that s3 = 3 (s; — s1). 


Find two numbers such that their difference, sum and product, 
are to one another as 1, 7, 24. 


In what scale of notation is 25 doubled by reversing the digits? 
Solve the equations : 

(1) (x + 2) (x + 3) (x-4) (x — 5) = A4. 

(2) x(y*z)*220,y(z-2x) + 2120, z 2x- y) = 5. 

In an A.P., of which a is the first term, if the sum of the first 
p terms = 0, show that the sum of the next g terms 


a (p * dy 
zs p-1 ` [R.M.A. Woolwich.] 
Solve the equations : 


(1) (a + b) (ax + b) (a — bx) = (a2x — b?) (a + bx). 
(2) x? 4 (2x -3y? - (12 (x - Df*. [India Civil Service.] 


Find an arithmetical progression whose first term is unity such 
that the second, tenth and thirty-fourth terms form a geometric 
series. 


If o, D, are the roots of x? + px + q = 0, find the values of 
o? + ap + B2, o? + B3, at + o? B? + p. 
If 2x 2 a + à! and 2y = b + b, find the value of 


xy t JG — 1) (? - 1). 
4+ VIB) + (4- VIBY 


8 3: [R.M.A. Woolwich.] 

(6 + V35} - (6 - V35)? 

If œ and p are the imaginary cube roots of unity, show that 
at + p^- o p - 0. 








Find the vlaue of 





. Show that in any scale, whose radix is greater than 4, the number 


12432 is divisible by 111 and also by 112. 
A and B run a mile race. In the first heat A gives B a start of 11 
yards and beats him by 57 seconds; in the second heat A gives 
B a start of 81 seconds and is beaten by 88 yards; in what time 
could each run a mile ? 
Eliminate x, y, z between the equations : 
xj-yz-mg,y - zx = b’, 2- xy= 2, x+ty+z=0. 

[R.M.A. Woolwich.] 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


24. 


Solve the equations : 





ax? + bxy + cy? = bx? + cxy + ay? = d. [Math. Tripos.] 
A waterman rows to a place 48 miles distant and back in 
14 hours : he finds that he can row 4 miles with the stream in 
the same time as 3 miles against the stream : find the rate of the 
stream. 

Extract the square root of 

(1) (a + ab + bc + ca) (bc + ca + ab + b?) (bc + ca + ab + c?). 


(2) 1- x 22x - 15 - 8x’. 





10 


Find the coefficient of xê in the expansion of (1— 3x)? , and the 
4, 37 

term independent of x in | 2x? - — |. 
3 2x 


Solve the equations : 


2x-3  3x-8 x43. 
(D eof aed weg 
(2) x? — y? = xy - ab, (x + y) (ax + by) = 2ab (a + b). 
[Trin. Coll. Camb.] 

Show that if a (b — c) x? + b (c — a) xy + c (a — b) y? is a perfect square, 
the quantities a, b, c are in harmonical progression. 

[St. Cath. Coll. Camb.] 
If (y -= z)? + (z - x)? + (x - y) = (y + z = 2x)? + (z + x -2yy 














+ (x + y — 2z}, and x, y, z are real, show that x = y = z. 
[St. Cath. Coll. Camb.] 
Extract the square root of 3e58261 in the scale of twelve, and find 


in what scale the fraction = would be represented by 17. 


Find the sum of the products of the integers 1, 2, 3, ........ ,n taken 
two at a time, and show that it is equal to half the excess of the 
sum of the cubes of the given integers over the sum of their squares. 
A man and his family consume 20 loaves of bread in a week. If 
his wages were raised 5 percent, and the price of bread were 


1 
raised 2 percent, he would gain 6d. a week. But if his wages 


were lowered 7 percent, and bread fell 10 percent, then he would 


1 
lose 1s d.a week : find his weekly wages and the price of a loaf. 


Miscellaneous Examples 457 





25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


The sum of four numbers in arithmetical progression is 48 and 

the product of the extremes is to the product of the means as 

27 to 35 : find the numbers. 

Solve the equations : 

(1) a (b— c) x? + b (c - a) x + c (a — b) = 0. 
(x-a)(x-b) (x-c)(x-d) 

( x-a-b x-c-d ` 


If Ja X yb x de x=0, show that 
(a+b+c+3x) (a+b+c-—x)=4 (bc + ca * ab); 
and if 3a + 3b + fc = 0,show that (a + b + c? = 27abc. 


A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at three-fifths of its 
former rate and arrives 3 hours after time : but had the accident 
happened 50 miles farther on the line, it would have arrived 








[Math. Tripos.] 




















1 hrs sooner : find the length of the journey. 


Solve the equations : 

2x + y = 2z, 9z — 7x = 6y, xX? + y? + z? = 216. [R.M.A. Woolwich.] 
Six papers are set in examination, two of them in mathematics: 
in how many different orders can the papers be given, provided 
only that the two mathematical papers are not successive ? 





In how many ways can £5. 4s. 2d, be paid in exactly 60 coins, 
consisting of half-crowns, shillings and fourpenny-pieces? 
Find a and b so that x? + ax? + 11x + 6 and x? + bx? + 14x + 8 may 
have a common factor of the form x? + px + q. 

[London University.] 
In what time would A, B, C together do a work if A alone could 
do it in six hours more, B alone in one hour more, and C alone 
in twice the time ? 





If the equations ax + by = 1, cx? + dy? = 1 have only one solution 
2 2 


b 
prove that Cu M 1, and x = ay -—. [Math. Tripos.] 
c d c d 


Find by the Binomial theorem the first five terms in the expansion 
ES 
of(1- 2x + 2x?) 2. 
If one of the roots of x? + px + q = 0 is the square of the other, show 
that p? - q (3p - 1) + g? - 0. 
[Pemb. Coll. Camb.] 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. If 


47. 


Solve the equation 
xt- 5x? - 6x -5 = 0. [Queen’s Coll. Ox.] 
Find the value of a for which the fraction 
x? — ax? +19x -a-4 
x?-(a-1)x'*23x-a-7 
admits of reduction. Reduce it to its lowest terms. 
[Math. Tripos.] 





If a, b, c, x, y, z are real quantities, and 
(a+b * cy 23(bc* ca + ab -x?- y? — 2), 
show that a = b = c, and x = 0, y 20, z- O0. [Christ's Coll. Camb.] 


What is the greatest term in the expansion of 1-23) á when 


the value of x is 2? [Emm. Coll. Camb.] 


Find two numbers such that their sum multiplied by the sum 
of their squares is 5500, and their difference multiplied by the 
difference of their squares is 352. [Christ's Coll. Camb.] 


14b e 3c 

e +b +c?’ 

express x? + y? + z? in its simplest form in terms of a, b, c. 
[Sidney Coll. Camb.] 


If x = àa, y = (À - 1)b, z= (À -3)c, A= 


Solve the equations : 
(1) x* + 3x2 = 16x + 60. 
Q)y-z-x-z2-«x-y-x-y-z-1 [Corpus Coll. Ox.] 








If x, y, z are in harmonical progression, show that 
log (x + z) + log (x -2y + z = 2 log (x - 2). 





Show that 
2 
1 13(1) 135(1 4 
ere -—(2-43)43. [Emm. Coll. Camb. 
2 sala) zu 27 48)/5.. [Emm. Coll. Camb.] 


3x+2y _ 3y +2z _3z+2x 
3a-2b 3b-2c 3c-2a 
5 (x + y + z) (5c + 4b — 3a) = (9x + 8y + 18z) (a + b + c). 

[Christs' Coll. Camb.] 
With 17 consonants and 5 vowels, how many words of four 
letters can be formed having 2 different vowels in the middle 
and 1 consonant (repeated or different) at each end ? 





, then will 
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48. 


49. 


50. 


51. 


52. 


53. 
54. 


55. 


56. 


57. 


A question was lost on which 600 persons had voted; the same 
persons having voted again on the same question, it was carried 
by twice as many as it was before lost by, and the new majority 
vote was to the former as 8 to 7 : how many changed their minds? 

[St. John's Coll. Camb.] 


1-x 
(+x)? 
Tix —Xd T T 
2.3 45 67 
0-2) * 
[Christ's Coll. Camb.] 
A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 25 to their number 
a solid square might be formed, of which the number of men in 
each side would be greater by 22 than the square root of the 
number of men in each side of the hollow square : required the 
number of men. 





5x? Ox" dax". 


Show that log 











Solve the equations : 


(1) qa xy 2a- x 239a - x. 
1 T 








Q) (x-ay (x - b? - (x - o (x -d)? = (a - c (b - dy. 
Prove that 











da -1«24 2-5 2-5-8 
6 6-12 6-12-18 


Solve qe (5x +6) - 3/5 (6x - 11) - 1. [Queens' Coll. Camb.] 


A vessel contains a gallons of wine, and another vessel contains 
b gallons of water : c gallons are taken out of each vessel and 
transferred to the other; this operation is repeated any number 
of times : show that if c (a + b) = ab, the quantity of wine in each 
vessel will always remain the same after the first operation. 


euis [Sidney Coll. Camb.] 





The arithmetic mean between m and n and the geometric mean 


between a and b are each equal to = 
of a and b. 
If x, y, z are such that their sum is constant, and if 
(z + x — 2y) (x + y - 2z) 
varies as yz, prove that 2 (y + z) — x varies as yz. 
[Emm. Coll. Camb.] 





: find m and n in terms 





Prove that, if n is greater than 3, 
1:2:7C,-2-3-."C, 1,*3-4-"C, 5,-.... *(-1)y (r*1)(r +2) 
22."-3C, oenas [Christ's Coll. Camb.] 
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58. 


59. 


60. 


61 


62. 


63. 


64. 


65. 


66. 


67. 


2ab 
gel” paw lee ee 
dE x=| 5 „show that 773 3 ; 


Solve the equations : 


(1) j2x-1+/3x-2= J4x -3 + J5x - 4. 





3 1 
(2) 4 [e - 16) + s -x^-16(x'-16).  [St.John's Coll. Camb.] 


Prove that two of the quantities x, y, z must be equal to one 





TU) 
another, if T+yz 1+zx 1+xy 


In a certain community consisting of p persons, a per cent can 
read and write; of the males alone b per cent, and of the females 
alone c per cent can read and write : find the number of males 
and females in the community. 





z Zx% X-y o 








[Emm. Coll. Camb.] 
Show that the coefficient of x*' in the expansion of 
(1 — x + x? - x)! is unity. 
Solve the equation 


x-a x-b. b a 


b a x-a x-b 





[London University.] 


Find (1) the arithmetical series, (2) the harmonical series of n 
terms of which a and b are the first and last terms; and show 
that the product of the r'" term of the first series and the 
(n — r + 1)" term of the second series is ab. 

If the roots of the equation 


2 
are equal, show that p? = 4q. [R.M.A. Woolwich.] 
If à? + b? = Zab, show that 


2 2 
[i-e Jévaeoseaq- noo 





1 1 
log | 3 (a4 i} x (log a + log b). [Queen’s Coll. Ox.] 


If n is a root of the equation x? (1 — ac) - x (a° + c?) - (1 + ac) = 0, 
and if n harmonic means are inserted between a and c, show that 


the difference between the first and last mean is equal to 
ac (a — c). [Wadham Coll. Ox.] 


Miscellaneous Examples 461 





68 


69 


70. 


71. 


72; 


73. 


74. 


75. 


76. 


77. 


eaaa : 16; find n. 


" f 7 1 
. A person invests a certain sum in a 65 percent. Government 


1 
loan : if the price had been £3 less he would have received 3 


percent more interest on his money; at what price was the loan 
issued? 
Solve the equation : 
{(x2 + x + 1 - (x2 + 1? 233] (G2 x + 19 o + 1 + x3} 
-3l(x*^-x?-1?-(x^-1)9-x$. [Merton Coll. Ox.] 
If by eliminating x between the equations 
x rax +b = 0 and xy +1 (x+y)+m=0, 
a quadratic in y is formed whose roots are the same as those of 
the original quadratic in x, then either a = 21, and b = m, or 
b+m=al. 
[R.M.A. Woolwich.] 
Given log 2 = 0.30103, and log 3 = 0.47712, solve the equations: 


. 10 ,., 2 T 29 
(1) xr ug Q) V5" «5 ==. 
Find two numbers such that their sum is 9, and the sum of their 
fourth powers 2417. [London University.] 


A set out to walk at the rate of 4 miles an hour; after he had been 


walking 2 hours, B set out to overtake him and went a miles the 


first hour, 42 miles the second, 5 the third, and so gaining a quarter 
of a mile every hour. In how many hours would he overtake A? 
Prove that the integer next above (43 +1)" contains 2"*' as a 
factor. 

The series of natural numbers is divided into groups 1, 2, 3, 4, 
5, 6, 7, 8, 9; and so on : prove that the sum of the numbers in the 
n" group is (n — 1)? + n°. 

Show that the sum of n terms of the series 


1,1 1Y ary. 235/17) ; 
2505] rs ee ae eee 


1:3-5-7.....(2n — 1) 








is equal to 1 [R.M.A. Woolwich.] 
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1-2 
78. Show that the coefficient of x" in the expansion of mE is 
RUE 
n n-1 n-2 
(-1)3, 3(-1) °, 2(-1) (3, according as n is of the form 3m, 3m + 1, 


3m + 2. 
79. Solve the equations : 











x y z xyz 
D a b c xtytz 
X yY, -Y 2% 


~ Arar aL ai [Univ. Coll. Ox.] 


80. The value of xyz is 7 or 3 according as the series a, x, y, z, b 


is arithmetic or harmonic : find the values of a and b assuming 
them to be positive integers. [Merton Coll. Ox.] 


81. If ay -bx ^ c Q(x — ay + (y - bf ,show that x and y are connected 


by a linear relation if c? < a? + b?. 

82. If (x * 1)? is greater than 5x - 1 and less than 7x - 3, find the 
integral value of x. 

83. If P is the number of integers whose logarithms have the 
characteristic p, and Q the number of integers the logarithms of 
whose reciprocals have the characteristic — q, show that 

logi P-logg Q- p-q* 1. 

84. In how many ways may 20 shillings be given to 5 persons so 
that no person may receive less than 3 shillings? 

85. A man wishing his two daughters two receive equal portions 
when they came of age bequeathed to the elder the accumulated 
interest of a certain sum of money invested at the time of his 
death in 4 percent stock at 88; and to the younger he bequeathed 
the accumulated interest of a sum less than the former by £3500 
invested at the same time in the 3 percent at 63. Supposing their 
ages at the time of their father's death to have been 17 and 14, 
what was the sum invested in each case, and what was each 
daughter's fortune? 

86. A number of three digits in scale 7 when expressed in scale 9 has 
its digits reversed in order : find the number. 

[St. John's Coll. Camb.] 

87. If the sum of m terms of an arithmetical progression is equal to 
the sum of either the next n terms or the next p terms, prove that 


oen [ 1-1 


1 1 
)- (m * p) i- 1) [St. John’s Coll. Camb.] 
m n 
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LOW. Qd fa 1 1a 
85. Prove that yoa g-a Gy I- —- =] i 
[R.M.A Woolwich.] 
89. If m is negative, or positive and greater than 1, show that 
1" 49D" onia + (2n - 1)" > n" *1, [Emm. Coll. Camb.] 
90. If each pair of the three equations 
x?- pax + qi = 0, x? — pox + q = 0, x? — pax + q3 = 0, 
have a common root, prove that 


pi + P; m p3 +4 (9, +9, +93) = 2 (PPs + PaP1 + PPa). 
[St. John’s Coll. Camb.] 
91. A and B travelled on the same road and at the same rate from 
Huntingdon to Londong. At the 50 milestone from London, A 
overtake a drove of geese, which were proceeding at the rate of 
3 miles in 2 hours; and two hours afterwards met a waggon, 
which was moving at the rate of 9 miles in 4 hours. B overtook 
the same drove of geese at the 45" milestone, and met the waggon 
exactly 40 minutes before he came to the 31* milestone. Where 
was B when A reached London ? [St. John's Coll. Camb.] 
92. Ifa+b+c+d=0, prove that 


abc + bcd + cda + dab = (bc — ad) (ca — bd) (ab — cd). 
[R.M.A. Woolwich.] 


93. An A.P., a G.P., and an H.P. have a and b for their first two terms : 
show that their (n + 2)" terms will be in G.P. if 
pert pee n+1 
ba(b™" — a?" n 
94. Show that the coefficient of x" in the expansion of 
a’ _ b^ 
we 
Xe. 
Gam ^ 








[Math. Tripos.] 
MEM — 
(x — a) (x - b) 


in ascending power of x is ;and that the coefficient 


of x?" in the expansion of s 2? -! (n? + 4n + 2). 


[Emm. Coll. Camb.] 
95. Solve the equations : 


Jx y +5 ety = y TU P ay = 34:18 











Ix — 
[St. John's Coll. Camb.] 
96. Find the val pis e in the f f drati 
. Fin e value o "342434 xe in e rorm o a quaar 1C 


surd. 
[R.M.A. Woolwich.] 
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97. 


98. 


99. 


100. 


102. 


104. 


105. 


Prove that the cube of an integer may be expressed as the 
difference of two squares; that the cube of every odd integer 
may be so expressed in two ways; and that the difference of 
the cubes of any two consecutive integers may be expressed 
as the difference of two squares. [Jesus Coll. Camb.] 


2 3 24. 


1 L 
3! 5! 7! 9! 
[Emm. Coll. Camb.] 





Find the value of the infinite series 


80 c c UNE SP EE S 
ld CY T PL Eam sc mA 


then bx - dy = a - c. [Christ's Coll. Camb.] 
Find the generating function, the sum to n terms, and the 
n'^ term of the recurring series 1 + 5x + 7x? + 17:2 + 31x* to. 





. If a, b, c are in H.P., then 


a+b £ +b x 
(D 2a-b 2c-b 
(2) UP (a-cy-2 lc (b — ay + &? (c - b)*}.[Pemb. Coll. Camb.] 
If a, b, c are all real quantities, and x? - 3b? x + 2c? is divisible 


by x - a and also by x - b; prove that either a = b = c, or 
4 - —2b-- 2c. [Jesus Coll. Ox.] 








. Show that the sum of the squares of three consecutive odd 


numbers increased by 1 is divisible by 12, but not by 24. 


— h2 


ac=b 
is the greatest or least value of ax? + 2bx + c, 





Show that 


according as a is negative or positive 





If xt + y* + z^ + y?z? + 22x? + xh? = 2xyz (x * y + z), and x, y, z are 
all real, show that x = y = z. [St. John’s Coll. Camb.] 


1 
Show that the expansion of ,/——*——— is 


x. 13 x 19-57 x 
2 24 6 2468 10 





. If a, B are roots of the equations 


x? + px + q = 0, x” + pix! + q" = 





are roots of 


0, 
: a p 
where n is an even integer, show that Ba 


x" + 1+(x+1"=0. [Pemb. Coll. Camb.] 
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107. 


110. 


113. 


Find the difference between the squares of the infinite continued 
fractions 
b b b d d d 


pyram 244 CREE ,and c+ 


2c+ 2c * 2c+ 
[Christ's Coll. Camb.] 


. A sum of money is distributed amongst a certain number of 


persons. The second receives Re. 1 more than the first, the third 
Rs. 2 more than the second, the fourth Rs. 3 more than the 
third, and so on. If the first person gets Re. 1 and the last person 
Rs. 67 what is the number of persons and the sum distributed? 


. Solve the equations : 

















uj Z2 ERN ART eH 
a b+c b cta c a+b 
k 4y^ a 1 3 
2 ——À +x +y =13-, + xy =3—. 
OY sU CUM.y. 4 10 
If a» b > 0, and n is positive integer, prove that 


n-1 
a" -b" >n (a-b) (ab) ? . 
[St. Cath. Coll. Camb.] 


. Express m as continued fraction; hence find the least positive 


integral values of x and y which satisfy the equation 
396x — 763y = 12. 


. To complete a certain work, a workman A alone would take 


m times as many days as B and C working together; B alone 
would take n times as many days as A and C together; C alone 
would take p times as many days as A and B together : show 
that the numbers of days in which each would do it alone are 
asm+1:nt+1:p+l. 


pif cu ue 
m+1 n+1 pti 
The expenses of a hydropathic establishment are partly constant 
and partly vary with the number of boarders. Each boarder 
pays Rs. 65 a year, and the annual profits are Rs. 9 a head 
when there are 50 boarders, and Rs. 10 when there are 60 : 
what is the profit on each boarder when there are 80 ? 





Prove also [R.M.A. Woolwich.] 


. If xy = 2x — y, and x? is not greater than 1, show that 


6 10 4 6 
Gs + = + = Pusi | -y z + n Eun [Peterhouse, Camb.] 









































466 Higher Algebra 
x o y s 

115. If gy g-e p' and xy = c?, show that when a and c are 
unequal, (a? - 2? - P? = 0, or a? + ?- b? = 0. 

116. If (1+ x +x) 2 1 + kx + kx? 4.0... ; 
and (x = 12 x? — qx” T1 + ex? T? 5 
prove that (1) 1- ki + k- ....... =1, 

! 
py Ihe bs t 7 (7 r 
[R.M.A. Woolwich.] 
117. Solve the equations : 
(1) (x — yy + 2ab = ax + by, xy + ab = bx + ay. 
(2) x*-y? +27 = 6, 2yz -zx *2xy-183,x-y * z - 2. 

118. If there are n positive quantities a), My,....... , 4, and if the square 
roots of all their products taken two together be found, prove 
that 

n-1 
Jaa, + a. oss: < 5 (d, ds bs Ed y 
hence prove that the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the 
given quantities. [R.M.A. Woolwich.] 

119. If b? xt + à? y = ? D?, and à? + b? = x? + y? = 1, prove that 
bt x8 + at yt = (b? x* + a? yy. [Indian Civil Service.] 

120. Find the sum of the first n terms of the series whose r'^ terms 
are 

2r *1 
(1) Pray (2) (a+ rb) x" -r. [St. John's Coll. Camb.] 
: x+2 
121. Find the greatest value of TOTENA 
122. Solve the equations : 
(1. 1+xt=7 (1+ x}. 
(2) 3xy + 2z = xz + 6y = 2yz + 3x = 0. 
123. Ifa, a, a3, a4 are any four consecutive coefficients of an expanded 
binomial, prove that 
| 0, _ 24 

a,+a4, ata, a,” a, [Queen's Coll. Camb.] 

x -7x-x-8 f . : : 
124. Separate (P xad) dco into partial fractions; and find 

x-8) . ; 
the general term when —,———~ is expanded in ascending 

(x^ — 4x + 4) 


powers of x. 
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125. In the recurring series 


5 1 
4 2 
the scale of relation is a quadratic expression; determine the 
unknown coefficient of the fourth term and the scale of relation, 
and give the general term of the series. [R.M.A. Woolwich.] 

126. If x, y, z are unequal, and if 
z-xy - y} 
CN gal ge 

y z 








2a — 3y = 


then will 2a- 


Z 2 
3x sW andx-*y-*z-a. [Math. Tripos.] 
x 


127. Solve the equations : 
(1) xy*6-22x- x? xy - 9 = 2y - y. 
(2) (ax) loga = (by)!°8 b p les x = glog y. 
128. Find the limiting values of 


(1) xx +a? - xt + at, when X = co 
Ja 2x - V3x 


a à =u iversity. 
2) Ba x —2Vx whenz-a [London University.] 


129. There are two numbers whose product is 192, and the quotient 
of the arithmetical by the harmonical mean of their greatest 





common measure and least common multiple is 34 2: find 


the numbers. [R.M.A. Woolwich. ] 
130. Solve the following equations : 


Q0) 313x437 - 313x - 37 = 9/2. 


b 1-2? +c J1-y’ =a, 
2) eJ- +a,/1-z? =b, 
aji-y? +b- =c. 
131. Prove that the sum to infinity of the series 
1 13 13-5 23 2 
za 241 ya 777 is 3 3 [Math. Tripos.] 
132. A number consisting of three digits is doubled by reversing 
the digits; prove that the same will hold for the number formed 
by the first and last digits, and also that such a number can 
be found in only one scale of notation out of every three. 
[Math. Tripos.] 
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139. 


. Find the coefficients of x? and x' in the product of 


1x? 


~~ and 1 - x + x’. [R.M.A. Woolwich.] 
(1- x^Y1- x) 


. A purchaser is to take a plot of land fronting a street; the plot 


is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 metres. What is the geatest number of 
square metres he may take? [London University.] 


. Prove that 


(a*b-*c*d**(acb-c-df*-(a-b*c-df**(a-b-c*d)y* 
-(a+b+c-—d)*-(a+b—-c+d)* -(a-b+c+d)*—-(-a+b+c+d) 
= 192abcd. [Trin. Coll. Camb.] 











. Find the values of a, b, c which will make each of the expressions 





x^ ax? + bx? + cx + 1 and xt + 2ax? + 2bx? + 2cx + 1 a perfect square. 
[London University. ] 


. Solve the equations : 





3ly + — 3/y — 
(1) E Mab d Y 283,33 «y! - 65. 


Yx +y +x- y 
Q) J2x E14 J2x 1- us 











. A farmer sold 10 sheep at a certain price and 5 others at 


Rs. 50 less per head; the sum he received for each lot was expressed 
in rupees by the same two digits : find the price per sheep. 
Sum to n terms : 

(1) (Qn-1) +2 (Qn-3)+3 (2n = 5) + ....... 

(2) The squares of the terms of the series 1, 3, 6, 10, 15..... 
(3) The odd terms of the series in (2). [Trin. Coll. Camb.] 


. If a, B, y are the roots of the equation x? + qx + r= 0 prove that 





3 (a2 + B2 + y?) (a5 + B3 + 35) = 5 (09 + B° + Y°) (o + BF y. 
[St. John's Coll. Camb.] 


. Solve the equations : 


x (3y - 5)= 4 


(1) y (2x+7)=27 x+y+z=15 


xX? + y? +z? = 495 
| Q) 
xyz = 105 


[Trin. Coll. Camb.] 


. If a, b, c are the roots of the equation x? + qx? + r = 0, form the 


equation whose roots area + b- c, b + c - a, c +a — b. 
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143. Sum the series : 











(1. n*(n-1)x*(n-2)x +... A E 
(2) 3- x - 2x? — 16x3 - 28x* — 676x? + .... to infinity; 
(3) 6+9 =+ 14 * 28 +40 * .... to n terms. [Oxford Mods.] 
144. Eliminate x, y, z from the equations 
xt+yt+zt=atxtytz=b 
XYZ e, 8+ p+ A, 








and show that if x, y, z are all finite and numerically unequal, 
b cannot be equal to d. 
[R.M.A. Woolwich.] 
145. The roots of the equation 3x? (x? + 8) + 16 (x? — 1) = 0 are not all 
unequal : find them. 
[R.M.A. Woolwich.] 
146. A cyclist set out from a certain place, and went 1 km. the first 
day, 3 the second, 5 the next, and so on, going every day 2 km 
more than he had gone the preceding day. After he had been gone 
three days, a second sets out, and travels 12 km the first day, 13 
the second, and so on. In how many days will the second overtake 
the first ? Explain the double answer. 


147. Find the value of 


1 11 1 1 1 

34+24+1+3+2+1+ — 
148. Solve the equation 

x? + 3ax? + 3 (à? — bc) x + à? + D? + c? — 3abc = 0. 

[Indian Civil Service.] 

149. If n is a prime number which will divide neither a, b, nor 

a + b, prove that 

g'-2p-gq-9p.g-5p S nn + ab" ~? 

exceeds by 1 a multiple of n. [St. John's Coll. Camb.] 


150. Find the n term and the sum to n terms of series whose sum 
to infinity is (1 — abx?) (1 - ax)? (1 - bx)?. 











[Oxford Mods.] 
151. If a, b, c are the roots of the equation x? + px + q = 0, find the 


D y ath? 
equation whose roots are F-$ * 
c 


[Trin. Coll. Camb.] 





152. Prove that 
(y + z - 2x)* + (z + x - 2y)* + (x + y - 22) 
= 18 (x? + y? + z? - yz — zx — xy}. 
[Clare. Coll. Camb.] 
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157. 


. Solve the equations : 


(1) x- 30x + 133 = 0, by Cardan’s method. 
(2) x» -4x*- 10x? + 40x? + 9x — 36 = 0, having roots of the form 


ta, +b, c. 


. It is found that the quantity of work done by a man in an hour 


varies directly as his pay per hour and inversely as the square 
root of the number of hours he works per day. He can finish 
a piece of work in six days when working 9 hours a day at 
Re. 1 per hour. How many days will he take to finish the same piece 
of work when working 16 hours a day at Re. 1.50 nP. per hour? 


. If s, denote the sum to n terms of the series 


1-2 + 2-3 + 34 + 000. 3 
and o,. , that to n — 1 terms of the series 
1 i 1 L 1 J 
1-2-3-4 2-3-4-5 3456 "7 
show that 18 sO -1 ~ s, + 2 = 0. [Magd. Coll. Ox.] 





> 


. Solve the equations : 


(1) (12x - 1) (6x - 1) (4x - 1) (8x - 1) = 5. 


1(x*1)x-3),1(x*3)x-5) 2 (x*5)x-7) 92 

(2) 5(x42)(x-4) 9(x-4)x-6) 13(x*6)x-8) 585 
[St. John's Coll. Camb.] 

A cottage at the beginning of a year worth Rs. 2500, but it was 














found that by dilapidations at the end of each year it lost ten 
percent of the value it had at the beginning of each year : after 
what number of years would the value of the cottage be reduced 
below Rs. 250 ? Given logi93 = 0.4771213. 

[R.M.A. Woolwich.] 


. Show that the infinite series 





jl ht, 147 , 147-10 | 
4 48 4812 481216 "" 
"I PIS RR ILS 











6 632 61238 6-12-18-24 
are equal [Peterhouse, Camb.] 


Miscellaneous Examples 471 





159. 


162. 


163. 


164. 


165. 


Prove the identity 


[i- £456: roe, sedes | 











aß apy 
xh E2629, 20000 B, | 
T a T op T oy T eecccco 
ag x? x2 (x? T o2) x2 (x? _ 02) (x? _ B?) 
= a j ap? oB?y? egenaa® 


[Trin. Coll. Camb.] 


. If n is a positive integer greater than 1, show that 


n? — 5n? + 60n? — 56n 
is a multiple of 120. [Wadham Coll. Ox.] 


. A number of persons were engaged to do a piece of work which 


would have occupied them 24 hours if they had commenced 
at the same time; but instead of doing so, they commenced at 
equal intervals and then continued to work till the whole was 
finished, the payment being proportional to the work done be 
each; the first corner received eleven times as much as the last; 
find the time occupied. 
Solve the equations : 

Xx X» 2 = 
(1) y-8 x-3 +y 
Q y*z-x(y*2-w 
+x? -y (z + x)= b’, 
+y? -z (x +y)= 2. [Pemb. Coll. Camb.] 
Solve the equation 
d? (b — c) (x — b) (x - c) + P? (c — a) (x — c) (x - a) 

+c (a — b) (x — a) (x- b) = 0; 

also show that if the two roots are equal 














1 1 1 
du t T t T =0. [St. John’s Coll. Camb.] 
Sum the series : 
(1) 1-2:44+2-3-5+3-4-6+..... to n terms. 
QO. 3 + i + si to inf. 


Show that, if a, b, c, d be four positive unequal quantities and 
s=a+b+c+d, then 
(s — a) (s - b) (s - o) (s - d) > 81 abcd. [Peterhouse, Camb.] 
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166. 


167. 


170. 


171. 


173. 


Solve the equations : z à 
a) Jx*a-4y a- va, d a - Jy ta => va. 


2 


(2) x+y+z=x +y 














2 





Ez? => (x +y? tz°)=3. 


[Math. Tripos.] 
Eliminate l, m, n from the equations : 





lx + my + nz = mx + ny + lz = nx + ly + mz = Q (P + m? + n?) - 1. 


. Simplify 


a (b c- ay ess vet (b*c-a)(c*a-b)(acb-c) 
à (b-c-a)* ts (b*c-a)(cca-b)(acb-c). 
[Math. Tripos.] 





. Show that the expression 


(x? — yz)? + (y? - zx)? + (2? — xy)? -3 (x? - yz) (y? - zx) (2? - xy) is 
a perfect square, and find its square root. 

[London University. ] 
There are three towns A, B and C; a person by walking from 
A to B, driving from B to C, and riding from C to A makes the 


journey in st hours ; by driving from A to B, riding from B 


to C, and walking from C to A he could make the journey in 
12 hours. On foot he could make the journey in 22 hours, on 


horseback in 8 hours, and driving in 11 hours. To walk a km, 


ride a km, and drive a km he takes altogether half an hour : 
find the rates at which he travels, and the distance between 
the towns. 

Show that n” — 7n? + 14n? — 8n is divisible by 840, if n is an 
integer not less than 3. 


. Solve the equations : 





(1) fx? +12y + Jy? 12x 288, x+ y = 23. 
u(y- x) z(y-x) y (u-z) x (u — z) 
=a, =b, =; =d. 
(2) z-u z-u x-y x-y 
[Math. Tripos.] 
If s be the sum of n positive unequal quantities a, b, c,......, then 
sS o Ss n 














s-a s-b s-c "C [Math. Tripos.] 


. A merchant bought a quantity of cotton; this he exchanged for 


oil which he sold. He observed that the number of kg of cotton, 
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175. 


176. 


177. 


178. 


179. 


181. 


the number of litres of oil obtained for each kg, and the number 
of rupees for which he sold each litre formed a descending 
geometrical progression. He calculated that if he had obtained 
one kg more of cotton, one litre more of oil for each kg and 
Re. 1 more for each litre he would have obtained Rs. 10169 
more; whereas if he had obtained one kg less of cotton, one 
litre less of oil for each kg and Re. 1 less for each litre, he would 
have obtained Rs. 9673 less : how much did he actually receive? 
Prove that 
x (b+c-a- x) (b-c) (a-x) 
= 16 (b — c) (c — a) (a — b) (x — a) (x - b) (x - c). 
[Jesus Coll. Camb.] 
If o, B, y are the roots of the equation x? — px? + r = 0, find the 
. Bey yta oa «p 
equation whose roots are a t. ; 
If any number of factors of the form à? + b? are multiplied together, 
show that the product can be expressed as the sum of two 
squares. 
Given that (a? + D?) (c? + d?) (e? + f?) (g? + h?) = p? + q?, find p and 





. [R-M.A. Woolwich.] 





q in terms of a, b, c, d, e, f, Q, h. [London University.] 
Solve the equations 
xX? + 4? = 61, x? - y? = 91. [R.M.A. Woolwich.] 


A man goes for an Examination in which there are four papers 
with a maximum of m marks for each paper; show that the 
number of ways of getting 2m marks on the whole is 


1 
ge +1) Qm? + 4m + 3). [Math. Tripos.] 


. If a, B are the roots of x? + px + 1 = 0, and y, 6 are the roots of 


x? + qx + 1 = 0; show that 


(a - y) (B - y) (a + 8) (B + 8) = q? - p’. [R.M.A. Woolwich. ] 
Show that if a,, be the coefficient of x” in the expansion of 
(1 + x)", then whatever n be, 
_ (1-1) - 2)...(n - m + 1) 
(m — 1)! 
[New Coll. Ox.] 





Ag — Ay + Ay — ...... +(-1)"-44,,-4 


( 1) m- E 





. A certain numbr is the product of three prime factors, the sum 


of whose squares is 2331. There are 7560 numbers (including 
unity) which are less than the number and prime to it. The 
sum of its divisors (including unity and the number itself) is 
10560. Find the number. [Corpus Coll. Camb.] 
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184. 


188. 


191. 


. Prove that 


. Form an equation whose roots shall be the products of every 


two of the roots of the equation x? - ax? + bx + c = 0. 
Solve completely the equation 
2x5 *x*-x-42-312x3 + 12x. [R.M.A. Woolwich.] 
Prove that if n is a positive integer, 
n(n — 1) 
2! 








n'-n(n-2y 





(n - AY - eee =2" nl. 


. If (66 t 14)" *! = N, and if F be the fractional part of N, prove 


that N F = 20?1*!, [Emm. Coll. Camb.] 


. Solve the equations : 





(1) x+y+z=2, x +y z-0, X +y +z. 
(2) X- (y -z2 =8, y? - (z -x = b, z2? - (x - y’ = e. 
[Christ's Coll. Camb.] 


. At a general election the whole number of Liberals returned 


was 15 more than the number of English Conservatives, the 
whole number of Conservatives was 5 more than twice the 
number of English Liberals. The number of Scotch Conservatives 
was the same as the number of Welsh Liberals, and the Scotch 
Liberal majority was equal to twice the number of Welsh 
Conservatives, and was to the Irish Liberal majority as 2 : 3. 
The English Conservative majority was 10 more than the whole 
number of Irish members. The whole number of members was 
652, of whom 60 were returned by Scotch constituencies. Find 
the numbers of each party returned by England, Scotland, 
Ireland and Wales, respectively. [St. John’s Coll. Camb.] 
Show that à? (c — b) + D? (a - c) + e (b — a) 

= (b — c) (c — a) (a — b) (Zà? + Xa?b + abc). 


3a? 3a 1 


a 

?ow + 
EG Hem ES E ya Bali Cath, Ox] 
a 2a+1 a+2 1 

1 


3 3 1 
14141, g H l 
a c a-b c-b 





=0, prove that a, b, c are in harmonical 


progression, unless, b = a + c. [Trin. Coll. Camb.] 
Solve the equations : 

(1) x°-13x? + 15x + 189 = 0, having given that one root exceeds 
another root by 2. 
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192. 


194. 


195. 


196. 


198. 


(2) x*- 4x? + 8x + 35 = 0, having given that one root is 


24 4-3. [R.M.A. Woolwich.] 


Two numbers a and b are given; two others a, b, are formed 
by the relations 3a, = 2a + b, 3b, = a + 2b; two more a, b, are 
formed from ay, b, in the same manner, and so on; find a,, b, in 
terms of a and b, and prove that when n is infinite, a, = b,. 
[R.M.A. Woolwich.] 





. Ix ty *z * w- O0, show that 


wx (w + x? + yz (w - x)? + wy (w + y + zx (w — yf + wz (w + z}? 
+ xy (w- z}? + Axyzw = 0. [Math. Tripos.] 


2 


If a+ ; be not altered in value by interchanging a and 


a 
a +b +c 
b (a, b and c being unequal), it will not be altered by interchanging 
aand c, and vice versa; and it will vanish if a + b + c = 1. 

[Math. Tripos.] 
On a quadruple line of rails betwen two termini A and B, two 
down trains start at 6:00 and 6:45, and two up trains at 7:15 
and 8:30. If the four trains (regarded as points) all pass one 
another simultaneously, find the following equations between 
Xj, X2, Xs, X4, their rates in km.perhour, 


3x, | Amt 5x, 4m +10x, 








X, = X% Xi Xa 


where m is the number of km. in AB. [Trin. Coll. Camb.] 


x x, +X, 


Prove that rejecting terms of the third and higher orders, 
(i-x)"9 dy ^ 1 


1 
14 ty) 4 24 F3y?). 
1+ 40-30-» 29 MT Cor ay) 











[Trin. Coll. Camb.] 


. Show that the sum of the products of the series 


a, a — b, a — 2b, ...., a — (n — 1) b, 
taken two and two together vanishes when n is of the form 
3m? — 1, and 2a = (3m — 2) (m + 1) b. 
If n is even, and a + B, & — D are the middle pair of terms, show 
that the sum of the cubes of an arithmetical progression is 
na (o? + (1? — 1) B3. 


. If a, b, c are real positive quantities, show that 


b 1.1 d? 4 p? 4 c? 
a b c a b?c? 





[Trin. Coll. Camb.] 
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200. A, B and C starts at the same time for a town a km distant : A 


202. 
. Show that in the series 


. If (1e x + x?) = ag + ax + ax 


walks at a uniform rate of u km an hour, and B and C drive at 
a uniform rate of v km an hour. After a certain time B dismounts 
and walks forward at the same pace as A, while C drives back 
to meet A; A gets into the carriage with C and they drive after 
B entering the town at the same time that he does : show that 


: ; a 30+u 
the whole time occupied was —- 
v 





hours. 


[Peterhouse, Camb. ] 





. The streets of a city are arranged like the lines of a chess-board. 


There are m streets running north and south, and n east and 
west. Find the number of ways in which a man can travel 
from the N.W. to the S.E. corner, going the shortest possible 
distance. [Oxford Mods.] 


Solve the equation 4/x +27 + 4/55- x = 4. [Ball Coll. Ox.] 


ab + (a * x) (b * x) + (a+ 2x) (b + 2x) «........ to 2n terms, 

the excess of the sum of the last n terms over the sum of the 
first n terms is to the excess of the last term over the first as 
n? to 2n - 1. 





. Find the n'^ convergent to 


NECS » AAA 
(1) pros ae (2) Bop pee 
. Prove that 


(ce) (y = z)* eire ox) + (a = z)* (x -= y)* 
= 2{(a - y} (a = z} (x - y}? (x -= z} + (a - z}? (a - x} 
x (y = z} (y - x} + (a - x} (a - y}? (z - x}? (z - y)} 
[Peterhouse, Camb.] 


. If a, B, y are the roots of x? + qx + r = 0, find the value of 


ma+n mB+n my+n 


+ H in terms of m, n, q, r. 


ma-n mp-n my-n 
[Queen's Coll. Camb.] 





. In England one person out of 46 is said to die every year, and 


one out of 33 to be born. If there were no emigration, in how 
many years would the population double itself at this rate? 
Given 

log 2 = 0.3010300, log 1531 = 3.1849752, log 1518 = 3.1812718. 


Pda: , prove that 
0, 





a ! 
na D. -— +( Doc 


unless r is a multiple of 3. What is its value in this case ? 
[St. John's Coll. Camb.] 
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209. 


211. 


212. 


215. 


In a mixed company consisting of Poles, Turks, Greeks, Germans 
and Italians, the Poles are one less than one-third of the number 
of Germans, and three less than half the number of Italians. 
The Turks and Germans outnumber the Greeks and Italians 
by 3; the Greeks and Germans form one less than half the 
company; while the Italians and Greeks form seven-sixteenths 
of the company : determine the number of each nation. 


. Find the sum to infinity of the series whose n'^ term is 


(n * 1) n (n +2)” (-x)n*!. [Oxford Mods.] 
If n is a positive integer, prove that 
2 o 2 92 
uu D nin Dw-2) 
2! 213! 








n(n? — 1) (n? - 22) (m - 7) " 


me ri(r*1! 


Gris =(-1)"* r 
[Pemb. Coll. Camb.] 

Find the sum of the series : 

(1) 6, 24, 60, 120, 210, 336, ........ to n terms. 

(2) 4-9x + 16x? - 25x? + 36x* — 49x? + ..... to inf. 

3 13 25 »7 79 

( ) 2 j 02 i 23 i 04 








4x 6x+2 8x-*1 








. Solve the equation 6x «2 9x «3 12x |-0. 





8x-1 12x 16x+2 


[King's Coll. Camb.] 





. Show that 
(1) a (1+ b?) + b? (1 + c?) + ce (1 + a’) > abe, 
(2 (aP IEU EEE cP*4 e uuu ) » (a? * b? * c uuu. ) 
(a? + D + Cl usus. ) 
the number of quantities a, b, c ........ being n, and p and q being 
positive. 


Solve the equations 

















yz-a(y*z)*o 
zx-ca(Q tx), [Trin. Coll. Camb.] 
xy =a(x+y)+y 
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217. 


218. 


dE a’ (b — c) n p^ (c =a), Y (a — b) 


. If n be a prime number, prove that 


1"! «1-42 gula ecl 
2 3 


Sb eon o[o +) 


is divisible by n. [Queen’s Coll. Ox.] 
In a shooting competition a man can score 5, 4, 3, 2, or 0 points 
for each shot : find the number of different ways in which he 
can score 30 in 7 shots. [Pemb. Coll. Camb.] 
Prove that the expression x? — bx? + cx? + dx — c will be the 
product of a complete square and a complete cube if 

12b 94d 5e d 

B b c c 





. A bag contains 6 black balls and an unknown number, not 


greater than six, of white balls; three are drawn successively 
and not replaced and are all found to be white; prove that the 


677 
chance that a black ball will be drawn next is 909' 
[Jesus Coll. Camb.] 


. Show that the sum of the products of every pair of the squares 


1 
of the first 1 whole numbers is n(n? — 1) (4r? - 1) (5n + 6). 


360 
[Caius Coll. Camb.] 








= Ohas equal roots, prove that 
x-a x-b x-c 3 P 


a (b—c) £B(c- a) + y (a — b) = 0. 


. Prove that when n is a positive integer, 


n22^"1 n-2 s, 0-3) (n- 4) 
1 2! 
(n - 4) (n - 5) (n — 6) 


3! 


gn s 











a daos: [Clare Coll. amb.] 


. Solve the equations : 





(1) x2 + 2yz = y? + 2zx = zi! + 2xy + 3 = 76. 


(2) x+y+z=atbt+c 
x y z _ 
"hi ra [Christ’s Coll. Camb.] 
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224. 


225. 


226. 


227. 


228. 


Prove that if each of m points in one straight line be joined to 
each of n in another by straight lines terminated by the points, 
then, excluding the given points, the lines will intersect 


i mn (m — 1) (n - 1) times. [Math. Tripos.] 


Having given y = x + x? + x, expand x in the form 
88 y 





y + ay? + by? + cyt + dy’ t; 

and show that a?d — 3abc + 2b° = -1. [Ball. Coll. Ox.] 
A farmer spent three equal sums of money in buying hens, 
pigeons, and parrots. Each hen cost Re. 1 more than a pigeon 
and Rs. 2 more than a parrot; altogether he bought 47 birds. 
The number of pigeons exceeded that of the hens by as many 
parrots as he could have bought for Rs. 9 : find the number of 
birds of each kind. 

Express log 2 in the form of the infinite continued fraction 

1 1.2 €* n? 


Hinog qq [Euler.] 





In a certain examination six papers are set, and to each are 
assigned 100 marks as a maximum. Show that the number of 
ways in which a candidate may obtain forty percent of the 
whole number of marks is 


1! (G9! e C 5 15 SY} 
51!|(240! (139)! (38)! 





[Oxford Mods.] 


. Test for convergency 


x 13 x? br 1:3:5:7:9-11 d 
2 2:4 6 2-4-6-8 10 2-4-6-8-10-12 14 





. Find the scale of relation, the n'™ term, and the sum of n terms 





of the recurring series 1 + 6 + 40 + 288 + ........ 

Show also that the sum of n terms of the series formed by 
taking for its r'^ term the sum of r terms of this series is 

5n 
21 





2 4 
3 (2” -1)4 F (2°" -1) [Caius Coll. Camb.] 


. It is known that at noon at a certain place the sun is hidden 


by clouds on an average two days out of every three; find the 
chance that at noon on at least four out of five specified future 
days the sun will be shining. [Queen’s Coll. Ox.] 
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237. 


. Solve the equations 


X+- =R 
y +(z-xy =b7}. 
z? +(x-yf =e 





[Emm. Coll. Camb.] 


. Eliminate x, y, z from the equations : 


x!-xy-xz y'-yz-yx _ zZ? -Zx -Zy 
a 7 b 7 





, and ax + by + cz = 0. 


[Math. Tripos.] 


. If two roots of the equation x? + px? + qx + r = 0 be equal and of 


opposite signs, show that pq = r. [Queens' Coll. Camb.] 


. Sum the series : 





G). 1+ 23% + 33x? + t nx", 
25 52 5n? +12n+8 
D EPP Ape pans Dd” 
[Emm. Coll. Camb.] 





. If (1 + a?x?) (1 + ax?) (1 + a?x16) (1 + ax) ..... 





= 1 + Agxt + Agx? + Ap” + oaran 
prove that Ag, +4 7 à? Agn and Ag, = à?" A4; and find the first ten 
terms of the expansion. [Corpus Coll. Camb.] 
On a sheet of water there is no current from A to B but a current 
from B to C; a man rows downstream from A to C in 3 hours, 


and up stream from C to A in 3l hours; had there been the 


same current all the way as from B to C, his journey down 


stream would have occupied 2 hours; find the length of time 


his return journey would have taken under the same 
circumstances. 


. Prove that the n™ convergent to the continued fraction 


3 3 3 3"*143(-1)"*! 


Ha md geo is Batley [Emm. Coll. Camb. ] 


. If all the coefficients in the equation 





Pox" + pix" ^! + pax" 2 + ee + Dn f(x) = 0, 
be whole numbers, and if f(0) anf f(1) be each odd integers, 
prove that the equation cannot have a commensurable root. 
[London University. ] 
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240. 


241. 


246. 


247. 


Show that the equation 
Jax +a + bx e B + dex e y 20 





reduces to a simple equation if Ja * Jb +c =0. 
Solve the equation 

48x? - 12x - 39 + J2x? - 3x - 15 - J2x? - 3x + 20 - 0. 
A bag contains 3 red and 3 green balls, and a person draws out 
3 at random. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Show that he may just lay 8 to 3 with 


advantage to himself against the 3 latter balls being all of 
different colours. 








[Pemb. Coll. Camb.] 


. Find the sum of the fifth powers of the roots of the equation 


xt- 7x? + 4x -3=0 


[London University.] 


. A Geometrical and Harmonical Progression have the same p", 


th yth terms a, b, c respectively : show that 


q 
a(b—-c)loga*b(c-a)log b + c(a-b)logc-0. 
[Christ's Coll. Camb.] 


. Find four positive numbers such that the sum of the first, third 


and fourth exceeds the second by 8; the sum of the squares of 
the first and second exceeds the sum of the squares of the third 
and fourth by 36; the sum of the products of the first and second, 
and of the third and fourth is 42; the cube of the first is equal 
to the sum of the cubes of the second, third, and fourth. 


. If T, Tası T, +2 be 3 consecutive terms of a recurring series 


connected by the relation T, +3 = aT,,, — bT,, prove that 


n’ 


i T?,, -aT T 
p" n+1 n 


2- 
„1 +bT;}= a constant. 


Eliminate x, y, z from the equations : 
1 1 1 1 2 


! = x +y Tz = 
x y Z a’ 





[Emm. Coll. Camb.] 





C+ te eg, xyzc. 


Show that the roots of the equation 





are in proportion. Hence solve x* — 12:2 + 47x? - 72x + 36 = 0. 
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248. 


A can hit a target four times in 5 shots; B three times in 4 shots; 
and C twice in 3 shots. They fire a volley : what is the probability 
that two shots at least hit ? And if two hit what is the probability 
that it is C who has missed ? 

[St. Cath. Coll. Camb.] 


. Sum each of the following series to n terms : 


(1 1+0-1+0+7+28+79+...... ; 


Q) 22 px 62 13-24 
13-44 23405 3456 der °°" 
(3) 3 *x-9x?-3:9 + 33x4 + x5 129x5 4 


[Second Public Exam. Ox.] 











. Solve the equations : 





























a) oy t+yz+2° =ax, (2) x(y*tz-x)-a, 
zx zx4ix5-ay, y tx-y)-b, 
x^ xy * y^ - az. z(x*y-2z)-c. 
[Peterhouse, Camb.] 
1.1 
If ora ine ;and n is an odd integer, show that 
b c a+b+c 


1 1 1_ 1 
a" b" C atb" +c 
If u$ — v6 + 5u^v? (u? — v?) + 4uv (1 — u*v?) = 0, prove that 
(u? — v7)® = 16u?c? (1 — u?) (1 - v5). [Pemb. Coll. Camb.] 








. I£Éx t y * z = 8p, yz * zx + xy = 3q, xyz = r, prove that 


(Y +z- x) (z + x- y) (x + y - z) = - 27p° + 36pq - 8r, 
and (y +z- x) + (z +x- y} +(x +y- z} = 27p - 24r. 








. Find the factors, linear in x, y, z of 


la (b + c) x? + b (c + a) y? + c (a + b) 2} - 4abe (x? + y? + 27) 
x (ax? + by? + cx?). [Caius Coll. amb.] 





Ltt xy*z| | — 
. Show that ee eyes [Ez 


3 
[St. John's Coll. Camb.] 


xty+z 





-1/2 
. By means of the identity i a | EIN X prove that 
x 


(1+ xy? 1- 





r=n m -1)! 
LCV de pacata [Pemb. Coll. Camb.] 
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256. 


257. 


258. 


259. 


261. 


Solve the equations : 





(1. ax+by+z=2x + ay+b=yz+bx+a=0. 
(2) x+y +z-u=12, 
xX +y -z -u =G, 
xX +y? -2° +u? =218, 
xy + zu = 45. 
If p = q nearly, and n > 1, show that 


(n*1)p*(-14 (0 
(n-T1pt(n-1q q 








If P agree with unity as far as the r'^ decimal place, to how 


many places will this approximation in general be correct? 

[Math. Tripos.] 
A lady bought 54 Ibs of tea and coffee; if she had bought 
five-sixths of the quantity of tea and four-fifths of the quantity 
of coffee she would have spent nine-elevenths of what she had 
actually spent; and if she had bought as much tea as she did 
coffee and vice versa, she would have spent 5s more than she 
did. Tea is more expensive than coffee, and the price of 6 Ibs 
of coffee exceeds that of 2 Ibs of tea by 5s; find the price of each. 
If s, represent the sum of the products of the first n natural 
numbers taken two at a time, then 











Po44. Se 11 
31 t 4! TET T n! T eecaeee = 24" [Caius. Coll. Camb.] 
P uH Q H R 
c. pa? + 2qab rb? pac * q(bc - à?) - rab. pc? — 2qca + ra?’ PTOVe 


that P, p; Q, g; and R, r may be interchanged without altering 
the equalities. [Math. Tripos.] 
If o. + B + y = 0, show that 





1 
atts + pr*? + yt +3 = ay (o ; p^ f y") f z (o” i p Y) 
x (og *!1 e Betts yet, [Caius Coll. Camb.] 


. If a, B, y, © be the roots of the equation 


4 3 2 





x* + px? + qx*t+rx+s=0, 
find in terms of the coefficients the value of (a — B)? (y - 5). 


[London University.] 
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265. 


268. 


. A dealer bought a certain number of minas, parrots, and bulbuls, 


giving for each bird as many rupees as there were birds of that 
kind; altogether he bought 23 birds and spent Rs. 211; find the 
number of each kind that he bought, if parrots are cheaper 
than minas and dearer than bulbuls. 


. Prove that the equation 


(y + z - 8x)? + (z + x - By) + (x + y — 87)? = 0. 

is equivalent to the equation 

x (y - z} +y (z - x}? + z (x - y} = 0. [St. John's Coll. Camb.] 

If the equation : d ut i have a pair of equal 
xta x+b x+c x+d 

roots, then either one of the quantities a or b is equal to one of 


1 1 1 1 
the quantities c or d, or else p = . Prove also that the 


b c d 
roots are then- a, - 4,0; - b, - b, 0; or 0, 0, — Lm 
a+b 


[Math. Tripos.] 























. Solve the equations : 


-1 -1 





(1) x+y+z=ab, x! +y! +z! = ab, xyz = d. 





(2) ayz + by + cz = bzx + cz + ax =cxy t ax c by a t b * c. 
[Second Public Exam. Oxford.] 


. Find the simplest form of the expression 


o? p l 
(a-B)(a-y)(a-8)(a-e) (B-o)B--3)p-5 


g 


t (e-a) (e -B) (e — y) (e - 8) [London University.] 











In a company of Clergymen, Doctors, and Lawyers it is found 
that the sum of the ages of all present is 2160; their average age 
is 36; the average age of the Clergymen and Doctors is 39; of 


the Doctors and Lawyers 315; of the Clergymen and Lawyers 


2 
oH each Clergyman had been 1 year, each Lawyer 7 years, 


and each Doctor 6 years older, their average age would have 
been greater by 5 years : find the number of each profession 
present and their average ages. 


. Find the condition, among its coefficients, that the expression 


agx^ + Aayy + 6ayx^y? + Aayxy? + agy* 
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should be reducible to the sum of the fourth powers of two 
linear expressions in x and y. [London University.] 
270. Find the real roots of the equations : 




















X +v + w? = ag, vw +u (y +z) = be, 
y? + w? + u? = b?, wu +v (z + x)= ca, 
z +u? +o = è, uv +w (x+y) = ab. [Math. Tripos.] 


271. It is a rule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel; 
the strong vowels being a, o, u; and the weak vowels e and i. 
Show that the whole number of Gaelic words of n + 3 letters 
each, which can be formed of n consonants and the vowels aeo 
is 20 13 where no letter is repeated in the same word. 
[Caius Coll. Camb.] 
272. Show that if x? + y? = 2z?, where x, y, z are integers, then 
2x = r (P + 2k - 2), 2y = r (K -2Ik- D, 2z = r (P + k?) 
where r, l and k are integers. [Caius Coll. Camb.] 


: 112 4 6 
273. Find the value of 14143454 4 





274. Sum the series : 





O 2.3 $4 45 
1! , 2! n! 
2) a+1i @+Da+2) (a1) (a+ 2) la +N) 
275. Solve the equations : 
(1) 2xyz+3 = (2x - 1) (3y + 1) (4z — 1) + 12 
(2x + 1) (3y - 1) (4z + 1) + 80 = 0. 
(2) 3ux — 2vy = vx + uy = 3u? + 20? = 14; xy = 10uv. 








a@+Aà ab ac ad 

2 
ae howi T TA e dm 
ac bo C+A cd 


ad bd cd ata 


is divisible by A? and find the other factor. 
[Corpus Coll. Camb.] 
2775: I D. renes are the roots of the equation 


zd -2 Siik 
X"-Fpux"-^o px. + Py-1X + Py = 9; 
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278. 


279. 


281. 








find the sum of à? + D? +  «........ and show that 
gb uas e I b V. E Pa Pi ~ 2p) 
b T n T 7 T a T E T b T eeccccec Py P, . 


[St. John's Coll. Camb.] 


1-2x 
By the expansion of ie otherwise, prove that 


 (Bn-1)(8n-2) (n-2)(8n-3) (Bn - 4) 

















1-3n4 
1:2 1-2-3 
(8n — 3) (3n — 4) (3n — 5) (3n — 6) &c.- (-1y', 
1-2-3-4 
when 7 is an integer, and the series stops at the first term that 
vanishes. [Math. Tripos.] 


Two sportsmen A and B went out shooting and brought home 
10 birds. The sum of the squares of the number of shots was 
2880, and the product of numbers of shots fired by each was 
48 times the product of the numbers of birds killed by each. 
If A had fired as often as B and B as often as A, then B would 
have killed 5 more birds than A : find the number of birds 
killed by each. 





. Prove that 8 (à? + b? + c°)? > 9 (a? + bc) (b? + ca) (c? + ab). 


[Pemb. Coll. Camb.] 
Show that the n' convergent to 
2 4 6 2" +1 
ae jig 2-= a 
3- 4- 5- x62 (n-r)! 
What is the limit of this when n is infinite ? 


" [King's Coll. Camb.] 


. If — is the n convergent to the continued fraction 


" i 11111 


a+b+c+tatbt+c4 








show that pa, +3 = bp3, + (bc + 1) qa. [Queen’s Coll. Camb.] 


. Out of n straight lines whose lengths are 1, 2, 3, ..... , n inches 


respectively, the number of ways in which four may be chosen 
which will form a quadrilateral in which a circle may be 
inscribed is, 





E {2n (n- 2) (2n - 5)-3+3(-1)’}. [Math. Tripos.] 
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284. 


286. 


287. 


289. 


290. 


If u, u3 are respectively the arithmetic means of the squares 
and cubes of all numbers less than n and prime to it, prove 
that n° — 6nu, + 4u; = 0, unity being counted as a prime. 

[St. John's Coll. Camb.] 


. If n is of the form 6m —- 1 show that (y — z)" + (z — x)" + (x - y)" 


is divisible by x? + y? + z? — yz — zx - xy; and if n is of the form 
6m + 1, show that it is divisible by 
(x? + y? + 2? — yz — zx — xy)?. 

If S is the sum of the m' powers, P the sum of the products 
m together of the n quantities a, ay, d5,......... 4,, show that 

(n-1)!-S>(n-m)!-m!p. [Caius Coll. Camb.] 
Prove that if the equations 

x + qx -r = 0 and rx? — 29x? — 5qrx -2: - 17 = 0 
have a common root, the first equation will have a pair of 
equal roots; and if each of these is a, find all the roots of the 
second equation. [Indian Civil Service.] 








HE x st - 3x? + y oat - 3y? + z [20 - 32? - 0, 


where a? stands for x? + y? + z?, prove that 





(x*y*tz)(-xey*z)(x-y*z)(xey-z)-0 
[Trin. Coll. Camb.] 


























Find the values of x4, x5, ....... x, Which satisfy the following 
system of simultaneous equations : 
X, X; X, 
H E =1, 
a-b, a-b, a, —b, 
Xx, X, X, - 
a,—b, a,-b, a, — b, 
i OE N 521 
a, -b a, -b, a, ^ 
[London University.] 
yz=x? ey aes) gd ag 
Show that zx-y? xy-z? yz-x!|-w rr wl; 
yon yeas zx-y| w^ w r 


where 7? = x? + y? + z?, and u? = yz + zx + xy. 
[Trin. Coll. Camb.] 
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291. 


292. 


294. 


A piece of work was done by A, B, C; at first A worked alone, 
but after some days was joined by B, and these two after some 
days were joined by C. The whole work could have been done 
by B and C, if they had each worked twice the number of days 
that they actually did. The work could also have been completed 
without B's help if A had worked two-thirds and C four times 
the number of days they actually did; or if A and B had worked 
together for 40 days without C; or if all three had worked 
together for the time that B had worked. The number of days 
that elapsed before B began to work was to the number that 
elapsed before C began to work as 3 to 5 : find the number of 
days that each man worked. 

Show that if 5, is the sum of the products r together of 

1, 35x 5, 3X9, ss xt-l 
then S, , = S,.x (1/2 - D(n - 20, [St. John's Coll. Camb.] 


. If a, b, c are positive and the sum of any two greater than the 


third, prove that 


a b c 
[n 23 E i 23 E t «1. [St. John's Coll. Camb.] 
a C 


Resolve into factors 
(a*b*c)(b-c-a)(c*a-b)(a-b-c) (a+ b+ c?) - 8?pe. 
Prove that 
4 {at + p* yt + (a+ B+ yy) = (B+ yy (+ a) + (a + * 
+6 (B +y} (y + a)? + 6 (y + o)? (a + B? + 6 (a + D? (B+ y". 
[Jesus Coll. Camb.] 














. Prove that the sum of the homogeneous products of r dimensions 


of the numbers 1, 2, 3,.... n, and their powers is 
Cy" grec ED gneri 
(n-1)! 1 


,€7D(n-72 yiri 
1-2 





Nisetedené ton ems 


[Emm. Coll. Camb.] 


. Prove that, if n be a positive integer, 





|. Sn(8n-3) 3n (3n — 4) (Bn - 5) 
© 12 1-2-3 l 


1- 3n 


[Oxford Mods.] 
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297. 


298. 


300. 


If x (2a - y) = y Qa — z) = z Qa — u) = u (2a — x) = b?, show that 
x =y =z = u unless b? = 2a”, and that if this condition is satisfied 
the equations are not independent. 

[Math. Tripos.] 
Show that if a, b, c are positive and unequal, the equations 





ax + yz + z = 0, zx + by +z =0, yz+zx+c=0, 
give three distinct triads, of real values for x, y, z; and the ratio 
of the products of three values of x and y is b (b — c) : a (c — a). 
[Oxford Mods.] 


. FA = ax - by - cz, D = bz + cy, 


B = by - cz — ax, E = cx + az, 





C = cz — ax — by, F = ay + bx, 
prove that ABC - AD? - BE? - CF? + 2DEF 
= (a? + D? + c?) (ax + by + ez) (x? + y? + 2). 

[Second Public Exam. Oxford.] 
A certain student found it necessary to decipher an old 
manuscript. During previous experiences of the same kind he 
had observed that the number of words he could read daily 
varied jointly as the number of miles he walked and the number 
of hours he worked during the day. He therefore gradually 
increased the amount of daily exercise and daily work at the 
rate of 1 mile and 1 hour per day respectively, beginning the 
first day with his usual quantity. He found that the manuscript 
contained 232000 words, that he counted 12000 on the first 
day, and 72000 on the last day; and that by the end of half the 
time he had counted 62000 words : find his usual amount of 
daily excercise and work. 


BE Answers 


I Pages (9-11) 
(1 54b:a. (2) 9:7. (3) bx: ay 2. 18. 3. 385, 660. 


11. 5. 5213; 6. 5:60r-3:5. 
X y z X y z 





, , O 
423° 1 1 0 
. abc + 2fgh — af? — bg? — ch? = 0. 


. 3, 4, 1. 21. -3, 4, 1. 22: 7; 3; 2. 23. 3, 4, 1. 
. + a(b? — c?), € b(c? — a?), + c(a? - b?). 


. be(b — c), ca(c — a), ab(a — b). 


II Pages (17, 18) 
a 


x 
45. 2. (1) 12. (2) 300a7b. 3. ye + yh 
8 a(b + c) 
: 05,7. 14. 0, 3, 8. 15. cm —bm —2an * 
. 8. 19. 6, 9, 10, 15. 
. 15 litres from A; 40 litres from B. 21. 45 litres 
o IZ 9. 24. a = 4b. 


. 64 percent copper and 36 percent zinc. 3 parts of brass are taken 


to 5 parts of bronze. 


. 63 or 12 mintues. 


III Pages (23-25) 


1 
51, 2. 9. 3. 1-. 4. 2. 7. 60. 
3 3 
y-22x-— 10. y 5x t5 11.4 
gef pp e. 14. 36 15. 490.4 93.2 
` 15 152° . 36. : .4 m.; 93.2 m. 
. 22.46 cubic cm. 17.4:3. 


. The regatta lasted 6 days; 4'^, 5'^, 6'^ days. 

. 16, 25 years; Rs. 1000, Rs. 1250. 

. 1 day 18 hours 28 minutes. 

. The cost is least when the rate is an hour; and then the cost for 


the journey is Rs. 93.75 nP. 
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1. 277- 
5. 30. 
9. 7545. 


12. A (11a - 9b). 
15. - 33x, - 31x, 


17. n?. 


21. 4, 9, 14. 
EE a 


2a 


10 or - 8. 
First term 8, number of terms 59. 


1 

4 

5. First term vi number of terms 54. 
6. Instalments £ 51, £ 53, £ 55,..... j 


8. 25. 


12. -(p + q). 


IV.a. Pages (29, 30) 


. 820a — 1680b. 


2 
. n(n 1)a — —. 
a 


IV.b. Pages (32, 33) 
2. 8 or = 13. 3. 2, 5, 8p. « 





(2+n—3-Vx). 


CO ar 


n(10 — n) 


3 
8. 1325/3. 
11. n(n + 1)a - nb. 


14; 1;-15,.,-39. 


2 


16. x? — x + 1, x? — 2x *2,.., x. 
20. 612. 
24. 160. 


12. 


2 


13. 3, 5, 7, 9. [Assume for the numbers a - 3d, a — d, a + d, a + 3d]. 


14. 2, 4, 6, 8. 
20. 10p - 8. 
22. 3, 5, 7; 4, 5, 6. 


8. 364(/3 +1). 


" 2059 
'  1458' 
E 1093 
dor 
mo. 
2'"8 
64 
14. —. 


15.p*q- m. 16.12 or - 17. 


23.ry - (nt 1—- r). 


V.a. Pages (37, 38) 


1 
c 46-1). 7. 
6. 9-4 


9. 5 (585V2 - 292). 


17. 6r - 1. 


21. 8 terms, Series 153,45, "€ , 
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18 


22. 


28. 


15. 


20. 


19. 


14. 























Lo 19. 7(7 +442). 20. 2. 21. 16, 24, 36.... 
2. 23. 2. 24.8, 12, 18. 25.2, 6, 18. 
6, -3, E. 
2 
V.b. Pages (41, 42) 
1-a" | na" 8 14x 1 n 
(ay? 1-2: È 3 3. ü-xy: 4. yi aei 
4 "ED E 
6. 6 a- ?- g-pod-w) 
1 x(x'-1) n(n41)a 
E + : 
. 40, 20, 10. 11. 41i, 12. 4 s, 
Vr mi N nao 
PD YED ag parh- 1] 
x-1 qu 9 2r 
1 23 
1 = . s . nt2 enri 
8 16 48 19. n-2 oa x 
(1+ a)(a^c" -1) e [e = -nl 
ac-1 r-1| r^-1 
VI.a. Pages (47, 48) 
1 29 1,6 222 2 
1) 5. (2) 32. 3725.2. 6—,7.. Wm 
Des X) 2 (9) 32 9 7 3 57911 
6 and 24. 5. 4:9. 10. n?(n + 1). 
. I CE Doi +n+3). 12. sn + 1)(2n +7), 
1 2 1 nt+1 n+1 
: z O+ + 3n +1). 14.56 +1)-2"". 


.47*1—4 — n(n +1) (n?-n-1). 
. The n'^ term = b + c(2n — 1), for all values of n greater than 1. 
The first term is a + b + c; the other terms form the A.P., 
b+ 3c, b+ 56, DEZ Ouin 





nt 22. 5 (2a "n D +(n — 1) ad 4 c i el. 
VI.b. Pages (50, 51) 
1240. 2. 1140. 3. 16646. 4. 2470. 5. 21321. 6. 52. 


11879. 8. 1840. 9. 11940. 10. 190. 11. 300. 12. 18296. 
Triangular 364; Square 4900. 15. 120. 16. n - 1. 


VII.a. Page (54) 
333244. 2. 728626. 3. 1740137. 4. e7074. 5. 112022. 
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Ti; 
. (1) 121. (2) 122000. 


S 19 


2 


334345. 7. 17832126. 8. 1625. 9. 2012. 10.342. 
ttt90001. 12. 231. 13. 1456. 14.7071. 15. eee. 


VII.b. Pages (59-61) 
20305. 2. 4444. 3. 11001110. 4. 2000000. 
7338. 6. 34402. 7. 6587. 8. 8978. 9. 26011. 


. 37214. 11. 30034342. 12. 710te3. 13. 2714687. 
..2046. 15. 15.146. 16. 20.73. 17. 125.0125 


2 E 20. Ni 21. E 22. Twel 
8 -yg . Nine. . Four. . Twelve. 


. Eight. 24. Eleven. 25. Twelve. 26. Ten. 
2.2! 2^ 25, 31. 3° — 38 — 37 — 36 — 35 + 33 + 3? + 1. 


VIII.a. Pages (66-68) 


2*2 € V6 3+ V6 V15 


4 6 
arb +b Va — Jab(a +b) a-1+ Ja?-1+J2a(a-1) 
2ub ‘ 4. a : 
3V30+5v15-12-10V2 V2 + V3 + V5 
35/3 als 34/3.51/2 ij 3.2 + 32/3.23/2 + 31/3.22 T 25/2, 
55/6 = 54/6,91/3 NS 53/6.92/3 =. 52/6.9 + 51/6,54/3 = 255. 
11/6 - (10/6 pi + (19/6 pi = + q/6 p10/4 = pus, 


2. 


























328 + 318 4 1, 
. 23 — 22.714 + 2.712 _ 73/4. 
: 511/3 + 510/33 1/4 + 52.32/4 v. + 51/3.310/4 ie 31/4. 


1- 325 +3 
-—»- 


217 S 35/3.23/2 i 343.22 _ 3.25 + 32/3.53 _ 31/3.57/2. 
. 82.212 _ 35/3.9 + 34/3.93/2 _ 3.92 + 32/3.95/2 _ 31/3.93, 


1 





(355 a6 j 33/6 37/6 j 3/6 1). 


25 FS 23U6 E 23616 E 921/6 d 216/6 3: 21/6 à 1 
31 i 





3/2 5/6 1/6 
mu cac dl 19. 4544/7 =o, 20. J5 - V7 « 243. 


8 


BE 2. 22, 1+ fo J 23. 2+ da - 43b. 
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24. 37 3 - 43. 25. 1+3. 26. 2-1 45. 

27. 3- N2. 28. JH 242. 29, 2453 44/5, 
2a + 

30. 34/3 - V6. 31. S x 2 














" 3a+b ja-b 34 QE iu 
"VY 2 bx i 2 9 
1 1a, 1-a 
34. Mhz 2 Vo | 35. 114-5643. 


36. 289. 37. 38. 38. 343 +5. 39. 3. 
40. 84/3. 41. 31 4/5 —- 5.23607. 42. x3 +1+ AA e x -xX2 32. 


-1 
43. 3a - Jb? - 30’. 44. E : 


VIII.b. Pages (74, 75) 














1. 6-2/6. 2. od 3. gu ea, 
3+ ay 
4 x3-x*l ar 6. -19-6v10. 
8 dx d 2(3x? - 14-1 
i -È 3 p a 
29 atx x +1 
3a? -1 
10. = 1. 4-1. 12. 100. 


2a ` 
13. £(2« 34-1). 14. £(5- 64-1). 15. +(1+ 44-3). 
16. £20 - J-1). 17. +(a+ V-1). 








9 19. 4 X6. 
18. x {(a + b) — (a - b)V-1}. 19. "asl ast 20. 7 q^ 
21. i mele a e 09. 

ii " 5 5 , a+b? 
IX.a. Pages (81, 82) 

1. 35x? + 13x - 12 = 0. 2. mnx? + (n? - m?) x -mn - 0. 
8. (ph- qe? + 4pqx - p? * q? = 0. 
4. x?- 14x + 29 = 0. 5. x? + 10x + 13 =0. 
6. x? + 2px + p? -— 8q = 0. 7. xX + 6x + 34=0. 
8. x2 + 2ax +a*+b*=0. 9. x*+a@—-2ab+b?=0. 














10. 6x3 + 11x? - 19x +6=0. 11. 2ax? + (4 - a?) x? - 2ax = 0. 
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10 
12. x? — 8x? + 17x — 4 = 0. 14. 3, 5. 15. NC 
a-b b? — 2ac bc* (3ac — b?) b’ (b^ — 4ac) 
iio 48 — c de M. dp 
21. 7. 22. — 15. 283. 0. 
24. x? — 2 (p? - 2q) x + p? (p? - Aq) = 0. 
b? — 2ac b(b — 3ac) 
26. (1 3 2) XI 48 27. nl? = (1 + ny ac. 
QS nb? = (1 + n)Pac 
28. a?c?x? — (b? — 2ac)(a? + c?) x + (D? — 2ac)? = 0. 
29. x? — 4mnx — (m? — n??? = 0. 
IX.b. Pages (85, 86) 
1. 2and - 2. 5. bx? -2ax « a - 0. 
p(p^ -4qXp^ - q) p* - Ap'q + 24° 1 
: ee a G m 11. ee 
6. (1) : p : 
IX.c. Page (88) 
1. -2. 2. + 7, 5. (In' - i'n? = (Iw - l'm)(mn' — m'n). 


. (ať — bb’)? + 4(ha’ + h’b)(hb’ + ka) = 0. 
10. (bb’ — 2ac' — 2a'c)? = (b? — Aac)(b? — 4a’c’); which reduces to (ac — a'c)? 
= (ab’ — a’b)(bc’ — b'c). 


X.a. Pages (93, 94) 














1 1 1 1 11 
"v a a ae 4. 03 n 2n. 
LE NC fu Ta $ ge Weg 8 
25 9 4 1 25 1 
2n RESP , * . , s . 1, + 
6. 1, 2%, $^ r aro $40 = 
11. 2, 0. 12. + 1. 13.-4. 14.+3. 15.0 
1 
16. 5,49. 17. g -7,1 + V-24. 18. 2,54, 1+ V71. 
33-47 1*4 
js jj 4,7 1507 
2 4 2' 4 
24/7 
21. 2,-8,-3$ 35. 22. 3,-2, : D 
+ + 
5 1 88/148 TE 14 7537 
a^ 3 3° 6 
+ t4 
sao pg go ESI. 
2' A 3’ 6 
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1 18 a dà 9 
i ] .5,—. .19,-—. .,—,——. .2,-—. 
27. 1,3 28 2 29 5 30. a 2 3 31 2 
10 3t45 
32. NE 33.0, 5 34. 6 -> 35. 1 ae) 
—T+4./— + V-— 
36. 3,1, — 95 37. 2443, HENS 
1 1 2a 
38. 2,-—,5,-—. 9. 3a, —Aa. 40. +—. 41. 0, 1, 3. 
8 2 5 39. 3a, —4a 0 5 0,1,3 
-1+ -1+ 
42. 1:47 TEN a ae, 44. 3, -1 45. - 1 
2 2 23 
: r o 63 y Oa - voy +4 
46. 13 47. 48. 0, 65 ' Qa 4 by. —4 
+ ] oy 
50.+5 51, Bog tt m 52 E zi 
2 3 6 
X.b. Pages (98, 99) 
8 15 8 97 
s =5,- ; =4,- . i. =2,- ; =7,- . 
fum a 2 A» 197 19 
3 jaje epe 4 =+5,43;y=+43,4+5 
i '" 88/7 " 2» axo A MA 
5. x=8, 2; y -2, 8. 6. x = 45, 5; y = 5, 45. 
7. x -9,4;y - 4,9. 8. x2s52,t3;jy--*1, 242. 
9. x=+2,43;y=43,44 10.x--5,*3;y--3,«4. 








11.x--:2,*05;y--21-39. 


12. x- ede fy- 0, «e|. 


13. x -5,8,4 £4-97;y »83,5,A x 4-97. 














14. x 4,-2, 4-15 +1; y -2,- At N-15 - 1. 
15. x -4,-2,tN-1 * y -2,- 4t N-11- 1. 
41 
16. eae YR Ao. 17. x= 2, 1; y= 1, 2. 
18. x = 6, 4; y = 10, 15. 19. x = 729, 343; y = 343, 729. 
20. x - 16, 1; y - 1, 16. 21. x= 9, 4; y= 4, 9. 
5 2. 
22.x-5;y- t4. 23. Kb e 
24. x -9,1;y - 1, 9. 25. v= + 25; y= 9, 


26. x= 62,4, 3 y=1,3,5,2 
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107 48 1+ 4-143 1+ 34-143 
28. x=4, jV - Ll. 29. x--6, 2 -3, 
: ig 148 PM —y N 4 
9 
30. x = 0, 9, 3; y = 0, 3, 9. 81. x= a he xu 0, 4 55 
10 6 4 n h 
. -5, , 0; Ey ; . . -2, 4,2; =2,2 4,6. 
cal a g que Md 7 y-n21h 
34. x=1, nig - 234. 35, x - £3, £4-18;y = £3, 4-18. 
36.x=y=+2. 
37. als ba ba TS avb avb 
Va+vb' VJa-v4b°” Va + Vb" Ja- b. 
T 1t 
38. ES 239 yaa, a (1x 43). 
a? P b b(2a-b 
89. x2 —, ( y= eo 
b b a a 


40. x=0,t+aV7,+aV13,+ 3a, £a; y =0, x b V7, +b V13, x b, x ab. 
2a? 
jy mM. 
,{16a* -a° -1 J16a* - a2 -1 
X.c. Page (101) 
1. x=+3;y=4+5,2=44. 2. X-5;y--Lz-7. 
x-25,-l;y-21,-5 2-2. 4. x -8, -35y -37z-3,-8. 


2t4151 2x N151 11 








41. x=+1,+ 





+ 2a, F 




















. x=4,3, ;y =3,4, jg 
" a ee 3 3 
6. x-tXy-r2Z;z-tb. 7. x" tb;y-tl;z-tcl1. 
8. x= 8, =8) y = 0,--57 2 = 95,3. 
1 1 
9. das aaa 10.x-1;y22;z-3. 
11 
11. x = 5, -7; y = 3, -5; z = 6, -8. 12. x=1,-2; y -7, -iz - 8, - —. 


3 
60 66 
13. x=4, 5478 pice o 14. x =a, 0, 0; y = 0, a, 0; z =0, 0, a. 


AT Vas 4-9 a -543s4-9 a BEV 
. J3’ 6 7Y V3’ 6 ; CE 3 . 
7+ = “114 J 
2 , 











16. x =a,-2a, a; y —4a,a, 





z = 2a, - 4a, (1 + N—15) a. 
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X.d. Pages (104, 105) 


1. x = 29, 21, 13, 5; y = 2, 5, 8, 11. 

2. x=1,3,5, 7, 9; y = 24, 19, 14, 9, 4. 

3. x= 20, 8; y= 1, 8. 4. x= 9, 20, 31; y = 27, 14, 1. 
5. x =30, 5; y = 9, 32. 6. x = 50, 3; y = 3, 44. 

7. x-7p-5,2;y - 5p- 41. 8. x = 13p —- 2, 11; y = 6p - 1, 5. 
9. x-21p-9,12y = 8p - 5,3. 


10. x = 17p, 17; y = 13p, 13. 11. x = 19p — 16, 3; y = 23p - 19, 4. 
12. x = 77p = 74, 3; y = 30p = 25, 5. 

13. 11 horses, 15 cows. 14. 11. 15. 56, 25 or 16, 65. 
16. To pay 3 guineas and receive 21 half-crowns. 

17. 1147; an infinite number of the form 1147 + 39 x 56p. 

18. To pay 17 florins and receive 3 half crowns. 

19. 37, 99; 77, 59, 117, 19. 

20. 28 rams, 1 pig, 11 oxen; or 13 rams, 14 pigs, 13 oxen. 

21. 3 sovereigns, 11 half-crowns, 13 shillings. 


XI.a. Pages (113-115) 
1. 12. 2. 224. 3. 40320, 6375600, 10626, 11628. 


4. 6720. 5. 15. 6. 40320; 720. 7. 15, 360. 
8. 6. 9. 120. 10.720. 11. 10626, 1771. 12. 1440. 
13. 6375600. 14. 360, 144. 15. 230300. 
16. 1140, 231. 17. 144. 18.224, 896. 19. 848. 
20. 56. 21. 360000. 22. 2052000. 23. 369600. 
! 
24. 21600. 25. Ves 26. 2520. 27. 5760. 
28.3456. 29.2903040. 30. 25920. 32. 41. 


33. 1956. 34.7. 
XLb. Pages (121-123) 
1. (1) 1663200. (2) 129729600. (3)3326400. 
2. 4084080. 3. 151351200. 4. 360. 5. 72. 6. 125. 


7: HW. 8. 531441. 9. p. 10. 30. 11. 1260. 
(a+ 2b+ 3c +d)! 
12.3374. 13.455. 14. aX(b1y (ch? 15. 4095. 
16. 57760000. 17. 1023. 18. 720; 3628800. 19. 127. 
mn! 
20.315. 21. (mly'n’ 22. 64; 325. 23. 42. 


p(p-1) q(q-1) H1; Q) p(p-1(p-2) 4(q-1-2) 
2 2 i 6 6 i 








24. (1) 
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pp-1(-2 44-09-2,, 











25 6 6 
26. (p + 1)'- 1. 27. 113; 2190. 28. 2454. 
29. 6666600. 30. 5199960. 
XIII.a. Pages (132, 133) 
1. x- 15x* + 90x? — 270x? + 405x — 243. 
2. 81x* + 216x3y + 216x7y? + 96xy? + 16y*. 
3. 32x° — 80x4y + 80x*y? — 40x^? + 10xy* - y*. 
4. 1 — 18a? + 135a* — 54046 + 12154? — 14584? + 7294", 
5. x! 4+ 5x? + 10x? + 10x" + 5x9 + x5. 
6. 1- 7xy + 21x4? — 35x*y? + 35x'*y* — 21x9y? + 7x6y9 — x7y7. 
7. 16 - 48x! + 54x* — 27x5 + 2: 


soa? Gin, 64 
3 27 729 

7x 210 35x? 35x 210 7x5 x 

+ + + + + + 


8. 729a° — 972a° + 540a* — 160a° + 






































9. 1+ : 
2 4 8 16 32 64 128 

64x6 32x* 20x! 135 243 729 
10. - + —20+—-,-—, +-——=. 

729 27 3 4x) 8x' 64x 

2 3 4 

11. NELLE LAE UE E P yr age 

256 16 16 4 8 
mi 10.45 120 210 252 210 120 45 10 1 

` x x 3 x y, x y d p W 

13. — 35750x". 14. -112640x?. 15. -312x?. 

30! 3 QJ 1120 

5xy (8 . 753 l0 ath 

16. 57131 | ) (8y) 17. 40a7b3. 18. ^51 a* b^, 

10500 70x59 
19. —;—. 20. p 21. 2x* + 24x? + 8. 

x a 
22. 2x (16x* — 20x242 + 5’). 23. 140V2. 
24. 2 (365 — 363x + 63x? — x°). 25. 252. 
429 
26. EET dE 27. 1105654*. 28. 84a3b°, 
18947 21, 7 
29. 1365, — 1365. 30. =e. Bi S: 
"XE 18 
n! 
32. 18564. 33. 4 i : 
(z(n- ry C (n ry! 
, (8n)! 2 2 

34. (- 1) 


nY2n)! 
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XIII.b. Pages (137, 138) 


1. The 9'h, 2. The 12'^, 3. The 6", 
4. The 10 and 11%. 5. The 34 = 
3 
6. The 4" and 5" = 9. x=2,y=3,n=5. 
144 


10. 1 + 8x + 20x? + 8x? — 26x* — 8x? + 20x6 — 8x7 + xë. 
11. 27x6 — 54ax5 + 117a?x* — 116a3x3 + 117a*x? — 54a5x + 2746. 














n! y-1n-rt+1 (2n+1)! 
12. x a 3 13. p id 2h 2nd 
(r-1!(-r1)1! 3 ME Ge EON 0 
14. 14. 15. 2r=n. 
XIV.a. Page (144) 
L is rl 2. 142743 rl 
2 16 2 8 16 
3. 1 2 a NEIN 4. 1 - 222 + 3x4 — 4x6. 
5 25 125 
5. RE E 6. dia irata 
3 3 
7. 1-x+ix?-=x° B. 1-x229 108p 
2 3 27 
X Xx 5, 5, 
9. 1+x+—-—. 10. 1- 2a +—a a 
6 54 2 








n. ih Sg 2e] 12. oi -— 1 3! 




















8 2 2 4 9 162 1458 
1 1 1 5 35 
13. 4| 1-a- d +=]. 14. 1-x4cx MB. 
| "Y H4 a 6 5 
1 ja ,9,0 5 x 
is 241? 2m 2p 
429 , T^ dh 1040 45 
16. -——x. T17:——X 5 18. -——a'. 
16 256 wo 
16b* . (rt+1)(r+2)(r +3), 
19. 2408 20. (r+ 1) x". 21. 12.8 X. 
DNE = 4 11-8-5-2-1-4...(3r - 14) , 
22. ( iy 1 3 5 (2r 3) ar 23. ( 1) 4 : ( r i i 
2'(r)! 3' (r)! 
19712 , 
24. — 1848x}. 25. —— — X^. 


3 
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XIV.b. Pages (149-151) 
9B aui ed. (r+1(r+2)(r+3)(r +4) , 
Qj R " A 
a EPPO) ,2.5.8...(8r-1) , 
i qu OD ea, Cy ZEB D, 
ri 3 r! 
+1)(r+2 © BT saad 
5. ( 1y (r yr ] que 6. 3 5 7 tD 
2! r! 
„b, r+1 , 
7. (7-1) gu 8. pra 
2-1-4....(3r 5) x* VSS Ord: 
‘ 1 ; 
9. er ero 4 C1) 1 x 
2.5.8...(8r- 1) , 
11. x 
r! 
(n+1)(2n + 1) ....... (r-1.n-1) x 
12. ond" 
r! a 
13. The 39. 14. The 5^. 15. The 13". 16. The 7". 
17. The 4 and 5". 18. The 3", 19. 9.89949. 
20. 9.99333. 21. 10.00999. 22. 6.99927. 23. .19842. 
23x 
24. 1.00133. 25. .00795. 26. 5.00096. 27. ae: 
2 x 5x 1 5 343 
28. ~|1+— |. 29. 1-—. 30. --—- x. 31. 1-——x. 
ef =) 8 4 6 120° 
iso 85.1 — 4x + 183x?. 36 Bt p 
EE sie + , : VX tay xe. 
3 360 i x38 
XIV.c. Pages (155-157) 
1. - 197. 2. 142. 3. (-1y-1 
1 -3/2 
4. (-1)"(n2 + 2n +2). B. 48-65-13 . 
m 1)" 2n! 
7 E 2) 2(1-4) . 12. Star 
14. Deduced from (1 - x?) - (1 - x? = 3x - 3x?. 
16. (1) 45. (2) 6561. 
18. (1) Equate coefficient of x” in (1 + x)" (1 + x)! = (1 + xr-t. 
: n 1 E 2 n-2 
(2) Equate absolute terms in (1t x)|1-—| =x°(1+x)"~. 
x 
20. Series on the left + (-1)" q2 = coefficient of x” in (1 — x2) 12, 
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1 2n! 
2 n!n! 
[Use (cg + cy * Co +... 





21,07 = 


Cn)? = 2 (Cocy + Cila) = c + CF +5 +... c2]. 


XV. Pages (161, 162) 

















1. - 12600. 2. — 168. 3. 3360. 4. — 12608 p*c*. 
5. - 9. 6. 8085. 7. 30. 8. 1905. 
9 10 10 x 11.- 1 12 m: 
. mil . . 2 ui . . 81 
59 211 1 7 
13. =. 14. - 1. 1 7—— 16. 1- -x-- x. 
16 3 1 2 x 8 x 
17.1 — 2x? + 4x3 + 5x4 = 20x? 
18. 16) 1 333 4 Bx e Dua e um 
2 32 8 8 
XVI.a. Pages (165, 166) 
1. 8,6 2. 2,1 3 E n: 4 4 s 
. Xs . g mu. . 3 L 2 . y 2 
5 4 E 6 2 1 2 7 7 -3 _4 2 
. 3” 5 . 5” 2” 2 . 3° , a^ 3 
2 3 
8. 6loga * 9 log b. 9. aoe IET 
10. -Í log a+ log b. 11. = loga- log b. 
7 1 
12. - p8 a — log b. 13. 718 a. 14. - 5 log c. 
log c 5logc 
16-1089; 18. joga-logb 1? 2 log a + 3 log b` 
log a + log b 4log m log m 
20. E 21. x= , . 
2 log c- log a + log b log a log b 
1 1 log (a - b) 
22. log x= CO + 3b), log y =x (a cub). * log (a+b) 
XVI.b. Pages (171, 172) 
1. 412, LLL 
2. 0.8821259, 2.8821259, 3.8821259, 5.8821259, 6.8821259. 
3. 5, 2,4, 1. 
4. Second decimal place; units’ place; fifth decimal place. 
5. 1.8061800. 6. 1.9242793. 7. 1.1072100. 8. 2.0969100. 
9. 1.1583626. 10. 0.6690067. 11. 0.3597271. 12. 0.0563520. 
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13. 1.5052973. 14. 0.44092388. 15. 1.948445. 16. 191563.1. 
17. 1.1998692. 18. 1.0039238. 19. 9.076226. 20. 178.141516. 











21.9. 23. 301. 24. 3.46. 25. 4.29. 
26. 1.206. 27. 14.206. 28. 4.562. 
l log 2 
29. x= 983 ;y- = , 
log3 -log2 log 3- log 2 
1 -21 l 
sm. ped og 3 ANE iiis og 3 
4 (log 3 — log 2) 4 (log 3 — log 2) 
31. 1.64601. 
l 21og 7 
ga 28. qai ^ HET eid 
21og7 log 2 
XVII Pages (180-182) 
1. log, 2. 2. log, 3 - log, 2. 
6. 0.0020000006666670. 9c ee’, 


10. 0.8450980; 1.0413927; 1.1139434. 
In Art. 225 put n = 50 in (2); n = 10 in (1); and n = 1000 in (1) respectively. 








42 «1 -) se» 
12. (-1) '- ——— x. 13. [uo ME DET 
r T 
2 4 2r 
44. 2114 EL C) y Gau 
21 41 2r ! 
x 6 x” x 
E. puer e LY — — -« lo 1- x). 
15. 1 TT ape 1) xit MUN g,(1-x) 
24. 0.69314718; 1.09861229; 1.60943792; 


a=— log, E = ij = 0.105360516; 


b --1log,|1- Eas 0.40821995; c = log, | 1+ Em 0.01242520. 
i 100 80 


XVIII.a. Pages (186, 187) 


1. £1146.14s. 10d. 2. £720. 3. 142 years. 
4. £6768. 7s. 1054. 5. 9.6 years. 8. £496.19s. 45d. 
9. A little less than 7 years. 10. £119. 18s. 5. 


XVIII.b. Pages (190, 191) 


1. 6 percent. 2. £3137 25. 224. 3. £110. 
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4. 3 percent. 5. 287 years. 6. £1275. 

7. £926.2s. 8. £6755.13s. 9. £183.18s. 
10. siper cent. 11. £616. 9s. 124. 13. £1308.125. 4d 
15. £4200. 


XIX.a. Pages (196, 197) 
8. d? + 2D? is the greater. 
12. x? > or < x? + x + 2, according as x > or < 2. 
14. The greatest value of x is 1. 
15.4:8. 22. 4455: when x = 3. 23. 9, when x = 1. 


XIX.b. Pages (201, 202) 








35.55 8 3 2 
8. a;,i/—.4=. 
25 5 V5 
XX. Pages (209, 210) 
10 9 1 15 15 
d. ——32— 2. De, go ys 4. — —;6. 
7 A 9 2 3 8 
3 
5a 10 6. 0; - 30. 75 E 8. log a - log b. 
x. 12 T 
ma. 11. E m 
9. 2 10. me Wa 3 
42a 
13. -1. 14. af 15. Ja. 16. 0. 
17 2: 18. e? 
2 ser", 


XXI.a. Pages (222, 223) 
Convergent. 2. Convergent. 3. Convergent 
x <1, or x = 1, convergent; x > 1, divergent. 


x < 1, convergent; x > 1, or x = 1, divergent. 
Divergent except when p > 2. 
10. x < 1, or x = 1, convergent; x > 1, divergent. 


1 
4 
5. same result as Example 4. 6. Convergent. 7. Divergent. 
8 
9 


11. If x < 1, convergent; x > 1, or x = 1, divergent. 

12. Same result as Ex. 11. 13. Divergent, except when p > 1. 
14. x < 1, or x = 1, convergent; x > 1, divergent. 

15. Convergent. 16. Divergent. 

17. (1) Divergent. (2) Convergent. 

18. (1) Divergent. (2) Convergent. 
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XXI.b. Pages (231, 232) 
1. x <1, or x = 1, convergent; x > 1, divergent. 
2. Same result as Example 1. 3. Same result as Example 1. 
1 1 1, 
x« z or X= a convergent; x > z divergent. 


x< e, convergent; x > e, or x =e, divergent. 
x < 1, convergent; x > 1, or x = 1, divergent. 


NOU A 


Divergent. 


1 1 1 , 
8. x«-,convergent; x>—, or x=—,divergent. 
e e e 


9. x< 1, convergent; x > 1, divergent. If x = 1 and if y - a — p is 
positive, convergent; if y — a — p is negative, or zero, divergent. 

10. x « 1, convergent; x > 1, or x = 1, divergent. The results hold for 
all values of q, positive or negative. 

11. a negative, or zero, convergent; a positive, divergent. 


XXII.a. Page (236) 











1. qna - T). 2. in + T) (n * 2) (n * 3). 
1 

3. T n(n+1)(n+2)(3n+5) 4. n?(2n?- 1). 

5. x n(n + 1) 2n +1)(3n* + 3n - 1). 

6. p=q. 7. b = 27d, c3 = 27ad?. 


ad = bf, 4a*c - b? = 8a°f. 13. abc + 2fgh — af? — bg? — ch? = 0. 
XXII.b. Pages (239, 240) 
































1. 14 3x + 4x2 + 7x3, 2. 1-7x - x2 - 43x. 
3. E E m . Sa kd hye. 
2 4 8 16 2: 4 8 16 
5. 1-ax + a(a + 1)? - (à? + 2a? — 1). 
6. a=1,b=2. 7. a=1,b=-1,c=2. 
9. The next term is + .00000000000003. 
a’ 
m (1- aY1- à2y1- à)......(1- a) 
XXIII. Pages (246, 247) 
4 5 7 5 
*. 123x 4-34 2. ax-5 4x43 
4 8 2 3 4 
3. dose 1-x 4 x-1 x-2 x-3 
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1 1 8 1 1 3 
x -D B5Qx«3) ? x-1 x42 (x42 
RS 11 17 
1e(x-1) A(x-1y 16x-3) 
41x *3 15 3x 1 
£1 x45) 9. x3]42x-5 x-3 
5 7 1 8 
'(x-1* (x-1P (x-1y x-T 
1 1, 8 3 , 2 
'"x-1 x1 (x41) (x41P (x41* 
: D QE. (4-7 - A)x'. 
3(1+7x) 3(1+4x)’ 3 


231Y-1 
i T dictu x. 
3ü-x) 3(2+x) 3 Py 


14. 14+—2 d ie Ls. 
3(x+5) 3(x42) Sip T pnt 



































1 1 4 r-1 r+2y) 7 
,{1+(-1 2 , 
Boe ie pu 9 n 


4 i . 3 1 
' 82x) 3ü-x) Q-xy'3 
1 1 


412 + Ur) x’. 
17. 44-4  Aü-4y/^ | ) 


rt+1 
18. 2 5 : ;C113r«5 : X^. 
l+x (lt+xy 24+3x 2 
3 1-3x 


1 
reven,-[((-1)? — 3} x'; r odd, 
193. 2(x-1 24x) QD 








(9r - 8 (-1y 2?) x'. 














- : {1+ (C1 PP). 


20 2 5 a zł 2 eG Tue. 
"(ü-xy (ü-xy 1-x 











q^? p ct? 
21. H H x: 
(a-b)(a-c) (b-c)(b-a) (c-a)yc-b) 
22: ES + : + 2 ; ea dE X 
-xf 2-x (-xy 1-x av 








j 1 1 1 
(1) x(1—x)\1+x"*' 1tx} 





23. 
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1 1 io 4 
C) a-ay litatx 144 x 14x 1-ax[| 
zc. 
24. (1-x)-x?) 





1 x x x"! x^^? 
25. 2 2 er n*2[* 
ü-xy |1-x 1-x° 1-x 1-x 


XXIV Pages (252, 253) 

















1+ 3x 2+x — 
: ! ; UT (-1)'2)}x'. 
dc Eee Ds 2. ra ga e 
2-3x Sp 7 — 20x 27 3 |, 
————— 5 (Q2 x. j T) 4 ue 
3 p 7) 4. aae EA "n 
_ 2 
2 3- 12x * 11x (9 +2" 1x. 


1- 6x + 11x? - 6x2” 





6. at 14201; 263" 1)+2"-1. 





7. aa -3-2"71) yt. 20 - 3'x") | 31 - 2x") 
' 1-3x -x C 


s (teary da poor 
1-4x — 1-3àx 


sa l-3" 1-8'€ 1-20 
^1-x  1-3x 1-2x ` 
221-3 4 1 2 
; 1! -1 4 — Q2? -1). 
z zu y -1 a0! ) 


11. u,—-3u, 4,*3u, 5—u,. 370; 





9. (143! -2" x 








8 
10. 1) + 
= ) 





Uy, — 4u, -1 + 6Uy -2 — 4u, 3 + u, 47 0. 
12. S, - $4, — X, where X = sum to infinity beginning with (n + 1)" term. 
This may easily be shown to agree with the result in Art. 325. 


13. 2n * 1 + ; Q1. 


XXV.a. Pages (258, 259) 











ii 2 13 15 28 323 674 r 127 9 4 95 613 
1’ 6’ 77 13’ 150’ 313 ` 2' 5' 17' 22” 105’ 232’ 14977 
4, 3 10 13 36 85 121 1174 
1 3'4'11'26' 37' 359° 
jp uulboh 4.5.3 $37 





24 222-14 1-2242'12 
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1 1 1 1 1 157 


4+ 3+2+1+3' 307 
1 1 11111 3 


6 343+3+3+3+3+3+ 109 

111111 
3+5+1+1+3+2+1+5 35 
1111117 1 1111 254 
8. 341424211131719 99 Fee oe oe 223 
11111111 6 
10. 34 34-54 64 14 3+ 13-30 208 






























































1 1 1 259 17 8 39 47 
Ii: 442-5 13.3 n š 
3+6+3 60 4 29 33 161 194 
1 1 
16. ” H i i : _4 and the first three convergents are 
(n+1)+(n-1)+ n1 8 


n-1 m m-m-*n-1 





XXV.b. Pages (262, 263) 








1 1 
1. z and sis ES 3 
(203) 2(1250) 115 
1 1 1 1. i -3a43 
4. 


a+ (a+1)+ (a+ 2)+ a 3 à 3a? + 4a 
XXVI Pages (269, 270) 
1. x - 711t + 100, y = 775t + 109; x = 100, y = 109. 
2. x = 510t — 73, y = 455t — 64; x = 446, y = 391. 
3. x = 393t + 320, y = 436t + 355; x = 320, y = 355. 











54 
4. Four. 5. Seven. 6. 7'9 
7. pu e 8. Rs. 9.90 nP. 
128 12 8 8 12 8 12 
95 £= 9,9 8, 2-3. 10.x-5,y-6,z-7. 
11.x-4y-2,z-7. 12.€*—2,329,z-7. 
13. x = 3, 7, 2, 6, 1; y= 11, 4, 8, 1, 5; z= 1, 1, 2, 2, 3. 


14. x= 1, 3, 2; y =5, 1, 3, z = 2, 4, 3. 

15. 280t + 93. 16. 181, 412. 

17. Denary 248, Septenary 503, Nonary 305. 

18. a= 11, 10, 9, 8, 6 4, 3; b = 66, 30, 18, 12, 6, 3, 2. 

19. The 107" and 104'^ divisions, reckoning from either end. 
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20. 50, 41, 35 times, excluding the first time. 
21. 425. 22. 899. 23. 1829 and 1363. 
XXVII.a. Pages (273, 274) 
1. jt d EN d 2. 24| T Ed 
1+ 2+ 15 4+ 1292 
3 24 1 1 48 L 
. 24 a m ' 198" 1+ 44 essa, ‘35° 
5. 3 E ON ; 3210. 6. 34 UN NN E E Hs 
3+ 6+ 1197 14+14+14+1+ 6+ 33 
7. 3+ 1 1 1 1 116 441.1 1 11 1 197 
d 14241-6247 31° 142444241484 °°” 42^ 
9. 3 UE ME Tom 10. 5 B s eae ; 129, 
2+6+ 390 1+1+1+104 35 
11. 6 1 1 1 1 1 1 dob 
14+24+24+2414+12+ 24 
12. 124 1 1 1 1 1 11 1 A 
1+1+1+5+1+1+1+24+ 20 
1 1 1 1 1 1 .12 
19-4416 12415 1-89 "55° 
1 1 1 1 1 47 1 1 5291 
14. anaes , . 15. E= ; 
5+1+2+4+1+4+ 104 270 104 2+ 4830 
" 1 1 1 1 1 1 1 1 1 1 _ 280 
6. 1} 34 14 16+1+3+2+3+1+ 167 "^ 35T 
1 1 1 1 
17. z and z“ 18. z and = 
(65) 2(528) (191) 2(240) 
4030 1677 oe x 
19. "Al" "408 21. 335942455 
1 1 1 
gd tu E jx dele ce 
1+14+1+4+ 2+ 3+1+ 
4 1 1 .11 1 1 1 
24. c Pee oe eee 77 
25. 10. 
26. Positive root of x? + 3x — 3 = 0. 


27. Positive root of 332 - 10x - 4 = 0. 


28. 44. 30. 
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XXVII.b. Pages (280, 281) 
1 1 1 8a* + 8a° +1 
1. 44—— hs ; 
2a+ 2a+ 2a+ 8a? + 4a 
1 1 1 1 86? - 8a+1 
2. a-1+—— ————— —— ————— see H r 
2+ 2(a-1)+ 2+ 2(a-1)+ 8a- 4 
1 1 1 1 26» -1 
3. a=k- ————— I ; j 
1+ 2(a-1)+ 1+ 2(a- 1) 2a 
á 1 1 1 1 (8a+8a+1 
i 2a+ 2+ 2a+2+ 86) * 4a 
5 à 1 1 1 1 2d? + 4ab +1 
. b+ 2a+b+2a+ `” 2ab? + 2b 
1 1 1 1 2an -1 
6. a-1+————_ — ——_.,,, 3 i 
1+ 2(n - 1) 1+ 2(a - 1)4 2n 
432a? + 180a* + 15a 
7. — 14d* + 3607 +1 
XXVIII Page (289) 
1. x-7orl,y-4,x-70r5,y- 6. 2. x-2,y- 1. 
3. x=3,y=1, 11; x=7, y=9, 19; x - 10, y = 18, 22. 
4. x =2, 3, 6, 11; y = 12, 7, 4, 8. 
5. x=3,2; y=1,4. 
6. x = 79, 27, 17, 13, 11, 9; y = 157, 51, 29, 19, 13, 3. 
7. x=15,y=4. 8. x = 170, y = 39. 9. x 232,y - 5. 
10. x = 164, y = 21. 11.x-4y-1. 
12. 2x =(2 + J3y + (2— V3)"; 2V3-y = (2+ J3y -Q- 43y, n being 
any integer. 
13. 2x =(2+ V5)" + 2- V5)"; 2V5- y = (2 + V5)" - (2-v5)"; n being any 
even positive integer. 
14. 2x - (A V17)' + (4 - V17)"; 2V17 -y = (4 + VI7)' -(4-VI7y; 
n being any odd positive integer. 
The form of the answers to 15 - 17, 19, 20 will vary according 
to the mode of factorising the two sides of the equation. 
15. x = n? - 3n?, y = m? — 2mn. 
16. x = -n? + 2mn + n?; y = m? - m. 
17. x = 2mn, y = 5m? - n?. 18. 53, 52; 19, 16; 13, 8; 11, 4. 
19. m? — n?; 2mn; m? + n?. 20. m? — n?; 2mn + n?. 
21. Ram, Sujata; Gopal, Uma; Amit, Jaya 
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19. 


20. 


XXIX.a. Pages (299, 300) 





Enç FT) 


(n 2) (n * 3). 2. =n FT) (n+ 2) (n+ 3)(n + 4). 








= (8n — 2)(8n + 1)(3n + 4)(8n +7) 4 — = g (27n? + 90n? + 45n — 50). 
























































n -Dge6)(n47). — 5. n + D (n4 8) (n + 9). 
no. n 1 
nl 7. 3n+1' 3° 
1 1 B 1 1 (d 
12 A(2n+1(2n+3)' 12 ?- 24 6Bn+ (8n 4) 24 
5 2345 5 1 1, 2 1 
4 2(1q-2) 4 11.6 545413 (n*3)(n*2) 6 
3 2. 1 3 
4 n2 2(n-1m42) 4 
2L (n41)(2)0-3) Qn +3). 
10 
1202-1 15. (n - 1)(n +1) (n +2) Qn +1) 
* 4 . . 10 T T T . 
= (n + 1)(n + 2)(3n? + 36n? + 151n +240) - 32. 
(n — T)n (n * 1) (n * 2) n (n * T)(n * 2) n 
6(2n + 1) dE 3 n1 
n(n+3) 3 2 1 
2 2 n+2 (n-1)(n42) 
nic. 
n+1 
XXIX.b. Pages (308, 309) 
8n? + n; n(n + 1)". 2. 5n? + 3n; T + 1)(5n +7). 
n^ (n+1); - n(n +1)(n +2)(3n + 1). 
- 4n?(n — 3); -n (n + 1)(n? - 3n - 2). 
n(n + 1)(n + 2)(n + 4); ann F 1) (n * 2)(n + 3)(4n + 21). 
14x? 1- x+ 6x? - 2x? 2-x+x? 
(1-2) z (1- xy 5. Q-xy ^ 
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14 11x + 11x32 + x? 












































(Ll x).e*. 














9 
(17 xy. 10. (1- x) 11. 4 
25 n n n(nt5) 
= . 3-2" +n+2;6(2" —1)4 a 
54 13 n ( ) 2 
P - (ny; > (Bn? + 2n? — 15n - 26). 
n 2 _ 
ge Tn +n-1 
2 
n+1 2 n+2 1 
.2" -nm -2n;2 4 p UPS Cn +7). 
+1) (n+ 
E E EE a AL 
2 2 6 
1-x' nx 1-x" nx" n(n + 1)x" 
: LN . 19. a= "mn ; 
(1-xy 1-x ü-xy (Q-x) 2(1- x) 
1 1 n-14' 2 
= "aS 21. : Tes 
n+1 2 n+2 3 3 
n(n + 1) (31? + 27n? + 58n + 2) 
, i : 
n(n + 1) (12r? + 33n? + 37n + 8) 
: 28 : 
n(n + 1) (9r? + 13n+ 8) ds 1 1l 1 
i 12 : “2 2.1357..(20+%) 
QNT 
= 2. no. 
(42 27. (n^ — n + 4) 2" — 4. 


1 13.5...(2n +1) 














= n+1 . 
xps gne 29. ) 246..(n * 2) 
n ., 1 1 1 
2". 31. : 
n+1 4 2(n+1)(n+2) 3” 
1 inti 33.1 n+4 <a 
"2 (n2) ©  (nt+1(n+2) 277 
XXIX.c. Pages (313-315) 
Lyris 2. 1+ — log (1- x). 
2 x 
1 x cx Ax , + -4x — oe 
1 (e —e^—ie" tie") A (r-2)[0 - IT 
(p +y 


r! 
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20. 


22. 


20. 


10. 


16. 








1. 8. n (2n - 1). 
0. 10. 4. 
1 
. log, 2 x 12. 3(e - 1). 
. € — log (1 + x). 
n n5 n m nm n? ow m m r 
Oy eta ae Rat. T 
7 2 2 6 42 8 2 12 24 12 
. 15e. 17. (1) n * 1. 
| 1 í 
A. I Q) 3-2* CD 
2 ltnt+n aug ` 
14 xy 3x +2 
CT A PE =" ap uma qs 





2x) Ax 


1 (n 1 [3 a0 2n+3 
1 14 g 2 edges xb, a n . 
(1) al al Q) Hs 1) nts 
XXX.a. Pages (322, 323) 


3, 6, 15, 42. 2. 1617, 180, 1859. 
48. Tas 23% 33. 8987. 


XXX.b. Pages (329-331) 
x = 139t + 61, where t is an integer. 


*XXXI.a. Pages (340, 341) 











1 11 . 
1+———-. 18. 1; it can be shown that q, = 1 + py. 
x-4+x 
XXXII.a. Pages (348, 349) 
o Lo =. ES s cs ES 
9 36 663 56 8 
2 to 3. 6. 270725 8. 43 to 34. 9. 36:30:25. 
2197 1 2 
20825' 11. 952 to 715. 14. e 15. 7 
P ge EM 
4165 ` (m+n)(m+n-1) 
XXXII.b. Pages (355, 356) 
n Arr Wo. apo d 
36 5525 77 21 15 
2o; qp Eg BIg Mmo, x» 
289 20825 4165 7776 343 
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10. z 11. E 13. 14. Bm 15. ES 
7 216 19 256 32 
16. = cas E 17. Ld 18.n - 3 to 2. 
37 37 37 35 35 
19. 13 to 5. 20. a 
50000 
XXXII.c. Pages (361, 362) 
2133 5 4 . 
1. 3125 2; 16 9 4. 10 nP. coins. 
5: EN 6. 92 nP.’s. 7. e 8. E 9. 11 to 5. 
2 63 27 
1 20 
10. 8 11. A £5; B £11. 12. 2r 
13. 4^ shillings. 14. (1) P Q) Eun 
5 7776 7776 
3 1 
15. 4d. 16. —. 17. M * —m. 
4 2 
*XXXII.d. Pages (370-372) 
2 1 12 2 4 
1. x 2. ae 9. iy Be 
5 : * 6 = 7 a7 8. 2s. 3d 9, — 
` n(n+1) © AY ' 550° S 
1 40 11 
10. 3" 11. FT 12. 50 13. £1. 
3 7 n-1 n-1 
14. (1) 5 (2) 8 15. £8. I2 und ma emi 
13 
18. d 
*XXXILe. Pages (377-380) 
1. 7 to 5. 2 E 3. i 5. mae 
A 4126 : 12500 504 
6. 1: 2.(2} (3) (8 B Ffa x. 8. 6; each equal to L, 
9. 10. ae 11. 11 to 5. 13. dr. , =d 
28 1695 324 324 
14. i 16. Em. 17. A. 18. IA. 
7 21 216 2401 1000 60 
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20. 


24. 


31. 


32. 





140 n(n-c1) ,.,. 
i nn —-— —— shillings. 
One guinea. 22. 141 23. 2 ing 
19 to 1 28 a 29 z 30 B ud 
pus UE “4 ' 1286' 5144 
2 
a-b 
| ü | 


2 
If b» 5 the chance is 1-3 [e ; 
2 a 





2. 
If be the chance is (==) , 
2 a 


XXXIILa. Pages (390-392) 








1. 7. 2. 0. 3. 1. 4. abc + 2fgh — af? — bg? — ch?. 

5. TA ty tz 6 xy. 7. 0. 8. 4abc. 

9. 0 10. 3. 11. 3abc - à — D -  - 0. 

b+? ab ac 
13. (1) x =a, orb; (2) x = 4. 20. | ba œ@+a be 
22. A3(A2 + a2 + b2 + È}. ca b xb 
@ a 1 1 -2x x 
23. The determinant is equal to pP? b 1x1 -2y Vb 
c1 1 -2z z 
, , n F u w v' ü 
u w uw v : 2 
27. W v w|-0. 28.|w v v s[L A . 
$ , ; " U u w c 
v uw“ w v uw w 
a b c 0 
XXXIII.b. Pages (397-399) 

1. 1. 

2. 0; add first and second rows, third and fourth rows. 

3. (a+ 3)(a - 1)°. 

4. a2 + b+ c? — 2bc — 2ca - 2ab. 

5. 6;from the first column subtract three times the third, from the second 
subtract twice the third, and from the fourth subtract four times the 
third. 

1 1 1 1 
abcd|1+-+-+-+-]. 

6: | a b c ;] 

7. -(x*ty * Z(y *z-x)z ex - y)(x * y - z). 


516 mie Higher Algebra 





8. (ax — by + cz}. 9. at. 
jb ule QUEE eue qu og OO, 
(a — by(a - c) a(a — b)(a — c) 


_ (k -b)(k - e) - d). 

(a — b)(a - c)(a - d)” 

XXXIV.a. Pages (408-410) 

1. — 102. 2. 3a +b » 27. 3. x- 2x? + x + 1; -— 15x + 11. 
4. a=3. 
5. x^ + 5x® + 18x% + 54x7; 147x — 356x + 90x-$ + 432x7. 
6. (b-c) (c-a) (a - b) (a* b * c). 
7 
8 





14. x 


— (b — c) (c — a)(a — b) (b + c) (c+ a) (a + b). 
. 24abc. 9. (b+c) (ct+a) (a+b). 
10. (b — c) (c — a) (a — b) (a? + b? + c? + bc + ca + ab). 
11. 3abc (b + c) (c + a) (a + b). 12. 12abc (a + b + c). 
13. 80abc (a? + b? + c?). 
14. 3(b — c) (c - a) (a - b) (x - a) (x - b) (x - c). 
x 

"e-ee-bDe-o = 

(p-x)yuq-x) — 
© (a+x)(b+ x)(c +x) 
32,.at+b+ctd. 











31. - 1. 


XXXIV.b. Pages (412, 413) 
5. 0; 





. A- ax +t by + ay, B = bx — ay. 
28. (a? + bc) (b? + ca) (c? + ab). 


XXXIV.c. Pages (418, 419) 




















1. xX + xy? + ay? = 0. 2. x+a=0. 

3. tyg. 4. y? = a(x - 3a). 

5. a&—-@=1. 6. x? + y? = 2a’. 

7. btt + ca^ + atb* = ab? cd’. 

8. y? - Aax = k (x + ay. 9. at- 4ac + 3b* = 0. 

10. a^ - 2a*b* — bt + 2c* = 0. 1. et a. 
12. 5a?b? = 6c°. 13.ab=1+c. 

14. à? + D? + c + abc = 0. 15. (a + by? — (a — by? = 4c25, 








16. à? + b? + c? + 2abc = 1. 17. abc = (A&- a - b - oy. 
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18. à? — Aabc + a + 4D? — D?c? = 0. 
20. ?(a+b—-1)*-c (a + b — 1) (a? - 246b + b? — a — b) + ab = 0. 











1 1 1 
22. (a-b)cr+(a-c)bq (b-c)ap + (b —a)cr | (c — a) bq + (c - b) ap 
E 1 
beqr +carp + abpq` 
ab’ — a'b ac’ — a'c ad’ — a'd 
23. ac -a'c ad' -a'd c bc' -bc bd - b'd|- 0. 
ad’ — a'd bd’ — b’d cd’ — c'd 


XXXV.a. Pages (424, 425) 
1. 6x* 133? — 12x? + 39x — 18 = 0. 
2. x64 2x? - 11x4 - 122? + 36x? = 0. 
3. x$- 5x? — 8x4 + 403? + 16x? — 80x = 0. 
4. x*-2(m + b?) x? + (a? - Dy". 
5 











1, 3, 5,7. 
3 3 11 2 3 
a d m nd B dk ouod 
6 uuo 2/9 ? 3 2 
3 31 3 1 8 21 113 
ME D Ee d VE ST: è 1 In? è Inmtae 
oe V3. pe? dE de P 
4 3 84 
14. ie 15.-4 -1,2,5. 16. 2,2,2,3, 
32 3 a dd 93 
4 3 5 q^ — 2pr p — 2q 
dAo.———. 18.0 =Æ. oy A 
3 2 3 S r (2) r? 
19. (1) - 6q; 2) Í. 20. -2q, = 3r. 21. 292 
y 
XXXV.b. Pages (428, 429) 
das 3 1 
i S225 v3 yee 8 a, 
3 2 2 3 
3. spas peg ie Jj 04d 
5. -1t43,1£24-1. 6. x1 2x2 +25 - 0. 
7. x* 8x2 + 86 - 0. 8. x* * 16 - 0. 
9. x!- 10x24 1-2 0. 10. x^ — 10x? — 19x? + 480x — 1392 = 0. 





11. x - 6x? + 18x? - 26x + 21 - 0 
12. x8 — 16x6 + 88x4 + 192x? + 144 = 0. 
13. One positive, one negative, two imaginary. [Compare Art. 554.] 








15. One positive, one negative, at least four imaginary. 
[Compare Art. 554.] 
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16. Six. 17. (1) pq» r; (2) pr-2 gr. 
20. q? - 2pr. 21. pq - r. 
22, P13, 23. pq - 3r. 
r 
24. pr — 4s. 25. p* — 4p?q + 24? + Apr — As. 
XXXV.c. Pages (437, 438) 
1. xt- 6x? + 15x? — 12x + 1. 2. x* -— 37x? = 123x - 110. 
3. 2x* + 8x3 — x? — 8x — 20. 4. x* — 24x? — 1. 
5. l6axh (x$ + 7x4h? + 7x?h* + h9) + 2bh (5x* + 10x*h? + h*) + 2ch. 
10. 2, 2, — 1, -3. 11. 1, 1, 1, 3. 
1+tv-3 1ltv-3 
12:3-3; 3,2, 2: 13. :-2, v3 v3 
2 2 
inb ug 15.1,1,1,-1,-1,2 
. 2! 2! 2' . edy I, Ll, $ y d 
16. £ J3, x 43,15 J-1. 17. a, a, -a, b. 
T + SEM 1+ V-23 
N2 2 " V2 4 
19. 0,1, 2 OL X a 
2 2 2 3 
20. nyn-? = 4p" (n = 2) -?, 
22. (1) 2; Q) - 1. 27.5. 28. 99, 795. 


XXXV.d. Pages (444-446) 
1. 5-24 + 9y -24-0. 2. yt- 5? + 3y? - 9y + 27 = 0. 





3. 11,-2, 5. 4. 3£242,2 x 43. 
1+J3 345 111 
. L=; . . 2 2 4 4 1+ -3). 
" 2 2 b 2 2 2 | ) 
7 4j. 8. 6,3,2. 
3 
10. Tae 11.5? -2y * 1 - 0. 
4 2 5 
12. y - 4? + 1 = 0. 13. y? — 7y? + 12y? - 7y = 0. 


4 
y 
14. y5 — 60y* - 320y? — 717y? — 773y - 42 = 0. 


2 
O3 13y 15s 

2 2 4 
16. y? + 11y* + 42)? + 574? — 13y - 60 = 0. 


17. y’ — 8y? + 19y -15-0. 18. yf + 3y? + 4? + 3y +1=0. 
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19. 
21. 
23. 
25. 
26. 


25. 
28. 


























y? + 33y? + 12y + 8 = 0. 20. ry? + kqy? + I? = 0. 
yp, — q’y? -2qnPy - r* = 0. 22. n? -qy?-1- 0. 
n?-*q(1-ry?^*(-r?-0. 24. y? - 2g? + qy +° = 0. 
yY? + 3ry? + (P + 3?) y + P - 0. 
Py? + 3rey? + (3r? + q3) ry + r (r? + 295) = 0. 28. x 1, + 2, 5. 
XXXV.e. Pages (453, 454) 
-5 t4-3 
EIE 2. 10,-5t74-3. 3. 4-2t54-8. 
1 2t4-8 
26,5 244/35, c 6. 11, 11, -7. 
1 14-3 1 
ee 4,21, (3 £ V-31 
2 2 2. ) 
.4,-2,-14V-1. 11. +1,-44 V6. 12. 1, 2, -2, -3. 
.1£42,-1£4-1. 14. 1,-3,2 + V5. 15. 224,4. 
+ 
vas is, - 3599, 17-4 - = 4, 3. 
-3+ 
pase =0 3, 9:955 
2 4 
. -2+ 46, 42,2 £ 2. 
. Sy*-qs(1-s? y? + r(1-s? y + (1 — s} = 0. 
+ 
2443. 26. Eu 
xt - 8x3 + 21x? — 20x + 5 (x? - 5x + 5)(x? — 3x + 1); on putting 


x 7 4 — y, the expressions x? — 5x + 5 and x? - 3x +1 become y? - 3y + 1 
and y? — 5y * 5 respectively, so that we merely reproduce the 
original equation. 

MISCELLANEOUS EXAMPLES Pages (455-489) 

6, 8. 3. Eight. 


(1) 14+ V5;142 V5. 
(2) x= 1,4 =3, 2 = 50; or x-13--5 2-95. 
üt 2b 


1) 1,- . 
a) 2a +b 


(2) 3, 3, 1. 





First term 1; common difference E 
p°- q; - pp - 3q); (p? - 9) (p? - 34). 
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13. 


38. 


41. 


43. 





1 CEN 7 
—(ab*a b`). 10. —. 
5 | ) T 
A, 7 minutes; B, 8 minutes. 14. 22 b? = œ. 
d x y 
2 2 
x x = = , or = =k; 
y a+b+c c-a a-b 





where k?a(a? + b? + c? — bc — ca — ab) = d. 








. One mile per hour. 
5-4x  |2x-3 
(1) (0 * oe) 0.Q) 47 4 —— 
35. 568. 19. (1) LIT. 





x y ab 
=y =+ ab; = =+ . 
Q) x-yci diy “Ga+2b) VP rade 








. let5; nine. 

1 2 2 2 2 2 
: 142434... tn) 1 -2^43^ -...-n^y. 

K y-( ) 
. Wages 15s; loaf 6d. 25. 6, 10, 14, 18. 
(0) 1, c(a— b) Q) ab(c + d) — cd (a + b) 38. 882 miles. 

a(b — c) ab — cd 9 

. x = 3k, y = 4k, z = 5k; where I? = 1, so that k = 1, œ or o». 
. 480. 


. Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 


or 37 half-crowns, 6 shillings, 17 fourpenny pieces. 














.a=6,b=7. 33. 40 minutes. 
14 x4 Lig 13 d 
2 2 8 
us + 
1:4-8 or Teva [xt - x -5 (x? +x + 1) = 0]. 
2 2 
x-4 
a=8; EE 40. The first term. 
per p 4 21,2 
13, 9. 42. 1+ Ab^c^ + 9c^a^ + ab 
+b +e? 
1+ 
(1) 3,-2, 50. [Add x? * 4 to each side]. 
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47. 
50. 


51. 


53. 


58. 


60. 


64. 


68. 


1 1 1 
2 = ——,— H =1,-—, 0,-1, 0; aN 0, 0, -1. 
( ) x 1 2! L 0, 0; y 2 2 


5780. 48. 150 persons changed their mind. 
936 men. 
m ad — bc 

(1) 0 a (2) clc 
[Put (a — c)(b — d) = ((x — c) - (x — ajM(x — d) - (x - b)}; then square]. 
E NC a 

30° ` Ja + vb” Va +b 
(1) 1. (2) +42. 
[Putting x? - 16 = yf, we find y* - 16 - 4y (y? - 4) = 0]. 
( a+b? 
a+b 





6, 














(a - c)p 
C 


Bou females. 63. 0,a- b, 
b- b-c 


males; 


Common difference of the A.P. is oe ; common difference of the 


-b 
A.P. which is the reciprocal of the H.P. is ab(n —1) “Dp 
a(n — r) * b(r — 1) 
Sm M 


[The r term i 
n-1 


ab(n — 1) 
eer sy 


the (n — r + 1) term is 





19. 69. £78. 70. 0, 





1£4-3 -1+V-3 
2 ” 2 
[(a + b} — à? — D? = 3ab (a + b), and (a — b)? — à? + D? = — 3ab (a — b)]. 











l — 
ea 283 240614 p p24 OED, 
log 6 1- log 2 
229. 74. 8 hours. 
x y zZ atb+c 
A =~=—=0, A =y=z=1. 
(1) "a e Or ETT (2) x=y=z=1 
.a=3,b=1. 81. [Put x - a = u and y - b = v]. 
.x=3. 84. 126. 
. Sums invested were £7700 and £4200; the fortune of each was 
£1400. 
. 503 in scale seven. 91. 25 miles from London. 
15t64-1 8 25£104-1 
x=5,1, ; y=3,*, : 
29 5 29 
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. . : 1+4x : 2(1-2"x") 1- (-1)"x" 
100. Generating function is ]_ y 5,27 sum = " ae 





n® term = (2" + (-1)"} x" 71. 

107. a@ +b- 2- d. 108. 12 persons, £14. 18s. 
109. (1)xx =a, y=b,z=c¢c. (2) x=+3,o0ort1;y=+1,or+3. 
111. 14 El d E T = 96 

1+12+1+14+1+9 
113. £12. 15s. 
117. (10x = a, y = b; x = a, y = 2a; x = 2b, y = b. 

(2) x=3o0r1, y=2, z= 1 or 3; 



































-1 + J29 -17 V29 
x- ,y--3z- 3 
2 2 
120.(D1-—1...  Q) C up E. =x dente etl (n 1)2 x? 
(n * 1) x-1 (x - 1) 
+ (2n? -2n-1)x- n?}. 
121 2 
Uy 
M UE -3 +4- 
122. (1) a or Bt V5 (2) x=y=z=0; 
6 2 
x-2,y-tlz-r3;x--2,y-tlz-t3. 
13x - 23 10x -1 r+4 
124 


' 8(2-3x-1) 3x +x+ 2777 
125. 1 = 1; scale of relation is 1 — x — 2x; general term is 
(27 -? ES (-1)"- 4} xn - 1 
1 1 
127. (1)x =- 6,2; y=9,-3. (2) roy 
243 


2 
128. (rs Q => 129. 12, 16; or 48, 4. 





130. (1) x 2 £7. (2) a p c a "Bere 


Bg = 2b + 2P + 20h — at — bt - ct. 
133. 11, r - 1. 134. 384 sq. yds. 1. 
136.a=+2,b=3,c=+2. 


13 


7 9 1 

137. (1)x=+ , y=t . oy dcr ecl. 
(1) are 15 Q) NER ET: 
138. £3. 2s. at the first sale and £2. 12s. at the second sale. 
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139. 


150. 


157. 


14 15 
.(1)xx=1 or gy or 5- 


. 2(b3 — d3) = 3 (b2 — c?) (b — a). 145-2 Oi, 


„ajr = 





MnD n+). Q) E n (n4 1)n * 2) 8r? + 6n +1). 


(3) E (n 4-1) (4n -1). 


7 
(2)x, y, z may have the permutations of the values 3, 5, 7. 


8 gy’ - y - p -8r- 0. 


x(x'-1) nm 3 + 14x - 157x? 
Q- x-1 ® I+5xr-50x — 8x?” 


oy Lins 7)-2 
2 





2 
> 


. A walks in successive days 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, km. miles, 


B^walks dnas 12, 13, 14, 15, 16, 17, 18 19, 20, so that 
B overtakes A in 2 days and passes him on the third day; 
A subsequently gains on B and overtakes him on B's 9'^ day. 











, e 148. -(a + b + c), -(a + wh + wc), — (a + ob + ox). 
nth term is TIE SR aec sum Qu 
a-b a-b 
1- n,n {= aq ix n-1 
where A nate") ax > 3 and B denotes a 
1-ax (1 - ax) 


corresponding function of b. 


| qy? — 2p? - Spay e 2p? <4? = 





ob ees pease a: = . (2) £1, 3, 4. 154.3 days. 
at 1 E 
72' 127 054 


[(12x — 1) (12x - 2) (12x - 3) (12x - 4) = 120] 


92 1.1 2 
xim ELT 1. 
e 5) 2 58 5 9 sl 
22 years nearly. 161.44 hours. 


> -—7tNw217 
y = 7X 
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178. 


186. 


187. 


(2)x = k(b* + ct — ah? — ac), & c, 
where 2k2(a° + b6 + c6 — 3ab?c?) = 1. 
[It is easy to show that a?x + b?y + c?z = 0, and 


ay + bz + cx =x +y 





t z? — 3xyz = az + b’x + cy]. 





. 2(a+ b + c) x= (bc + ca + ab) + (bc + ca + ab} — 4abc (a +b + c). 





[Equation reduces to (a + b + c) x? — (bc + ca + ab) x + abc = 0]. 








M+ (N42) 413. (2) 2-5. 


.51«30/2 17a 








. (Dx 8 V 4^ [Eliminate x]. 
(2)x, y, z are the permutations of the quantities 
1« 4-8 1-48 
" 2 ' 2 
. (x ty t zy = 3k. 168. 2. 169. x + 4? + z? -3xyz. 


. He walks 3 3 miles drives 7 miles, rides 10 miles per hour. 
4 


AB= 75, BC = 30, CA =15 miles. 


. (Dx = 13 or 10, y = 10 or 13. 


i cD) ED) y 
d-c d-c a-b a-b 





(2) *= 


. £3200. 176. ry? +3ry?+ Br-p*)yt+r=0. 
. p=(act bd) (eg € fh) + (bc x ad) (fg x eh); 


g = (bc F ad) (eg + fh) - (ac € bd) (fg x eh). 
13 + V-47 _ -14 + 4-74. 

















x=6,-5; 
2 2 
-13 + V-47 144-74 
y =5,-6; s j 
2 2 
[Put x - y = u and xy = v, then i? + 2v = 61, u (61 + v) = 91]. 
. 8987. 183. y? — by? - acy - à = 0. - 1, 2, -— = 
(x, y, z are the permutations of the quantities 
y IN dey 
* 2 , 2 ? 
2 2 
(2)x=+ ap tei & c. 


Conservatives; English 286, Scotch 19, Irish 35, Welsh 11. 
Liberals; English 173, Scotch 41, Irish 68, Welsh 19. 
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191.(07,9,-3. (2) 24J-3,-24V-1. 




















192. 2a,=a+b+ Ud, sarb- tL. 
mt+tn-2 
201. 5,10 - DT 202.  54,-26,14 +840 4-1. 
n 4"*!44(-1)"*! arm? + nm q - 3n? 
204. 1 n+ n*1^ 206. 3 2 CES 
n+1 4 -(-1) rm +nm-qtn 
j r r 
207. 81 years nearly. 208. (1) ew(£(n- 5]: 
209. 7 Poles, 14 Turks, 15 Greeks, 24 Germans, 20 Italians. 
14x? x 1 
210 log (1 x)- —- —. 
m p UTI 
1 A+ 3x4+x7 
212; (Dno + T)(n + 2) (n + 3); (2) (+x 7 (3) 23. 





11 (a + Ba? +y) 
SEN x=at , &c. 
213. 97' 215. EF 


217. 420. 
223. )x-y - 36182 43,27 2 (615 24) 
orx=4,6,-4,-6; 
y-64-6-4 
z-5,5,-5,-5. 

x-a | y-b  z-c — 
(25(b-c) b(c-a) c(a-b) 
where (b — c) (c- a) (a - b) X = à? + b? + c? - bc - ca — ab. 

225. x = y - y? + 2y? — 5y^ + 18y5......... 
226. 12 calves, 15 pigs, 20 sheep. 





, 





Une 


229, Lim e "y 3-2 convergent. 


230. Scale of relation is 1 — 12x + 3232; n'^ term - -(4" !« 8" !) 
ene omi 5 2 








S -> 
"uw ow 
11 
: mud p2 24 [g2 2. 22 
231. 55 282. 2x=4Ja?-b? +0? £ Ja? +b? - c, c. 





233.0 + b? + = à (b + c) +b? (c * a) * e? (at b). 
235. (1)(1 - x) S = 1 + 4x + x? - (n + 1x" + (31? + 6n? - Ay" +1 
- (Bn? + 3n? — 3n + 1) x" *? + n?x" * 3, 
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1 1 
0 8 (mnxpme2) 
236. 1 i axt i a?x8 i aq8x2 i aq? x16 i q'2x20 i a!4x?24 n aq x?8 i aq x9? i (20x36. 
3 + V137 


4 








237.3 hours 51 min. 240. 


244. 6, 5, 4, 3 or 6, 5, 3, 4. 
246. à? (c? — 3d9)2 = (ab? + 2d°)(ab? — d3)?. 
6 


242.  - 140. 


247.2, 6, 1, 3. 248.  —. 

6, 1, 3 8 T 
1 ON 2 
249. (1)27*! -5 gne -DQn«1. (2) (n-1)043) 3° 





1-x' 2(1-2'x") 

3 H 

@) 1-x 1- 4x? 

1-x' 20-2" *!x"*!) 
+ 

1-x 1-4x? 





when n is even; 





when n is odd. 


2.3 


pz 


t yZ + zx + xy = 0, 





a 
250.(1)x=y=z=0 or 3 If however x? + y 


then x + y + z = -a, and the solution is indeterminate. 
x y Z 
(2) (2a * b c) "b(a-b*c) c(a*b-c) 
= 1 
+K a+b+c)(a-—b+c)(a+b c) 
253. — (Ax + By + Cz) (- Ax + By + Cz) (Ax — By + Cz) (Ax + By — Cz) 
where A=,/a(b-c), &c. 
256. (1)x = 1, o, 7; 
y = 1, @, 0; 
z=- (a + b), — (aw + bo»), — (aw? + bo). 
x=3, or 7| z=6, or -4 
Q7, or | u=4, or 
257. To at least 3r — 2 places. 
258. Tea, 2s. 6d; Coffee, 1s. 8d. 
262.24? — 6pr * 24s. 
263.11 turkeys, 9 geese, 3 ducks. 
266. (1)x, y, z have the permutations of the values 


soe 14 Jb? - 2b 3,5«0 1-b? = 2b —3). 

















Answers 527 


























+b+ 
()x=ysz=te=" ae 
a-b-c 
267. 0. 
268. 16 Clergymen of average age 45 years; 
24 Doctors of average age 35 years; 
20 Lawyers of average age 30 years. 
269. (aa, — a?)(aa, — a3) = (4A, - 45); 
Or aya, + 2a,a,a, — (402 — ata, — a; = O. 
a bc 
270. X — X ———————,&c. w= tec 
Je b.c JT P +c? 
1 
273. e 4, 
2 
274. (1) 1- — |log(1- x) - 2. 
x 
Q) 1 z (n+1)! 
a-1 (a +1)(a  2)....(a + n) | 
3 3 4 3 3 
QT rd S28 Beka: 
eee 4^ j 3 4'4 
(2)x=+4,y=+5,u=+2,0=H#1. 
x= ADR y- «e. u= =B, v= a 
276.0 + b? + Ê+ d +d, 277. -pÈ + 3pip2 - 3p3- 
279. A, 6 birds; B, 4 birds. 281. 2. 
287. a, — 5a, — 5a. 
35$ d (b, — a,)(b, — a,)....(b, - a,) ; 
(b, — b,) (b, — b.)......(b, - b.) 
291. A worked 45 days; B, 24 days, C, 10 days. 
294. (b? + c? — a?) (a? — b? + c?) (a? + b? — c). 
300. Walked 3 miles, worked 4 hours a day; or walked 4 miles, worked 


3 hours a day. 


